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HISTOKICAL INTRODUCTION. 



In the first volume of this work we have seen how the Theory 
of Elasticity took its rise in an enquiry of Galilei's concerning the 
resistance of a beam to rupture by flexure ; how the methods 
pursued in the 18th century in endeavours to answer this question 
led by a natural sequence to the discovery of the general equations 
of Elasticity ; how this discovery was the prelude to a series of 
brilliant analytical researches concerned with problems of the most 
general character ; and how, at the same time, it made possible an 
attempt to answer from mechanical principles questions of the 
deepest physical significance and the highest practical importance. 
The discussion of the number and meaning of the elastic constants 
threw light on the most recondite problems of " intermolecular 
force " ; the laws of wave-propagation in solids, both by agreement 
and disagreement with optical experiments, illustrated the nature 
of the luminiferous medium ; the theories of the torsion and flexure 
of beams supplied the engineer with valuable working formulae. 
We saw that for practical application of these formulae it was 
necessary always that the length of the beam should be great 
compared with its thickness — or that the linear dimensions of the 
body concerned should be of diflferent orders of magnitude. We 
have now to consider in greater detail the special problems that 
arise when some linear dimensions of a body are small in com- 
parison with others. These problems include the bending of rods, 
on which depends a large part of the theory of structures, the 
vibrations of bars, leading to theories of resilience and impact, the 
deformation of thin plates and its developments in regard to the 
vibrations of bells. Further, as we shall see hereafter, the series 
of difficult questions which turn upon elastic stability belong to 
the same class of problems. 

L. II. 1 



2 HISTORICAL INTRODUCTION. 

Theories of the behaviour of thin bodies, as of bodies in general, 
are of two kinds. Either they are founded on special hypotheses, 
or they start from the general equations of Elasticity. Before the 
time of Navier all writers on rods and plates naturally adopted the 
former method, after his time most valuable investigations will be 
found to proceed by way of the latter. His researches form the 
turning point in the history of special problems as in that of 
general theory. Nevertheless the persistence of the older theories 
afber the discovery of the general equations had made more 
exact investigations possible, and even after they had been 
carried out, is one of the most noteworthy facts in the history 
of our subjects 

We shall now trace briefly the development of the theory of 
thin rods and its applications, we shall then consider the theory of 
thin plates, and we shall conclude by noticing the theory of elastic 
stability. 

We have already had occasion to state that the earliest problem 
attempted was that of the flexure of a beam. The stress across 
a section of the beam when bent was attributed to the extension 
and contraction of the fibres, and a series of investigations by 
Marriotte, James Bernoulli the elder, and others, culminating in the 
researches of Coulomb, were devoted to the foundation of a theory 
upon this assumption. Side by side with this theory of flexure, 
which attempted to estimate the stress from the character of the 
strain, we have a theory of rods regarded as strings which resist 
bending. This theory starts with the assumption of a couple 
across each normal section of the bent rod proportional to the 
curvature, and although the elder Bernoulli ^ deduced this from 
the notion of extension and contraction of the fibres, yet his in- 
vestigation of the curve of the elastic central-line is actually the 
foundation of the later work of Euler and others. 

A theory of the vibrations of thin rods is a natural outcome of 
researches on the flexure of beams. As soon as the notion of a 
flexural couple proportional to the curvature was established it 
could be noted that the work done in bending a rod is proportional 
to the square of the curvature. This fact was remarked by Daniel 

1 For example in M. Levy's Statique Graphiquey Paris, 1886, all the erroneons 
assmnptions of the BemonlH-Eolerian theory are reprodnced, and made the basis of 
the theory of flexure. 

2 See I. p. 3. 



HISTORICAL INTRODUCTION. 3 

Bernoulli*, and the observation formed the foundation of Euler's 
theory' of the vibrations of rods — a theory which included the 
differential equation of lateral vibrations, and what we should 
now call the normal functions and the period-equation, with the 
six cases of terminal conditions when the ends are free, built-in, 
or simply supported. The method was what we should call 
variation of the energy-function. This step was suggested to 
Euler by Daniel Bernoulli' with a request that he would bring 
his knowledge of isoperimetric problems to bear upon it. In 
two memoirs published by Daniel Bernoulli* the differential equa- 
tion and some of Euler's other results were given. The credit 
of these discoveries is therefore to be shared by these two 
mathematicians. 

The suggestion of D. Bernoulli that the differential equation 
of the elastic line might be found by making a minimum the 
integral of the square of the curvature from end to end of the rod 
bore fruit in another direction. Starting from this suggestion 
Euler* was enabled to find the equation of the elastic line in the 
form in which it had been previously given by James Bernoulli 
the elder, and he proceeded to classify the forms of the curve. 
The curves obtained are those in which a thin rod can be held by 
forces and couples applied at the ends alone. 

Euler* and afterwards Lagrange^ worked at the problem of 
determining the least length of an upright column in order that it 
may not be bent by its own or an applied weight. These researches 
are the earliest in the region of elastic stability, and we shall 
consider them more fully later. 

1 In his xxvith letter to Enler (Oct. 1742). See Fuss, Correspondarvce MathS- 
matique et Physique, St P^tersbonrg, 1S43, Tom. ii. 

^ Given in the Additamentam * De curvis elastiois ' of the MetJiodus inveniendi 
lineas curvas maximi minimive proprietate gaudeivtes, 1744. 

' In the letter above qnoted. 

^ *De vibrationibas...laminarum elastioamm ', and *De sonis moltifariis 

quos laminsB ela8tic8B...edunt...* published in Commentarii Academia Scientiarum 
ImpericUis Petropolitana, xiii. 1751. The reader mnst be cantioned that with the 
writers of the ISth century a ' lamina * generally means a straight rod or curved 
bar, supposed to be cut out from a thin plate or shell by two normal sections near 
together. This usage lingers in many books, for example in Poisson's Micaniqtte 
and in Dr Besant's Hydromechanics, 

° In the Additamentum *De curvis elasticis' of the Methodus inveniendi..., 

• * Sur la force des colonnes *, Hist. Acad, Berlin^ xin. 1757. 

' ' Sur la figure des colonnes *, Miscellanea Taurinensia, v. 1773. 

1—2 



4 HISTORICAL INTRODUCTION. 

The flexure of a rod initially curved appears to have been first 
discussed by Euler^, starting from the assumption that the flexural 
couple is proportional to the change of curvature. In this he was 
followed by Navier*, who applied the equation of moments to the 
small flexure of a rod whose axis when unstrained is a parabola, and 
afterwards shewed' that when the initial form is a circle the equa- 
tion can be integrated whether the displacement be small or not. 

When a rod is bent so that the axis becomes a tortuous curve 
it is no longer possible to determine the form of the curve by 
taking moments about the normal to the osculating plane. The 
problem thus presented appears to have been first considered by 
Lagrange*, who however fell into error on this point. A series of 
investigations by Binet, Bordoni, Poisson, Wantzel, and Saint- 
Venant gradually placed the matter in a clear light. Binet" 
introduced the equation of moments about the tangent ; Poisson® 
arrived at the incorrect result that the torsional couple is constant 
from end to end of the rod; Wantzel^ integrated the equations 
for a naturally straight wire of eqtial flexibility in all planes 
through its axis ; and Saint- Venant® insisted on the importance of 
taking moments about the principal normal, and on the part 
played by the twist or angular displacement of the sections of the 
rod about the tangent. The simple fact that the equation of 
moments of the BernouUi-Eulerian theory only applies to flexure 
in a principal plane appears to have been first noticed by Persy® in 

^ 'Genuina Principia...de statu SBqnilibrii et mota corporum...', Nov. Comm, 
Acad. PetropolitamsBj xv. 1771. The same assumption was made by Euler in 
1744 {Methodus inveniendi..., p. 274). 

2 * Sur la flexion des verges 61astiques courbes ', Bulletin des Sciences par la 
8oci€t€ Philomatique, Paris, 1825. Navier does not appear to have been aware that 
Euler had anticipated him. 

^ RisumS des Lemons... sur Vapplication de la Micanique^ 1833. 

^ In his Micanique Analytiqus^ 1788. 

* *M6moire sur Texpression analytique de r61asticit6...des courbes k double 
courbure', Journal de VEcole Poly technique , x. 1815. 

« See Todhunter and Pearson's History of the Elasticity and Strength of 
Materials t vol. i. art. 433, and Poisson 's Micanique, t. i. pp. 622, sq. The error 
arises through supposing that there is a flexural couple about the binormal propor- 
tional to the curvature, which is true only when the section has kinetic symmetry. 

^ Gomptes Rendus, xvin. 1844. 

8 In papers in the Comptes Rendus, xvii. 1843, and xix. 1844, reprinted in Saint- 
Venant's Mimoires sur la Resistance des solides...^ Paris, 1844. 

» Quoted by Saint- Venant in the Historique Ahrigi prefixed to his edition of 
Navier's Lemons. 
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1834, and it led in the hands of Saint-Venant^ to the theorem on 
asymmetric loading noticed in I., art. 108. It is noteworthy that 
Saint- Venant in 1844 gave the necessary equations for the 
determination of the curve formed by the axis of a thin rod or wire 
initially curved which is bent into a diflferent tortuous curve. This 
was before he had made out the theories of flexure and torsion, and 
the equations he gave contain assumptions as to the flexural and 
torsional couples which could only be verified by some theory 
founded on the general equations of Elasticity. By means of his 
equations he solved some problems relating to circular wires and 
spiral springs. 

The longitudinal and torsional vibrations of thin rods appear to 
have been investigated first experimentally by Chladni and Savart. 
The differential equation of longitudinal vibrations was discussed 
by Navier*, and that of torsional vibrations by Poisson. The 
latter made a comparison of the frequencies of lateral, longitudinal, 
and torsional vibrations. 

Some of the researches already mentioned were made after the 
discovery of the general equations, but, with the exception of 
Poisson's investigations of torsional vibrations, they do not rest 
upon an application of these equations. In his classical memoir of 
1828® (one of the memoirs we have referred to in I. in connexion 
with the establishment of the general theory) there was given 
among the applications a general investigation of the equations of 
equilibrium and vibration of an elastic rod. The rod is regarded 
as a circular cylinder of small section, and the method employed 
is expansion of all the quantities that occur in terms of the distance 
of a particle from the axis of the cylinder. When terms above a 
certain order (the fourth power of the diameter) are rejected, the 
equations for flexural vibrations are identical with those already 
obtained by special hypotheses, as in Euler s theory of the vibrating 
rod, the equation obtained for extensional (longitudinal) vibrations 
is identical with that discussed by Navier. The equation of 
torsional vibrations appears to have been given here for the first 

^ Comptes RenduSy xvn. 1843, p. 1023. 

* *Solntion de diverses questions relatives aux mouvements de vibration des 
corps solides', Bulletin... Philomatique, 1825. Chladni and Yonng appear to have 
been acquainted with the acoustics of longitudinal vibrations. 

s * M^moire sur I'^quilibre et le monvement des cgrps ^lastiques ', MSm. Paris 
Acad. vm. 1829. 
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time. The chief point of Dovelty in the results is that the 
coefficients on which the frequencies depend are expressed in terms 
of the constants occurring in the general equations, but it was an 
immense advance in method when it was shewn that the equations 
generally admitted could be deduced from the mechanical theory. 
In his Micanique^y however, Poisson appears to have contented 
himself with the special hypotheses of his predecessors. 

In the interval between this investigation of Poisson's and Kirch- 
hoflf's great memoir of 1858^ the theory of thin rods was advanced 
by Wantzel and Saint- Venant in the manner already noticed, but 
in the same interval the researches of the latter on the torsion and 
flexure of prisms were opening a new path to discovery. It must 
always be remembered that these theories of Saint- Venant's are 
exact, not approximate. He gave the precise expressions for the 
displacements within a prismatic body to which forces are applied 
in a particular manner, and passed, by means of his " principle of 
the elastic equivalence of statically equipollent loads", to the 
conclusion that in a long thin prism the resultants only, and not 
the tractions that compose them, are significant. We may say 
that he arrived at certain "modes of equilibrium", and then 
shewed that they are the most important ones. His method was 
the semi-inverse method which we have described in voL i. 

Kirchhoff 's method is in strong contrast both to Poisson's and to 
Saint-Venant's. He did not assume series and determine their 
coefficients, he found the necessary terms of the series with their 
coefficients ; he did not make assumptions as to the displacements 
or the stresses, he found expressions for the displacements and the 
stresses ; he never pretended to be exact, only to give a sufficient 
approximation. He formulated for the first time the proper way 
of applying the general equations to bodies whose linear dimensions 
are of different orders of magnitude. In any such body the rela- 
tive displacements may be finite, while the strains are infinitesimal. 
The equations must be applied, not to the body as a whole, but 
to a small part of it whose dimensions are all of the same order 
of magnitude; and for such a part the equations admit of a 

^ The second edition is of date 1S33. Poisson refers to his memoir for a more 
exact account. 

^ 'Ueber das Gleichgewicht nnd die Bewegong eines unendlich diinnen elas- 
tischen Stabes', Crelle, lvi. 1S59. See also Kirchhoff's Vorlesungen uber mathe- 
matische Physik, Mechanik, 
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considerable simplification, viz.: for a first approximation bodily 
forces and kinetic reactions against acceleration may be neglected. 

The process by which KirchhoflF developed his theory is largely 
kinematical. Suppose a thin rod is bent and twisted; every 
element of it will be bent and twisted more or less like one of 
Saint- Venant's prisms, but neighbouring elements must continue 
to fit — after the deformation there is still a continuous rod. To 
express this certain conditions are necessary, and they take the 
form of differential equations connecting the relative displacements 
of points in an element with the coordinates of their unstrained 
positions referred to axes fixed in the element, and with the position 
of the element in reference to the rod as a whole. Karchhoff 
did not state the geometrical reason why his differential equations 
hold good^ ; he came upon them analytically and made them the 
basis of his discussion. 

The next part of the work is approximate. The diflferential 
equations determine to some extent the character of the strain; 
replacing them by simpler equations, retaining only the most im- 
portant terms, KirchhoflF was able to obtain a general account of the 
displacements, strains, and stresses within an element of the rod. 
In particular Saint- Venant's stress-conditions (i. arts. 82, 83) were 
shewn to hold to the order of approximation to which the work 
was carried. But KirchhoflF did not dwell upon this. He trans- 
formed at once the expression for the potential energy of the 
strained rod per unit of volume into an expression for the potential 
energy per unit of length, which he expressed as a quadratic 
function of the quantities that define the extension, the curvature, 
and the twist. 

The discussion of the continuity and internal strain of the 
elements of the rod led to this expression for the potential energy, 
the general equations of equilibrium and small motion were 
deduced thence by an application of the principle of virtual work. 
When terminal forces only are applied, the equations, with certain 
interpretations of symbols, are identical with the equations of 
motion of a heavy rigid body about a fixed point. This is the 
celebrated theorem known as KirchhoflF*s * kinetic analogue \ He 
applied it to the discussion of a rod bent into a helix, and he 

^ The interpretation was given by Clebsch in his treatise of 1S64, and the 
differential equations in question were obtained by M. Bonssinesq in his memoir 
of 1871 by expressing the conditions of continuity. 
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proceeded to indicate an extension of his theory to the case of 
rods naturally curved. The application of the theorem of the 
kinetic analogue to integrate the equations of equilibrium of a 
thin rod has been considered very fully by Herr Hess ^ of Miinich, 
and the theorem itself has been extended by Mr Larmor ' to the 
case of a rod whose initial form is a helix. 

The theory given by Clebsch * was founded partly on that of 
KirchhoflF, and partly on Saint- Venant's results for torsion and 
flexure. From the former he adopted the division of the rod into 
elements, and the conclusion that the internal strain in an element 
may be determined without reference to the bodily forces. He 
proceeded to explain that certain modes of equilibrium of a prism 
under terminal tractions were known, and from the results the 
resultant stresses and stress-couples at any section could be calcu- 
lated. He then obtained the equations of equilibrium and small 
motion by the ordinary method of resolving and taking moments 
without invoking the principle of virtual work. Clebsch did 
valuable work in explaining the meaning of much of Kirchhoffs 
analysis, but his abandonment of the kinematical method was a 
retrograde step, and his adoption of Saint- Venant*s stress-condi- 
tions as a basis of investigation laid his method open to criticism*. 

The Natural Philosophy^ of Lord Kelvin and Professor Tait 
contained a new theory of thin rods. In this work there is a 
complete exposition of the kinematics of a curved rod, including 
the improvements introduced by Saint- Venant in his extensions 
of the BemouUi-Eulerian theory. The values of the stress- 
couples are not deduced from the general theory of Elasticity, 
but from Kirchhoflfs form of the potential energy, and this form 
it is attempted to establish by general reasoning. Many interest- 
ing applications are given, and in particular the theory of spiral 
springs is fully discussed. 

In 1871 M. Boussinesq® came forward to criticise and interpret 

^ Mathematische Annalen, xxni. 18S4, and xxv. 1885. 

2 *0n the Direct application of the Principle of Least Action...*, Proc. Lond, 
Math, Soc. xv. 1884. 

^ Theorie der Elasticit&t fester K'&rper, 1864. 

^ See for example Mr Basset's ' Theory of Elastic Wires ', Proc, Lond, Math, 
Soc, xxra. 1892. 

<^ The date of the first edition is 1867. 

^ *&tade nouvelle sur r^quilibre...des solides...dont certaines dimensions sont 
trto petites...', Liouyille's Journal^ xvi. 1871. 
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KirchhoflTs theory. The fundamental idea of his researches is 
that the section of the rod is small, and that a solution of the 
problem to be useful must be approximate. By general reasoning, 
where KirchhoflF had employed pure analysis, he found Kirchhoff 's 
expression for the extension of any fibre of the rod, and his 
differential equations of interior equilibrium of an element, and 
he gave an original proof that Saint- Venant*s stress-conditions 
hold to the same order of approximation. M. Boussinesq's work 
is more general than that of KirchhofiF and Clebsch inasmuch as 
the seolotropy of his rod is limited only by the condition of 
symmetry of contexture with respect to the normal sections ; it 
is less general inasmuch as the equations of equilibrium are 
applied to the rod as a whole, and thus the rod must be infinitely 
little bent and twisted. In a second memoir ^ M. Boussinesq has 
attempted to make his theory more rigorous by making the 
assumptions of his general reasoning more agnostic. The point 
on which he concentrates his objections to KirchhofTs method is 
a step in the process whereby the exact differential equations 
expressing the continuity after deformation are replaced by ap- 
proximate dififerential equations fi:om which the character of the 
strain can be deduced. I think the objection can be removed. 
(See below ch. xv.) 

Quite recently a new theory has been propounded by Mr 
Basset * with special reference to the case of a rod initially curved, 
of uniform circular section, of isotropic material, and very slightly 
deformed. He proposes to use the method, which Poisson used 
long ago for a straight rod, of expansion in powers of the distance 
from the elastic central-line. The analysis is very intricate, and 
the expressions found for the flexural and torsional couples do not 
agree with those given by Clebsch. Mr Basset appears to have 
been led to this subject by his researches on thin shells, and by 
dissatisfaction with Saint- Venant's stress-conditions as a basis for 
the theory of thin rods. We have already seen that in the 
theories of Kirchhoff and M. Boussinesq these conditions are not 
the foundation, but an incidental deduction, true to the order of 
approximation to which it is necessary to carry the work when 
the stress-couples only are required. Mr Basset's method has the 
advantage that the results are expressed directly in terms of the 

^ * Complement k une ^tude de 1871...', Liouville*s Journal^ v. 1879. 
2 Proc, Lond. Math. Soc. xxin. 1892. 
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displacements of a point on the elastic central-line in the direc- 
tions of the tangent, principal normal, and binormal. In this, 
however, he was anticipated by Mr J. H. Michell S whose method 
also is more direct. 

We have placed our accounts of the various theories of thin 
rods together because they exhibit a natural historical develop- 
ment, but before passing on to consider the applications it may be 
well to state the general character of the results. We have seen 
that an erroneous theory of the character of the strain led to an 
expression for the flexural couple, and that by corrections and 
modifications there sprang up the notion of two flexural couples 
and a torsional couple exerted about the principal axes of the 
cross-section and the tangent to the elastic central -line. Saint- 
Venant's theory of torsion gave the form of the torsional couple, 
and Clebsch shewed that the form of the flexural couples was 
actually that obtained in the older theories. The torsional couple 
is the product of the amount of the twist, (a quantity first 
properly expressed by Saint-Venant,) and a quantity called the 
torsional rigidity, which, in the case of an isotropic rod of uniform 
circular section, is the product of the modulus of rigidity and the 
moment of inertia of the section about an axis through its cen- 
troid perpendicular to its plane, but in other cases has a more com- 
plicated expression. The components of the flexural couple about 
the principal axes of inertia of the cross-section are the products 
respectively of the components of curvature of the elastic central- 
line about the same axes, and one of two quantities called the 
principal flexural rigidities, each of which is the product of the 
Young's modulus of the material for pull in the direction of the 
elastic central-line and the moment of inertia of the cross-section 
about a principal axis at its centroid. When the flexural and 
torsional couples are known the resultant stress across a normal 
section can be determined from the equations of equilibrium of an 
element bounded by two normal sections near together ^ 

The applications of the theory of thin rods are very numerous. 
Prominent among them are the theory of the flexure of a piece by 
continuous load, and the theory of a continuous beam resting on 
supports. 

^ Messenger of Mathematics, xix. 1890. 

2 This point was noticed by Kirchhofif in his memoir of 1858, but he did not 
utilise it to obtain the general equations. 
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The first of these problems was discussed by Navier^ on the 
supposition of the Bernoulli-Eulerian theory that the flexural 
couple is proportional to the curvature, and the work of Clebsch 
shewed that this method is sufficiently correct when the length of 
the piece is great compared with its diameter, but it is a matter 
of interest to seek a solution of the problem which shall be exact 
instead of approximate. Investigations with this view have been 
made by Prof. L. Pochhammer and Prof Pearson*. The treat- 
ment by the latter of the problem of a circular cylinder slightly 
bent by surface-tractions and by its own weight has been referred 
to in I. p. 34. The general result obtained is that when the 
length of the piece is as much as ten times its diameter Navier s 
formula may be safely used. 

Prof. Pochhammer has given two investigations of the 
question of the circular cylinder deformed by surface-tractions. 
He considered • in the first place solutions of the equations of 
equilibrium periodic in the coordinate which gives the distance of 
a normal section jfrom a fixed point on the axis of the cylinder. 
The solutions obtained are expressed in terms of Bessers functions 
of the distance of a point from the axis of the cylinder. These 
solutions are exact but they may be converted into approximate 
solutions by expanding the Bessel's functions in series. When 
the ratio of the diameter to the length is regarded as small, and 
the surface-tractions are such as produce bending, it is found 
that Navier's formulas are approximately verified. The same 
writer has also discussed the problem from a diflferent point of 
view*. If we look at any such formula as those in i. p. 188, 
equations (119), we shall see that all the terms contributed to the 
displacements by Saint-Venant*s solutions contain a function of 
the third degree in the coordinates of a point on the cross-section 
and the inverse fourth power of some quantity proportional to the 
linear dimensions of the section. Such terms are of negative 
degree in respect of quantities of the order of this linear dimen- 
sion. Now by selecting the terms of various degrees in the 
general solutions which can be obtained Prof. Pochhammer 

^ In his Legon8...8ur VappliccUion de la M€canique,.,j 1833. 
2 Quarterly Journal^ xxiv. 1890. 

' 'Beitrag zur Theorie der Biegung des Ereiscylinders ', Grelle-Borohardt, 
Zizxxi. 1876. 

^ Untersvckungen fiber das QUichgewicht des elastischen Stabes* Kiel, 1879. 
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shewed that the terms of negative degree are correctly given by 
Navier*s formulse, i.6. they depend only on the resultant load, 
while the actual distribution of traction that produces the result- 
ant load aflfects only terms of zero and positive degree. His work 
therefore determines the order of approximation to which the 
formulae in question apply. In confirmation of these conclusions 
we may cite the work of Mr Chree * who has arrived at solutions 
of the same general character as those given by Prof Pochhammer 
in his memoir of 1875 \ 

The theory of a continuous beam resting on supports was at 
first very difficult, as a solution had to be obtained for each span 
by Navier s method, and the solutions compared in order to deter- 
mine the constants. The analytical difficulties were very much 
reduced when Clapeyron® noticed that the flexural couples at 
three consecutive supports are connected by an invariable relation. 
This relation has been generalised by various writers, including 
Bresse*, Herr Weyrauch*, Prof Pearson ^ and Mr Webb', but the 
analytical difficulties of any particular case of varying section and 
discontinuous load are still formidable. A method of graphical 
solution has however been invented by Mohr®, and extended by 
Culmann ®, and it has to a great extent superseded the calculations 
from Clapeyron*s Theorem of Three Moments. 

This problem of the continuous beam is only one of the appli- 
cations of the theory of thin rods to structures. Many applications 
to problems of frameworks will be found in such books as Mtiller- 
Breslau*s Die neuereii Methoden der Festigkeitslehre (Leipzig, 1886), 

1 *0n the Equations of an Isotropic Elastic Solid..,*, Camb. PhiL Soc, Trans, 
XIV. 1889. 

2 Crelle-Borohardt, lzxxi. 1876. 

3 Comptes Rendus, xlv. 1867, p. 1076. The history of Clapeyron's theorem i» 
given by Mr J. M. Heppel in Proc. R, S, Lond. xix. 1869. 

* Cours de Micanique AppliquSe, t. ni. Paris, 1865. 

'^ Schlomilch's Zeitschriftj xviii. xix. 1873 — 4. See also Weyrauch*s Aufgahen 
zur Theorie elastischer K'&rper^ Leipzig, 1886. 
^ Messenger of Mathematics^ xix. 1890. 

7 Proc, Camb. Phil. Soc, vi. 1886. 

8 *Beitrag zur Theorie des Fachwerks', Zeitsckri/t des Architekten- und In- 
genieur-Vereins zu Hannover ^ 1874. This is the reference given by Muller-Breslau, 
but I have not seen the work. L^vy gives an account of the method in his Statique 
Graphiquej t. ii., and attributes it to Mohr. A slightly different account is given 
by Canevazzi in Memorie delV Accademia di Bologna (4), i. 1880. 

* Die graphische Statik^ Bd. i. Zurich, 1875. See also Bitter, Die eUistische 
Linie und ihre Anwendung auf den continuirlichen Balken. Zurich, 1883. 
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Weyrauch's Theorie elastischer Korper (Leipzig, 1884), and 
Bitter's Anwendungen der graphischen Statik, (Ztirich, 1888). 
An immense literature has recently sprung up in this subject, 
but the use made of elastic theory is small. 

The theory of the vibrations of thin rods deduced by Euler 
and Daniel Bernoulli from a special hypothesis is verified as an 
approximate theory by an application of Kirchhoff s results. Here 
also Prof Pochhammer has done useful work by seeking exact 
solutions. He investigated^ the modes of vibration of a circular 
cylinder which are periodic in respect of the coordinate measured 
along the axis, and he found that the simplest modes could be 
fairly described as longitudinal, torsional, and lateral. The ex- 
pressions for the displacements involve Bessel's functions with 
arguments proportional to the distance from the axis, and, when 
these are expanded in series and the lowest powers retained, the 
frequency-equations are identical with those given by the ordinary 
theory. When higher powers are retained corrections are found 
to the frequency, and it appears that the velocities of longitudinal 
waves are only approximately independent of the wave-lengths. 
This correction has been obtained independently by Mr Chree^ 
who has given an exhaustive account of longitudinal vibrations in 
a cylinder of finite thickness. 

The vibrations of a curved bar whose initial form is a circle 
have been investigated by Prof. Lamb*, Mr Michell*, and Mr Basset'. 
The modes of flexural vibration of a complete circular ring which 
vibrates in its plane were discussed much earlier by Prof. Hoppe*. 
When there is flexure perpendicular to the plane of the ring there 
must be a comparable torsion, but the pitch is very nearly the 
same as in the corresponding mode involving flexure in the plane 
of the ring. There are also extensional and torsional modes of high 
pitch. 

The principal problem arising out of the theory of longitudinal 
vibrations is the problem of impact. When two bodies impinge 
one of the efiFects produced is that each body is thrown into a state 

1 < Ueber die Fortpflanzongsgesohwindigkeit kleiner Sohwingungen in einem nn- 
begrenzten isotropen Ereisoylinder \ Crelle-Borchardt, lxxxi. 1876. 

2 Quarterly Journal^ xxi. 1886, xxiii. 1889, and xxiv. 1890. 
' Proc, Lond, Math, Soc. xix. 1888. 

* Messenger of Mathematics^ xix. 1890. 

'^ Proc, Lond. Math. Soc, xxm. 1892. 

^ * Vibrationen eines Binges in seiner Ebene \ GreUe-Borohardt, lxxiii. 1871. 
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of internal vibration, and it appears to have been hoped that a 
solution of the problem of the vibrations set up in two bars which 
impinge longitudinally would lead to an explanation of the laws of 
impact. Poisson^ was the first to attempt a solution of the problem 
from this point of view. His method of integration in trigonome- 
tric series vastly increases the difl&culty of deducing general results, 
and by an unfortunate error in the analysis he arrived at the para- 
doxical conclusion that when the bars are of the same material and 
section they never separate unless they are equal in length. Saint- 
Venant^ treated the problem by means of discontinuous functions 
and arrived at certain results of which the most important relate 
to the duration of impact, and to the existence of an apparent 
"coefficient of restitution" for perfectly elastic bodies^ This 
theory is not confirmed by experiment. A correction suggested 
by Prof Voigt*, when worked out, led to little better agreement, 
and it appears that the attempt to trace the phenomena of impact 
to vibrations must be abandoned. Much more successful was the 
theory of Prof. Hertz ^ He suggested that the phenomena may 
depend on a local statical effect gradually produced and gradually 
subsiding. The problem becomes a particular case of that solved 
by M. Boussinesq and Signer Cerruti which we have discussed in 
I. ch. IX. Prof. Hertz made an independent investigation of the 
particular case required, and found means of determining the 
duration of impact, and the shape and size of the parts of the 
surfaces of the impinging bodies that come into contact. His 
theory yielded a satisfactory comparison with experiment. 

The theory of vibrations is capable of application to problems 
of resilience, or of the determination of the greatest strain pro- 
duced in a body by forces suddenly applied. The particular 
problem of the longitudinal impact of a massive body upon one 
end of a rod was discussed by MM. Sdbert and Hugoniot* and by 
M. Boussinesq I The conclusions arrived at were tabulated and 

^ In his Traits de M€caniqv£^ 1833. 

^ * Sur le choc longitndinal de deux barres 61astiques...\ Lionville's Journal, 
XII. 1867. 

8 Cf . Hopkinson, Messenger of Mathematics, rv. 1876. 

^ Wiedemann's Annalen, xix. 1882. See also Hausmaninger in Wiedemann's 
Annalen, xxv. 1885. 

^ * Ueber die Bertihrung fester elastischer Korper '. Grelle-Borchardt, xcn. 1882. 

^ Comptes Rendus, xcv. 1882. 

7 Applications des Potentiels..., Paris, 1885. The results were given in a note in 
the Comptes Rendus, xcvii. 1883. 
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graphically illustrated by Saint- Venant^ But problems of re- 
silience under impulses that tend to produce flexure are perhaps 
practically of more importance. When a body strikes a rod 
perpendicularly the rod will be thrown into vibration, and, if 
the body move with the rod, the ordinary solution in terms of 
the normal functions for the vibrations of the rod becomes in- 
applicable. Solutions of several problems of this kind in terms 
of the normal functions for the system consisting of the rod and 
the striking body were given by Saint- Venant^ 

Among problems of resilience we must note especially Willis's 
problem of the travelling load. When a train crosses a bridge the 
strain is not identical with the statical strain when the same train 
is standing on the bridge. To illustrate the problem thus pre- 
sented Willis* proposed to consider the bridge as a straight wire 
and the train as a heavy particle deflecting it. Neglecting the 
inertia of the wire he obtained a certain diflPerential equation which 
was subsequently solved by Sir G. Stokes*. Later writers have 
shewn that the effects of the neglected inertia are very important. 
The solution has been finally obtained by M. Phillips* and Saint- 
Venant', and an admirable prids of their results may be read in 
Prof Pearson's Elastical Researches of Barre de Saint-Venant. 

The success of theories of thin rods founded on special hypo- 
theses appears to have given rise to hopes that a theory might be 
developed in the same way for thin plates and shells, so that the 
modes of vibration of a bell might be deduced from its form and 
the manner in which it is supposed to be supported. The first to 
attack this problem was Euler. In a note "De Sono Campa- 
narum"^ he proposed to regard the bell as divided into thin 
annuli each of which behaves as a curved bar. This leaves out 
of account the change of curvature in sections through the axis of 

^ In papers in Comptes Rendus, xcvii. 1883, reprinted as an appendix to his 
translation of Clebsch's Theorie der Elasticitiit fester Korper, 
^ In the * Annotated Glebsch ' just referred to, Note du § 61. 

3 In an appendix to the Report of the Commissioners appointed to enquire into the 
application of Iron to Railway Structures^ 1849. 

4 * Discussion of a Differential Equation relating to the Breaking of Bailway 
Bridges *, Camb, Phil. Soc. Trans, vni. 1849. (See also Sir G. Stokes's Math, and 
Phys. PaperSf vol. ii.) 

'^ *Galcul de la resistance des poutres droites...sous Taction d*une charge en 
mouvement *, Ann. des Mines^ vii. 1866. 

^ In the 'Annotated Glebsch ', Note du § 61. 
' Novi Comm£ntarii...Petropolitancej x. 1764. 
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the bell. James Bernoulli^ (the younger) followed. He assumed 
the shell to consist of a kind of double sheet of curved bars, the 
bars in one sheet being perpendicular to those in the other. 
Reducing the shell to a plane plate he found an equation of 
vibration which we now know is incorrect. 

James Bernoulli's attempt appears to have been made with 
the view of discovering a theoretical basis for the experimentsd 
results of Chladni concerning the nodal figures of vibrating plates. 
These results were still unexplained when in 1809 the French 
Institut proposed as a subject for a prize the investigation of 
the tones of a vibrating plate. After several attempts the prize 
was adjudged in 1815 to Mdlle. Sophie Germain, and her work 
was published in 1821^. She assumed that the sum of the 
principal curvatures of the plate when bent plays the same 
part in the theory of plates as the curvature of the elastic central- 
line does in the theory of rods, and she proposed to regard the 
work done in bending as proportional to the integral of the square 
of the sum of the principal curvatures taken over the surface. 
From this assumption and the principle of virtual work she de- 
duced the equation of flexural vibration in the form now generally 
admitted. Later investigations have shewn that the form assumed 
for the work done in bending is incorrect. Navier^ followed Mdlle. 
Germain in her assumption, obtained practically the same diflFeren- 
tial equation, and applied it to the solution of some problems of 
equilibrium. 

After the discovery of the general equations of Elasticity little 
advance seems to have been made in the treatment of the problem 
of shells for many years, but the more special problem of plates 
attracted much attention. Poisson* and Cauchy* both treated the 
latter, proceeding from the general equations of Elasticity, and 
supposing that all the quantities which occur can be expanded 

^ 'Essai th^orique sur les vibrations des plaqaes 61astiques...', Nova Acta... 
Petropolitanat v. 1787. 

3 Recherches sur la Morie des surfcucts SUistiques, Paris, 1821. 

3 *Extrait des recherches sur la flexion des plans ^lastiqnes ', Bulletin... 
PMlomaUquet 1823. 

* In the memoir of 1828. A large part of the investigation is reproduced in 
Todhunter and Pearson's History of the Elasticity and Strength of MaterialSf vol. i. 

'^ In an article 'Sur I'^quilibre et le mouvement d'une plaque solide' in the 
Exercices de Math4matiques, vol. m. 1828. Most of this article also is reproduced 
by Todhunter and Pearson. 
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in powers of the distance from the middle-surface. The equations 
of equilibrium and free vibration when the displacement is purely 
normal were deduced. Much controversy has arisen concerning 
Poisson's boundary-conditions. These expressed that the resultant 
forces and couples applied at the edge must be equal to the forces 
and couples arising from the strain. In a famous memoir^ Kirch - 
hofF shewed that these conditions express too much and cannot 
in general be satisfied. His method rests on two assumptions, 

(1) that line-elements of the plate initially normal to the middle- 
surface remain normal to the middle-surface after strain, and 

(2) that all the elements of the middle-surface remain unstretched. 
These assumptions enabled him to express the potential energy 
of the bent plate in terms of the curvatures produced in its 
middle-surface. The equations and conditions were then deduced 
by the principle of virtual work, and applied to the problem of the 
flexural vibrations of a circular plate. 

The theory of plates comes under the general theory (referred 
to above) of bodies some of whose dimensions are infinitely small 
in comparison with others. The application of Kirchhoflfs method 
of treating such bodies to the problem was made by Gehring^ a 
pupil of KirchhoflTs, M the suggestion of the latter. The method 
is precisely similar to that adopted by KirchhoflF in the case of thin 
rods. The conditions of continuity of the plate when deformed 
are expressed by certain differential equations connecting the 
relative displacements of a point within an element with the 
unstrained coordinates of the point referred to axes fixed in the 
element, and with the position of the element in reference to the 
plate as a whole. These equations are replaced by approximate 
ones retaining the most important terms, and from these a general 
approximate account of the displacement, strain, and stress within 
an element is deduced. To the order of approximation to which 
the work is carried there is no stress across planes parallel to the 
middle-surface. An expression for the potential energy is obtained. 
This expression consists of two parts, one a quadratic function of 

^ 'XJeber das Gleichgewicht and die Bewegang einer elastischen Scheibe*. 
Crelle's Journal^ xl. 1850. 

3 *De iBquationibus differentialibus quibus sBquilibrium et motus laminas 
orystallinad definiuntar'. Berlin, 1860. The analysis may be read in Eirchhoff's 
Vorlesungen iiher mathematische Physik, Mechanik, and some part of it also in 
Olebsoh's Theorie der Elastidtat fester Korper, 

L. II. 2 
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the quantities defining the extension of the middle-surface with a 
coefficient proportional to the thickness of the plate, and the other 
a quadratic function of the quantities defining the flexure of the 
middle-surface with a coefficient proportional to the cube of the 
thickness. The equations of small motion are deduced by an 
application of the principle of virtual work. When the displace- 
ment of a point on the middle-surface is infinitesimal the flexure 
depends only on normal displacements, and the extension only on 
tangential displacements, and the equations divide into two sets* 
The equation of normal vibration and the boundary-conditions are 
those previously found and discussed by KirchhoflP. 

In his Theorie der Elasticitdt fester Korper Clebsch gave a 
much more detailed investigation of the theory. He adopted 
Gehring*s method as far as the discussion of the interior equi- 
librium of an element, with the result that to a certain order of 
approximation there is no stress across planes parallel to the 
middle-surface. After a geometrical discussion of the developable 
into which the middle-surface is transformed by bending, he pro- 
ceeded to form the general equations by aid of the principle of 
virtual work. In this process he introduces a number of arbitrary 
multipliers, as the variation has to be made subject to certain geo- 
metrical conditions. The work is very intricate but I think it 
contains a flaw. The equations are ultimately transformed into 
a shape in which they represent the statical conditions of equi- 
librium of an element bounded by plane faces perpendicular to the 
middle-surface. Now Clebsch has retained the supposition that 
the stress-components parallel to lines on the middle-surface 
exerted across plane-elements parallel to the same surface vanish^ 
and it follows that the stress-resultants normal to the middle- 
surface exerted across planes which are also normal to this surface 
vanish. The latter stress-resultants are known not to vanish, but to- 
be of the same order as the stress-couples across the same faces*. 
This is the point on which I conceive that Clebsch has fallen into 
error, and I cannot find that the arbitrary multipliers which he has 
introduced enable him to evade the difficulty. 

The equations for a plate slightly bent in terms of stress- 
resultants and stress-couples appear to have been first correctly 

^ In his memoir of 1850. See also Vorlesungen uber mathematische Physik^ 
Mechanik, 

* See below ch. xx. 
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given in the Natural Philosophy of Lord Kelvin and Professor 
Tait. These authors make little use of the theory of Elasticity, 
but deduce the values of the stress-couples by a method similar to 
that which they employed in the case of thin rods. More recent 
expositions of the same theory have been given by Saint- Venant\ 
and by Mr Basset * and Prof. Lamb*. The two latter were led thereto 
by the diflSculty in the subject of thin shells to be referred to 
presently. 

We have already noticed that the boundary-qonditions obtained 
by Kirchhoff diflFer from those found by Poisson. The union of two 
of Poisson's boundary- conditions in one of KirchhoflTs was first ex- 
plained in the Natural Philosophy above referred to. It was re- 
marked that the couples acting on any element of the edge can be 
resolved into tangential and normal components; of these the 
latter may be replaced by pairs of forces normal to the middle- 
surface, and the difference of these forces in consecutive elements 
gives rise to a resultant force in the direction of this normal. 
Thus there is no equation of couples about the normal to the edge. 

M. Boussinesq* has applied to the theory of plates a method 
similar to that by which he treated the theory of rods. He shewed 
in a very elementary manner from the equations of Elasticity that 
the stress exerted across any section of the plate parallel to its 
middle-surface must be small compared with that which is exerted 
across a section in any other dii*ection. Taking the equations thus 
derived as a basis of approximation, he deduced equations and 
boundary-conditions which agree with Kirchhoff's. The method 
of considering the boundary-conditions invented by Lord Kelvin 
and Professor Tait was rediscovered by M. Boussinesq. In a later 
memoir*' the same author has proposed to modify his theory by 
assuming only that the stresses are slowly varying from point to 
point of the middle-surface. 

Lord Bayleigh* has gathered up the threads of the theory so 
&r as it relates to vibrations. Starting from Kirchhoff's expres- 
sion for the potential energy of strain, he proceeded to deduce, by 
the method of virtual work, the differential equations and boundary- 
conditions for free vibrations. He followed Kirchhoff in the dis- 
cussion of the circular plate, and gave the solutions of the 

^ In the * Annotated Clebsoh ', Note du § 73. * Liouville's Journal, xvi. 1871. 

2 Proc, Land, Math. Soe. xxi. 1890. » jji^. y. 1879. 

• Ibid, • Theory of Sound, vol. i. ch. x. 

2—2 
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frequency-equation for the lowest tones and the character of the 
nodal lines. He remarked that if there are any materials which 
are not laterally contracted when they are slightly extended longi- 
tudinally, rectangular plates of such materials can vibrate like bars 
without being supported at the edges. The theory of the vibra- 
tions of a free rectangular plate has not been made out except 
in these cases. 

The first attempt to solve the problem of thin curved plates 
or shells by the aid of the general theory of Elasticity was made 
by Herr Aron\ He expressed the geometry of the middle-surface 
by means of two parameters aiPber the manner of Gauss, and he 
used the method employed by Clebsch for plates to obtain the 
equations of equilibrium and small motion. The equations found 
are very complicated, and little result can be obtained from them. 
It is however to be noted that the expression for the potential 
energy is of the same form as in the case of the plane plate, the 
quantities defining the curvature of the middle-surface being 
replaced by the diflferences of their values before and after 
strain. 

M. Mathieu^ adapted the method of Poisson for plane plates 
to the case where the middle-surface is of revolution, and the 
deformation very small. He noticed that the modes of vibration 
possible to a shell are not separable into normal and tangential 
modes as in the case of a plane plate, and the equations that he 
found are those that would be deduced from Herr Aron's form of 
the potential energy if only the terms depending on the stretching 
of the middle-surface were retained. For a spherical shell with a 
circular edge he obtained the solution of his equations in terms of 
functions which are really generalised spherical harmonics. 

Lord Rayleigh* attacked the problem of open spherical shells 
from a different point of view. He concluded from physical 
reasoning that in a vibrating shell the middle-surface remains 
unstretched. When this is the case the component displacements 
must have certain forms. He assumed that the potential energy is 

^ *Das Gleichgewicht und die Bewegung einer unendlich dunnen beliebig ge- 
krtiminten elastischen Schale'. CreUe-Borohardt, Lxxym. 1874. 

2 *M6moire sur le mouvement vibratoire des Cloches*. Joum, de VEcole 
Polytechn. li. 1883. 

« * On the Infinitesimal Bending of Surfaces of Revolution '. Proc, L<md. Math. 
Soc, XIII. 1882. 
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a quadratic function of the changes of principal curvature. From 
this he easily deduced the form of the normal functions and the 
frequencies of the component tones. 

By an adaptation of Gehring's theory of plates I found ^ 
that Lord Eayleigh's solutions fail to satisfy the boundary- 
conditions which hold at the edges of a shell vibrating freely, 
and I proposed to adopt for bells M. Mathieu*s theory that the 
extension is the governing circumstance. This raised a discussion 
in which Mr Basset and Prof. Lamb took part. Their researches, 
as well as later researches by Lord Eayleigh, have done much to 
elucidate the subject. It has been shewn to be probable that the 
extensional strain, proved to exist, is practically confined to a 
narrow region near the edge, and within that region is of such 
importance as to secure the satisfaction of the boundary-conditions, 
while the greater part of the shell vibrates according to Lord 
Rayleigh's type. For the developments of the theory the reader 
is referred to chapters xxi. and xxil. of this volume. 

Whenever very thin rods or plates are employed in constructions 
it becomes necessary to consider whether the forces in action can 
cause such pieces to buckle. The flexibility of a long shaft held 
vertically must have been noticed by most observers, and we have 
already seen that Euler and Lagrange treated the subject. One 
of the forms of the elastica included in Euler 's classification is 
a curve of sines of small amplitude, and Euler pointed out ^ that in 
this case the line of thrust coincides with the unstrained axis of 
the rod, so that the rod, if of sufficient length and vertical when 
unstrained, may be bent by a weight attached to its upper end. 
Further investigations* led him to assign the least length of a 
column in order that it may bend under its own or an applied 
weight. Lagrange* followed and used his theory to determine 
the strongest form of column. He found that the circular cylinder 
is among the forms of maximum efficiency, and for small departures 
from the cylindrical form it is actually the strongest form of column. 
These two writers found a certain length which a column must 
attain to be bent by its own or an applied weight, and they 

^ <0n the Small Free Vibrations and Deformation of a Thin Elastic Shell'. 
Fhil Trans, R. 8. (A), 1888. 

2 Hist, Berlin, Acad, xin. 1767. 

' Acta Acad. Petropolitana for 1778, Pars Priory pp. 121 — 193. 

* Misc. Taur. v. 1773. 
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concluded that for shorter lengths it will be simply compressed 
while for greater lengths it will be bent. 

The problem of Eoler was the only problem in Elastic Stability 
attempted for many years. It found its way into practical treatises 
on the 'Resistance of Materials', as Heim's Gleichgewicht und 
Bewegung gespaimter elcutischer fester Korper^ and Bresse's 
dmrs de Mecanique Appl%quee\ Meanwhile Lamarle* pointed 
out that, unless the length be very great compared with the 
diameter, a load great enough to produce buckling will be more 
than great enough to produce set. The problem was taken up 
again by Prof Greenhill, who assigned a slightly different limit to 
Euler s for the height consistent with stability^ and extended 
the theory to the case where the rod is twisted, and to the case 
where it rotates', with applications to the strength of screw- 
propeller shafts. Mr Chree* has recently shewn that, unless 
the length be very great compared with the diameter, there is 
a danger, at any rate in hollow shafts, of set being produced by a 
smaller velocity of rotation than that which Prof Greenhill assigns 
for the commencement of buckling. He has done for Prof Green- 
hiU's problem of the rotating shafb what Lamarle did for Euler's 
problem of the column. 

M. L6vy ^ and Halphen " have treated the case of a circular 
ring bent by uniform normal pressure. Unless the pressure 
exceed a certain limit the ring contracts radially, but when the 
limit is passed it bends under the pressure. M. L^vy appears 
to think that the result gives the limiting pressure consistent 
with stability for a circular cylindrical shell, but he has omitted to 
notice that the constant of flexural rigidity for a curved bar is 
quite different to that for a cylinder. 

In all the researches that we have mentioned the methods 
employed have been tentative. Two modes of equilibrium have 

1 StDttgsrt, 1838. 

> PretmQre Partie. Puis, 1859. 

* 'Mdmoire sar la flexion dnbois'. Ammales des IVaraicf publie$ de Belgique, 
IT. 1816. 

* Cmnb. PkiL Soe. Proe. it. 1881. 

> Proe. Jiut. Meah. Engmeerty 1883. 

* Camh. PkiL Soe. Proe. vn. 1892. 

' ' M^nMMie sor on noQYean eas int^graUe da probltoie de F^lastiqne et l^ime de 
aes applications *. LioaTille's Journal, x. 1884. 
■ CompUs AmdiM, xcmi. 1884. 
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been known, one involving flexure, and the other involving simple 
compression or simple torsion, and it was concluded that in 
such cases whenever flexure is possible it will take place; but 
there existed no theory for determining a priori when two modes 
of equilibrium are possible, or why flexure should take place 
whenever it is a characteristic of one possible mode. 

These defects were remedied by Mr G. H. Bryan \ In regard 
to the first point it had been shewn by Kirchhoff' that when a body 
is held in equilibrium by given surface-tractions the state of strain 
produced is unique. The exceptions to which we have alluded 
axe more apparent than real. Kirchhoffs proof depended on the 
variation of the energy, and he considered only first variations. 
In the cases we have mentioned a small displacement really 
changes the character of the surface-tractions, and it becomes 
necessary to consider second variations. Take for example the 
slender vertical column supporting a weight. When it is simply 
compressed the weight gives rise to purely longitudinal tractions. 
But now let the column be slightly displaced by bending ; there 
will be a component of the weight tending to produce longi- 
tudinal traction, and a component tending to produce transverse 
traction ; the surface-tractions are really changed in character by 
the displacement. For a short thick column the change is of the 
kind which it is legitimate to neglect, for a long thin one it 
becomes important. 

Now Mr Bryan has shewn that there are only two cases of 
possible instability, (1) where nearly rigid-body displacements are 
possible with very small strains, as when a sphere is put into 
a ring which fits it tightly along a great circle, and (2) where 
one of the dimensions of a body is small in comparison with 
another, as in a thin rod or plate. He proceeded by taking 
the second variation of the energy-function, and he pointed out 
that, as in every case the system tends to take up the position 
in which the potential energy is least, modes involving flexure 
will be taken by a thin rod or plate under thrust whenever such 
modes are possible. Mr Bryan has given several interesting 
applications of his theory which we shall consider in our last 
chapter. 

1 Camb. Phil, Soc, Proc, vi. 1888. 



CHAPTER XIIL 

THE BENDING OF RODS IN ONE PLANE. 

212. The " thin rod " of Mathematical Physics is an elongated 
body of cylindrical form. The sections of the rod perpendicular to 
the generating lines of its cylindrical bounding sur&ce are called 
its nomud sections, the line parallel to these generating lines 
which is the locus of the centroids of the normal sections is called 
the elastic central-line or aans of the rod. The principal axes of 
inertia of any normal section at its centroid and the elastic central- 
line are called the principal torsion-flexure aaes of the rod at the 
point where the normal section cuts the elastic central-line, and 
the planes through these principal axes of inertia and the elastic 
central-line are called the principal planes of the rod. 

When the rod is deformed the particles that initially were in 
the elastic central-line come to lie on a curved line which will be 
called the strained elastic central-line, and the particles that 
initially were in a normal section come to lie in general on a curved 
surfece which is not truly normal to the strained elastic central- 
line. We may define the principal planes at any point of the 
elastic central-line of the strained rod to be two perpendicular 
planes through the tangent to the strained elastic central-line, 
of which one contains the tangent to the line of particles that 
initially coincided with one principal axis of inertia of the normal 
section ; the principal torsion-flexure axes of the strained rod will 
be the tangent to the strained elastic central-line and the inter- 
sections of the normal section by the principal planes. 

When forces in a principal plane are applied to the unstrained 
rod it can be proved by an application of the general theory of 
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Elasticity that the strained elastic central-line is a curved line 
lying in that plane. In the present chapter we shall for the most 
part confine our attention to the bending of the rod in a principal 
plane, which plane will be called the plane of flexure. 

In case the normal sections of the rod have kinetic symmetry, 
e,g. when the section is a circle, a square, an equilateral triangle, 
the principal planes are indeterminate, and any plane through the 
elastic central-line is a principal plane. 

213. Stress System. 

Suppose that the rod is held bent in a principal plane by forces 
and couples suitably applied, and consider the stress across any 
normal section. Let P be any point on the strained elastic 
central-line, and suppose the normal section at P drawn. The 
actions of the particles on one side of this section upon the particles 
on the other side can be reduced to a force and couple at P. The 
force can be resolved into two components : T along the tangent 
to the strained elastic central-line at P, and N along the normal 
to the same line drawn inwards towards the centre of curvature. 
The axis of the couple is perpendicular to the plane of flexure. 
The couple will be denoted by 0, and it will be called the fletcural 
couple or bending moment at P. The forces T and N will be called 
respectively the tension, and the shearing force at P. 

By an application of the general theory of Elasticity it can 
be shewn that the flexural couple O is proportional to the curvature 
of the strained elastic central-line at P, so that if p be the radius 
of curvature of this line, 

= ^Ip, 

where S3 is a constant depending on the nature of the material and 
the form of the section. This constant is called the fleamral 
rigidity for the plane in question. Further it can be shewn that 
the constant .33 is the product of the Young's modulus E of 
the material, and the moment of inertia 7i of the normal section 
about that principal axis at its centroid which is perpendicular to 
the plane of flexure, so that 

93 = ^/i = Ea)h\ 

where w is the area of the normal section, and ki its radius of 
gyration about an axis through its centroid perpendicular to the 
plane of flexure. 
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When the initial form of the elastic central-line is a plane 
curve in a principal plane of the rod, and the strained form ia a 
different plane curve in the same plane, the flexural couple at any 
point is proportional to the change of curvature of the element 
of the elastic central-line at the point, so that 

= V(llp-lM, 
where p, and p are the initial and final radii of curvature. 

We postpone to ch. xv. the proofs of the propositions that 
depend on the general theory of Elasticity. 

214. General Equations of Equillbiiam. 

The general equations of equilibrium of the rod, when held 
bent by forces X, ¥ per unit of length directed along the tangent 
and normal at any point, and a couple M per unit length about an 
axis at the same point perpendicular to the plane of flexure, 
can now be written down. 

Let PP" be an element of the elastic central-line of length da, 
and take as temporary axes of coordinates x, y the tangent 
and normal to the elastic central-line at P. Then the external 
forces applied to the element may be reduced to a force at P 
whose components are Xds, Yds parallel to the axes x, y, and 
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a couple Mds which tends to turn the element PP* from x 
towards y. 

The forces that act on the element PP' arising from the action 
of neighbouring elements are shewn in the diagram (fig. 19). The 
part to the left of P gives us forces T, N, and a couple (?, the part 
to the right of P' gives us forces T + d?, N+dlf, and a couple 
Q + dO, in the directions shewn. 

If d^ be the angle which the tangent at P^ to the elastic 
central-line makes with the tangent at P, these forces and couples 
reduce to a force at P whose components are 

- r + (r + dr) cos d^ - (iVr+ dN) sin d<l> parallel to x, 

-N+(N + dN) cos d<l> + (T+ dT) sin d^ parallel to y, 

and a couple whose moment is 

^Q + {0 + dO) + {N^dN)d8. 

Adding together all the forces parallel to x, all the forces 
parallel to y, and all the couples, and equating the results severally 
to zero, we obtain the equations of equilibrium in the form 



as p 
dG 



> (1), 



ds 



+ N + M=0 



in which p = ds/d<l> is the radius of curvature of the elastic central- 
line at P. 

In addition to the equations of equilibrium (1) that hold 
at every point of the rod there are certain conditions to be 
satisfied at the extremities. When given forces and couples 
are applied at the extremities these conditions take the form of 
equations connecting the values of T, i\r, Q at the extremities with 
the given component forces and couples. When an end is free 
T, N, and have to vanish there. When an end is fixed the 
constraint which fixes it may be such as to allow of the extremity 
taking up different directions or it may be such that the direction 
is fixed. In the former case the end will be described as simply 
supported, in the latter as built-in. 



28 BENDING OF RODS IN ONE PLANE. [215 

216. Horizontal Rod very little bent. 

We shall consider in the first place the very important case 
of a straight rod resting on rigid supports at the same level, and 
slightly bent by vertical forces supposed to act in a principal 
plane. In this case l//> is always very small, and X everywhere 
vanishes, so that by the first of equations (1) the tension Tneed 
not be considered. We may therefore suppose the stress-system 
to reduce to the shearing force N and the couple 0. In accord- 
ance with a remark already made we may take (? to be pro- 
portional to the curvature 1/p of the elastic central-line,' and, 
if the axes of x and y be taken horizontally and vertically, we may 
replace 1/p by ± dhfjda?, the sign being determined so that the 
sense of may be that of a couple tending to increase the 
curvature. 

With regard to the terminal conditions it is to be noticed that 
at a simply supported end Q vanishes, so that (Py/da^ vanishes 
while y has a given value. At a built-in end y and dy/dx have 
given values. 

In problems of the kind we are now entering upon the fact 
that is proportional to d^y/daf^, and the ordinary principles 
of Statics, are together suiSBcient to determine the form of the 
strained elastic central-line, and the pressures on the supports can 
be deduced. (Cf. I. art. 107.) 

Since there is no applied couple M, the third of equations 
(1) becomes 

where dx is written for ds since the strained elastic central- 
line very nearly coincides with its unstrained position. This 
equation gives the shearing force at any point. 

216. Rod loaded at one end. 

We shall first investigate the form of a rod initially straight 
which is loaded at one end with a weight W while the other 
end is built-in horizontal, the vertical plane through the un- 
strained elastic central-line being a principal plane of the rod. 

Taking the origin at the built-in end, the axis y downwards, and 
the axis x horizontal, and writing y for the vertical displacement 
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at any point of the elastic central-line, the flexural couple 
is Sd^/da^, and the equation of equilibrium found by taking 
moments about a point P for the part between P and the loaded 
end is 




Fig. 20. 

where x is the distance of P from the built-in end, and I is 
the length of the rod. 

Since y and dyjdx both vanish when a? = 0, this equation gives 
the deflexion y at any point in the form 

^y = i^Wc^{l-^), 

The shearing force at any section is clearly equal to W, 

When the vertical plane through the elastic central-line is not 

a principal plane of the rod, we may suppose that W is resolved 

into two components, one in each principal plane. There will be 

two constants of flexural rigidity B^, B^ proportional to the two 

principal moments of inertia, /i, I^ of the cross-section at its 

centroid. The displacements yi, ya in the two planes are given by 

the formulse 

B^^ =z :^W C08 ai" (I - Ja?), 

B^2 = iTTsin ^ a^ (Z - ^), 

where is the angle between the vertical plane through the 
elastic central-line and the principal plane in which the displace- 
ment is yi. 

We may regard y^ y2,(v ss Cartesian rectangular coordinates of 
a point on the strained elastic central-line and it then appears that 
this is a plane curve but not in a vertical plane. The plane in 
which it lies is given by the equation 
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If (f) be the angle which the plane perpendicular to the plane of 

the curve makes with the principal plane in which the displacement 

is yi, we have 

tan <f> tan ^ = — B^/Bi = — I2/I1, 

where /i, /a are the two principal moments of inertia of the 
normal section at its centroid, so that this plane and the vertical 
plane cut the normal section in lines which are conjugate diameters 
of the ellipse of inertia. This is the theorem of Saint- Venant 
and Bresse given in I. art. 108. 

In the remaining problems that will be here considered the 
plane of flexure will be assumed to be a principal plane of the rod. 

217. Uniform Load^ supported ends. 

Suppose a long rod or beam of uniform section and material 
simply supported at its extremities, and bent by its own weight. 




Fig. 21. 

Let I be the length, 8 the flexural rigidity, Yq and Fj the 
pressures on the ends, w the weight of the beam per unit of 
length. 

Take the point of support A as origin, and the axes as in the 
figure. 

We have the equation of equilibrium of the part between A and 
any point P by moments about P, 

(2), 



S3^+Fa^-it(;a^ = 



d^ 



where the last term is I («? — ^) wd^ the moment of the weight 
of the part A P. 



218] 



SINGLE SPAN. 



31 



Since ch//da^ = when a? = Z, the particular form of this equation 
when x=^l is 

¥^-^1^ = 0, 

so that Tq = ^l as is otherwise obvious. 

We may integrate the above equation in the form 

8(y-«tana)+iFoa'»-3jfjwa^ = (3), 

where a is the angle the axis at A makes with the horizontal ; and 
since y = when x=l 

33Ztana = jFoZ3-3^Z* = ^t(;Z* (4). 

Hence the deflexion y is given by the equation 

8y = -^wx {x^ + P - 2 Zar») = -^wx (Z - a?) [P + to - ar'] . . . (5). 

If we refer to the middle point of the beam as origin and write 
a?' + ^l for a?, we have 

% = ^^(F-^'0(fP-^'0 (6), 

and the central deflexion is 

y.^^^m W- 

218. Uniform Load^ built-in ends. 

When the extremities are built-in, and horizontal, and the 
beam is bent by its own weight, let M be the bending moment at 
A or By the rest of the notation being the same as before. 




>*- 



Fig. 22. 

We have at once the equation of moments 



'^Y. 




(8), 
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with the terminal conditions that y and dyjdx vanish when a? = 
and when x = l. We have on integrating 

% = pf^-jFaa^ + 3jijt(;^ (9), 

where M-^YJi^- -^wl^ = 0, 



from which 



r-t"\ <'«>^ 



and as before, referring to the middle point as origin and writing 
(a?' + JZ) for 00, we find 

%=A^(iP-^'? (iiX 

and the central deflexion is -^^^1^1^ or ^ of what it would be if 
the ends were simply supported. 

The reader will find it easy to prove in like manner that for a 
beam of length I supported at its middle point the deflexion y at 
a distance x from the middle point is given by the equation 

SBy = -^-^waf" (3Z» - Ux + 2aJ2), 

so that the terminal deflexion is ji^l^/^ or f of that at the 
middle point of the same beam when its ends are supported. 

Another particular example will be found by taking a beam of 
length I without weight having one extremity simply supported 
and a given bending couple M being applied at the other. It will 
be found that the pressure on the support at the end at which M 
is applied is M/l, while the other extremity must be pressed in the 




Fig. 23. 

opposite direction with the same force. The equation of the 
<5entral-line referred to the extremity where the couple is applied is 

^y = ^iMx(l'-x)(2l'-x)/l. 
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219. Isolated load^ supported ends. 

Suppose the beam weightless and supporting a weight F at a 
point Q distant a from one end, and 6 from the other, where 
a + 6 = f, and suppose the ends simply supported. 




-)£. 



Fig. 24. 



B 



Y, 




Let Fo and Fj be the pressures at A and B. 

^iK+Y^^o 



Then in ^Q 



da^ 



and in BQ 



»g+r.(z-.)=o 



6 (tt + 6) 



The deflexion in AQia given by 



^ Wabx , -,. , Whx* 



(12); 



(13). 



(14). 



We may integrate these in the forms 

8 (y — a? tan a) = — \Y^, 
S3{y-(Z-a;)tan/3}=-jF,(Z-^y 

Since y and -p are the same on either side of Q 

SBa tan a - \Y^d^ = 336 tan /3 - \Y^, ) . . 

33tana-iFoa» = -a3tan/3 + iFi62J ^^^• 

By ordinary Statics Y^a = Fi6, F© + Fi = TT. 

Whence Fo = F6/(a + 6), F^ = Fa/(a + 6). 

Solving (15) for tan a and tan^ we have 

^ , TT oft (g + 26) 

8 w '^f/' -^.f' 



L. II. 
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and that in BQ is given by 



ca Wab (l — x) ,, ^ . 
^y- 6(a + 6) <^ + '^> 



-i 



Wa (I - xf 
a + 6 



This can be thrown into the form :— 



The deflexion y at P when the weight is at Q and P is in jdQ 
is given by 

^ ^ ^ ^BQ . AP {A& - BQ' - AP^) (17). 



,(18). 



When P is in BQ the formula becomes 

^y = ^^AQ,BP{A&-AQ-BP-) 

We see that the deflexion at P when the weight is at Q is the 
same as the deflexion at Q when the weight is at P. 

220. Isolated load^ built-in ends. 




Fig. 26. 

When the beam is built in horizontally at both ends let Jf© be 
the bending moment at A and M^ at B. Then we have in -4Q 



and in BQ 






Hence m AQ % = \M^ -^Y^, 

mBQ fdy = :^M,(l-xy-isY,(l-xy\ 

with the conditions 



(19). 



(20). 



(21), 
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Fo and F, are given by taking moments for AB about B and 
A, and we find 

Y^{a + h)-Wa + M,-M^ = Q] ^ '' 

Hence we obtain 

iilf„a«(a+6)-ia»(F6+lfo-if,) = ilf,6'(a+6) -i6»(Fa-if.+Jlf,), 
M,a{a+h)-^\Wh+M,-Mi)=-MJ){a+h)+^{Wa-M,-\-M;); 

giving -"^» = /.. _L ^\3 ' '^> = 



andtbus F.= Tf^<?^, F=Tf^-^">. 

(a + Of (a + 6/ 

Hence in JLQ the deflexion y at a point P is given by 

^y = ^^BQ^.AP^(ZAQ.BP-BQ.AP) (23), 

and in BQ the deflexion y at a point P is given by 

^y = \i^BP-.A(^{WQ.AP-AQ.BP) (24). 

and we notice that the deflexion at P when the weight is at Q is 
the same as the deflexion at Q when the weight is at P. 

The points of inflexion are given by cPy/daf^ = 0, and we find 
that there is an inflexion at Pi in -4 Q where 

AP, = AQ. AB/(SAQ + BQ), 

In like manner there is an inflexion at Pg in BQ where 

BP, = BQ . AB/(8BQ + AQ). 

The point where the central-line is horizontal is given by 
dy/dx = 0. If such a point be in -4 Q it must be at a distance 
jfrom A equal to twice APi, and for this to happen AQ must be 
>BQ, Conversely if AQ<BQ the point is in BQ at a distance 
from B equal to twice SPg. 

The verification of these statements will serve as an exercise 
for the student. 

221. The Theorem of Three Moments. 

Passing now to the case of a uniform heavy beam resting on 
any number of supports at the same level we proceed to investigate 
Clape)n:on's theorem of the three moments. 

3—2 
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Let,., A, By C.be the supports in order from left to right, 
let I JIB he the length of the span AB,...M^, M^... the bending 
moments at the supports, ... F^, F^ ... the pressures on the sup- 
ports, Ao, A, the shearing forces estimated upwards to left and 
right of A and indefinitely near to it, Bo, B^ similar quantities for 
B and so on. Then F^ = -4© + -4i, Fjg = 5© + A and so on. 

Let w be the load per unit length of the beam. 




y 

Fig. 26. 



In BA measure y downwards and x to the left from B, 
in BC measure y downwards and x to the right from B, 

Considering the equilibrium of any part BP of BA, and taking 

moments about P, we have 



33^-if5 + £o«^-Jii;^ = 0. 



.(25). 



Integrate this twice, and put y = and dyjdx = tan )8 when « = 0, 

where ^ is the angle the tangent at B makes with the axis of x, we 

get 

g3(y-a?tan/3) = iifBar^-i5oa^ + ^w;^ (26). 

Again, by taking moments about P' for the part BP^ of BG, we 
have 



^^^MB + B,x-\wa^ = 0, 



.(27). 



Integrate this twice and put y = and dyjdx = — tan /8 when x = 0, 
and we get 

'^(3f-\-xia.n^) = \MBCi?-^B^a? + -^w(ii* (28). 

Now in (25) 93 ^ = if^ when x = l^s 

and in (27) S ^ = Jlf c when x = l^c- 



Hence 






.(29). 
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These equations give Bq and Bi in terms of the bending moments 
at A, By C, and the pressure Fg on the support B is given by the 
equation 

73 = 5. + A = 4(i^B + W«' +^^1=^ +^7=^.-(30). 

Again in (26) y = when x = Ij^s* and in (28) y = when x^Ibc 
Hence - S3 tan /3 = ^M^l^s - ^B.l^^^ + it '^Iab^X /«, x 

35 tan ^ = ii/^Z^e -^A^bc^ +^^«i.e' I ^ ^' 

Adding these equations, and substituting for 5© and £i from (29), 
we find 

Iab (M^ + 2Mn) + 1^0 (Ma + 2Ms) = iti; (Z^^' + l^S- • .(32), 
so that the bending moments at three consecutive supports are 
connected by a relation of invariable form. This is the Theorem of 
Three Moments. 

We may express the result by saying that the bending moments 
at the supports satisfy a linear diflference equation of the second 
order. 

The solution of the equation would involve two constants to be 
determined from the terminal conditions. The bending moment at 
every support can therefore be calculated. The shearing forces 
across the sections at the supports can be found from such equations 
as (29), the pressures on the supports from such equations as (30), 
the inclination of the central-line of the beam at the supports 
from such equations as (31), and the deflexion at any point from 
such equations as (26). 

222. Forms of the Equation of Three Moments. 

We shall now consider the form assumed by the theorem of 
three moments for some other distributions of load. 

1°. For uniform flexural rigidity when the load on each span 
is uniformly distributed but the load per unit length varies from 
span to span, it is easy to shew in the manner of the last article 
that the equation of three moments becomes 

Iab (Ma + 2Ms) + U (^c + 221/^) = i(^^^i^5' + ^bc W). • .(33), 
and the pressure on the support B is given by 

TT i , 17 Mb- Ma Ms—Mc /«,. 

yB = h^ABf^AB-\-ilBC'U}BC+ ; +" , ...(34), 

^AB ^BC 

where w^s is the load per unit length of the span AB. 
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2°. For uniform flexural rigidity and an isolated load TT at a 
point Q between B and C. 




Fig. 27. 

Let BQ = b and GQ = c. 

In BQ measure y downwards and x to the right ; 

in CQ measure y downwards and x to the left. 

Suppose the tangents at B and C to make angles )8 and 7 with 
the horizontal. 

The equation of moments for any part BP of BQ is 



g3j-if^+5i^=a 



(35), 



and the equation of moments for any part GP^ of GQ is 

^^-Mo + C^ = 



.(36) ; 



from which we find 

inBQ 8 (y - a; tan ^) = i M^af - ^B,a?,\ 

inCQ »(y-a;tan7) = ij|/oa^-jO<^J ^ '' 

When x = h in BQ, and ar = c in CQ, the ^ s are the same and 
the sum of the dyjdx's is zero. Hence 

33 (6 tan yS - c tan 7) = - ^MaV" + ^Mod^ + ^B^y - ^C^,] 
33 ( tftn/3+ tan 7) = - {Msb+ Moc) + liBih' + C^)] 

Now, by taking moments about C and B for BG, we find 

B^(b + c)-Wc + Mo-Mjs = 0; 

C„(b + e)-Wb + Ms-Mc = 0' 

Thus 



...(38). 



,(39). 



33 (6 + c) tan /3 = J F6c (6 + 2c) - ^(2^^^ + Mo) {b + cf,) , „, 
^ {b + c) t&n y = :if Wbc {c + 2b) -^(2Mo+ Mb) (b + cyy"^ '' 
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Now in the span -45 of length a preceding 5 measuring x jfrom 
B we have 



®S-^-+^^=^ 



.(41), 



and if^-if5 + £oa = (42); 

integrating (41), and putting y = and dyjdx = — tan )8 when a? = 0, 

we find 

33(y + ictan/3) = Jif5a?-K^B-ilf^)^/a (43), 

and since y = when a? = a, 

8 tan /3 = Ja (2ifB + Jf^) (44). 

In like manner by considering the span of length d succeeding G 

we have 

g3tan7 = id(2ife + ifi>) (45). 

By (40) and (44) we find the equation of three moments for 
Ay By G in the form 

AB{M^+ 2Ms) + BG (Ma + 2M^) ^^BQ.GQ (BQ + 2(70). • .(46), 
and the equation for B, (7, D is in like manner 
BG{Ms + 2Ma)+GD(Mj, + 2Ma) = ^BQ.GQ(GQ+2BQ).. .(4^7\ 
the weight W being at Q between B and G. 

223. Equation of Three Moments generalised. 

The theorem of three moments may be generalised so as to 
include the cases of variable flexural rigidity and variable load^ 
For this we begin with the case where there is no load between A 
and B or between jB and G, but the flexural rigidity S3 is a function 
of a?. 





Fig. 28. 



1 Webb. Camb. Phil Soc. Proe, vi. 1886, 
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In the span -4£ we have, measuring x towards 5, 

*s-^.-^#-=» w 

since as in equation (42) of the last article we may express the 
shearing force to the right of A by taking moments about B. 

Now multiplying this equation by a?/S5 and integrating, we 
find 

Since y = and dyjdx = tan ^ when x = AB, we have 

X o liJT f"^^ 00 (AB -^ x) dx ,^ [^ a^ dx ..^. 

In the next span BG take (7 as origin and measure x towards 
B and we find 

-tan/3 = Jlf,J^ -Sc^»+^-Jo M^S-W 

Now measuring a; towards A from a fixed point in jBJ. 
produced we have 

„ /•o^( a!-0^)(Q.B-a;) da; ^^ /-oc (a,-0£)'(0O-a;)(;a! 
^^ioA A& ^^ "}0B BG^ ^ 

This is the equation of three moments for this case and we 
shall denote the left-hand member by [-450]. 

If now we suppose that there is a weight TT at a point Q 
between B and G and no load between A and B, we have in BQ 

S^-Jlf^ + A(^-O£) = (53), 

X being measured from a fixed point ; and in CQ 

33g-ifc+Co(OC-aj) = (54). 

Also, by moments about C and B, 

BC.B,^W.GQ + Ma-'M^ = 0,\ .,^. 

BCCo-W.BQ-^M^-Ma^^O) ^ ^' 

We multiply equation (53) by {x — 05)/33 and integrate from 
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OB to OQ, and equation (54) by (00 — a?)/33 and integrate from OQ 
to OC, and we get 

-''«(i).-''«-''<'r,<'"'-'>t-''-jC<'-'"^s. 

(66) 

By subtracting these we find an expression for {dyjdx)^^. But 
another expression for this can be found by dividing (53) by 33 
and integrating; we get thus 

Equating the two expressions for (dy/dai)^ we obtain the equation 

■^OG-xdx „ (o°OG-xdx 



tan^ = -JIf,J -^^^-JlfJ 



OB -"^ -«-' J OQ 



BG S 

But by equation (50) we have another expression for tan^, 
and, using (55) and equating these, we obtain an equation which 
can be written 

(59). 

where the left-hand member is the quantity expressed on the left- 
hand side of equation (52). 

If there be any number of loads the results may be found by 
summation. 

The extension of the theorem to the case where the 
supports are not on the same level will be found in M. Levy's 
Statique Graphique, t. II., and the case where the supports are 
slightly compressible has been treated by Prof Pearson in the 
Messenger of Mathematics, xix. 1890. 

224. Basis of Graphic Method^ 

We have seen how a knowledge of the bending moment at 
every point of a beam resting on supports leads to a determination 
of the form assumed by the beam and the pressures on the supports, 

^ For references see Introduction p. 12. 
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and further how the bending moment at any point can be deter- 
mined from those at the extremities of the span containing it, and 
we have given the equations by which the bending moments at 
consecutive supports are connected. We shall now shew how the 
calculation can be superseded by a graphical construction. 

The construction in question rests upon two theorems as 
follows : — 

Theorem I. The form assumed by a beam in which the 
bending moment is given is identical with that of a catenary 
or funicular curve when the load per unit of length of its hori- 
zontal projection is proportional to the given bending moment. 

For the equations of equilibrium of the string under a load 
Odx on an element whose projection on the axis oixia dx are 

T -1- = const. = T say ^ 



ds 



\ as] ds ^ 



where T is the tension and da an element of the arc. The elimina- 
tion of T between these equations leads to the equation 



T 



^^G 



da? 
of the same form as the equation of the beam 

Theorem II, The tangents at the extremities of any span are 
the same as the tangents to the funicular that would be obtained 
by replacing the forces Odx on that span by any equivalent 
system. 

For if we measure x from one extremity of a span of length I 
we have by integration of the above equation 



dy (^ J 

^j— y= I Xc^dx 
dx ^ Jq ^ 





G 
33 

and this integral is the same for the actual system of forces pro- 
portional to Odx and for any equivalent distribution of force. 



and thus I -^\ = I x^dx 

cUcli Jo 
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225. The equivalent system of forces. 

Let AB be any span supposed subject to a given distribution 
of load, and draw a curve whose ordinate at any point represents 
the bending moment at the corresponding point of AB. This may 
be conveniently effected as follows : — Draw from A and B vertical 




Fig. 29. 

lines AA' and BR proportional to the bending moments at A and 
B, and draw through Ay B the curve whose ordinates are the 
bending moments at the points of AB when this span is isolated 
and simply supported at A and B and is under the given distribu- 
tion of load. Let the verticals through the centroids of the triangles 
AA'B and BA'B meet AB in g and g\ they are the vertical tri- 
sectors of the line AB^ and let the vertical through the centroid 
of the curve of the bending moment when A and B are simply 
supported meet AB in G, 

The funicular whose extreme sides are the directions of the 
central-line of the beam through A and B is that for vertical 
forces ^, ^', and F acting through g^ g\ and proportional 
respectively to the areas of AA'B, BA^R, and to the area of 
the curve of the bending moment when A and B are simply 
supported. This funicular being constrained to pass through A 
and B is completely determinate when all the bending moments 
are given. 

If funiculars be constructed in this way for each span then the 
extreme sides of two consecutive funiculars which meet in a point 
of support, as B, must be in the same straight line. This remark 
leads to the determination of the bending moments at the 
supporta 
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226. Development of the method. 

Suppose to fix ideas that Ao, Aj, A^... are the points of support, 
-^0 being simply supported, and that for any span Ar Ar+i the curve 
of the bending moment when Ar and Ar+i are simply supported 
has been drawn. Let <f>\, ^, <f)\,.. be the forces that act in the 
vertical trisectors of Ao Ai, Ai A^..., ^' acting through the point 
gi nearer to -4i, ^, and ^' through the points g^, and g^ and so 
on (see fig. 30). Let -Pi, F^... be the forces that act through 
Gi, (tj... where the line A^, Ai,.. meets the verticals through the 
centroids of the areas of the curves of the bending moments for 
the various spans when their extremities are simply supported. 
Then F^, F^... are given in magnitude and line of action, while 
<f>i\ ^... are given as regards line of action only. 

If now we supposed the problem solved, and these forces conse- 
quently fixed in magnitude, we could draw the funiculars for the 
various spans. 

Suppose 1, 2, 3... are the sides of the funiculars of which 1, 2, 
and 3 belong to the span A^ A^, 3, 4, 5 and 6 to the span A^ A^ 
and so on. The sides 1, 3, 6, 9... pass through the points of 
support. 

Let the sides 2 and 4 meet in F,. Then in the triangle whose 
sides are 2, 3, and 4 the vertex V^ must be on the line of action of 
the resultant of <l>\ and ^, i>. on a fixed vertical meeting ^^ in a^ 
where Oi jra = -4, g\. The triangle whose sides are 2, 3, and 4 
therefore has its vertices on three fixed lines. We can shew that 
its sides pass through three fixed poiuts. For the side 3 passes 
through the fixed point Ai. If the side 2 meet the vertical 
through A^ in C, we shall see that C, is a fixed point For the 
triangle whose sides are 1, 2, and the vertical through ^« is a 
triangle of forces for the point of intersection of 1 and 2. and 
A^ Cj represents 1\ on the scale on which we represent forces by 
linesL Since two sides 2 and 3 of the triangle foormed by 2, 3, 4 
pass through fixed points C^ and Ai while the vertices move on 
three fixed parallel lines^ the remaining side 4 also passes through 
a fixed point i\ which is on the line t\ Ai. This point Ci may be 
found by trial by drawing any triangle which fulfils the other five 
ccMiditions. 

In the same way we may piv^ve that the triangle whose sides 
are 5^ 6« 7 has its vertices in three fixed vertical lines ^^^ those 
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through g\, g^, and Oa, where 0L2g^ = A2 g'z,) and that its sides pass 
through three fixed points. In fact to find the fixed point C^ on the 
side 5 we have to take on the vertical through C^ a length C^ G^ 
which has to the line representing the force F^ the same ratio as the 
horizontal distance of 0^ from the vertical through C^ has to the 
horizontal distance Aq Oi of (?i from the vertical through Aq. For 
the triangle formed by 4, 5, and the vertical through C4 is then a 
triangle of forces for the point of intersection of 4 and 5, but the 
scale on which its sides represent forces is changed in comparison 
with that of the triangle formed by 1, 2 and the vertical through 
Aoin the ratio stated. Cg being determined the fixed point C^ on 
the side 7 may be found by trial, and we can in this way determine 
two series of points G2, Os,-*- C^sn-i and C^, O7,... C^^^- 

Consider the case where the further extremity An of the nth 
span is freely supported. Find the above two series of points. 
Join Csn-i to An, this determines the last side of the funicular. 
From the point where it meets the line of action of Fn draw a line 
to G^n-^, and produce this to meet the vertical through On-i^ in 
Vnr-i' Join Vn-i to Csnr-^ and proceed in the same way, and we 
obtain the funicular. The side (3n — 3) of the funicular will be 
found by joining the points where (3w — 2) meets the vertical 
through gn and where (3n — 4) meets the vertical through g^n-i- 
This side must pass through An-i- The sides (3n — 6), (3n — 9). . . 
may be constructed in like manner. 

The bending moments at the supports may also be found 
graphically. Let the vertical through Ar meet the side (3r + 1) 
in Sr, then Ar Sr/A,. A%+i is proportional to the bending moment 
at Ar» We have seen that if Ar A'r be drawn to represent the 
bending moment at Ar then ^^ is proportional to the area of the 
triangle Ar A'r Ar^\ and acts vertically through its centroid. 
Thus if Mr be the bending moment at Ar 

(l>rO0 Mr. Ar Ar+i- 

But since the sides 3r, (3r + 1), and the vertical through Ar are a 
triangle of forces for the intersection of 3 and 4 and the breadth 
of this triangle ia ^ Ar Ar+i we have 

(pr ^ -^r ^r/-^r -^r+i* 

Hence Mr x Ar SrjAr -4 V+1 . 

1 o^_l is such that a^-i^n = ^n-l^n-l. aild an-l^n-l^^n-lS'n- 
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For details in regard to the scale on which the lines are drawn 
to represent forces, and the extensions of the method to cases 
where the extremities are built in, or the supports are not all on 
the same level, the reader is referred to M. Levy's Statique 
Graphique, t. ii. A paper by Professors Perry and Ayrton in 
Proc. R. S, Land. Nov. 1879 may also be consulted. 

227. The Elastica. 

We shall now consider the problem presented by a thin rod 
which is held in the shape of a plane curve by forces and couples 
applied at its ends alone. The forms of the elastic central-line 
under this condition are the curves of a certain family to which 
the name of Elastica has been given. 




Fig. 31. 

As in art. 214 let T, N, Q be the tension, the shearing force, 
and the flexural couple at any point P of the strained elastic 
central-line, and let <^ be the angle which the tangent at P makes 
with a fixed line; as the figure is drawn the curvature of the 
elastic central-line at P is — d^jds, and the couple is —B d<f>/d8 
where B is the flexural rigidity. 

Let A be any fixed point of the rod, and R the resultant of iV 
and r at -4, if we consider the equilibrium of the part of the rod 
between A and P, and resolve all the forces acting on this part in 
the direction of P, we shall find that N and 37 at P must have a 
resultant which is equal and opposite to P. Hence the magnitude 
and direction of P are fixed, and they are identical with the 
magnitude and direction of the force applied to the end of 
the rod. 
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If therefore <f> be the angle which the tangent to the rod at P 
makes with the line of action of the force applied at the end of 
the rod we have 

r=-i2cos<^, N'=-Rsm<l> (60). 

The general equations of equilibrium are known from art. 214 
to be 

— -- = 
ds p 

dN T^Q 
ds p ' 

as 

The first two are identically satisfied since 1/p = — d<f>ldSy and the 
third gives us 

B^-\-Rsm<f>^0 (61). 

This equation can be identified with the equation of motion 
of a heavy rigid body moving about a fixed horizontal axis as 
follows : 

Let s represent the time, B the moment of inertia of the rigid 
body about the fixed axis, and R the weight of the body, and let 
the centre of inertia of the body be at unit distance from the fixed 
axis, the above equation (61) is the equation of motion of the 
body when the plane through the centre of inertia and the fixed 
axis makes an angle <^ with the vertical. 

Hence if a rigid pendulum of weight R be constructed to 
have its moment of inertia about a certain axis equal to B, and 
its centre of inertia at unit distance from that axis, and swing 
about that axis under gravity, and, if the centre of suspension of 
the pendulum move along the tangent to the elastic central-line 
of the bent rod with unit velocity, a line fixed in the pendulum 
will be always a tangent to the elastic central-line at the point of 
suspension of the pendulum. 

This is a case of a general theorem known as Kirchhoffs 
Kinetic Analogue. (See below art. 236.) 

The motion of the rigid pendulum is the same as that of a 
simple circular pendulum of length gB/R, where g is the accelera- 
tion due to gravity. As is well known, the integration of the 
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equation of motion of the pendulum involves elliptic functions, 
and there are two cases according as the pendulum oscillates or 
makes complete revolutions. The corresponding forms of the 
elastica are distinguished by the circumstance that in the first 
case there are points of inflexion, and in the second case there are 
none, since the angular velocity of the pendulum is identical with 
the curvature of the elastica. We shall be able to give a 
particular form to our results by assuming that in all cases the 
rod is held in the shape of the elastica by equal and opposite 
forces R applied to its two extremities. In the first case the 
forces will be supposed directly applied, and the ends of the rod 
will be inflexions on the elastica; in the second case they will 
be supposed to be applied by means of rigid arms attached to the 
ends. The two cases will be distinguished as the inflexional 
elastica corresponding to the oscillating pendulum, and the non- 
inflexional elastica corresponding to the revolving pendulum. 
The line of action of i2 is called the line of thrust 

In both cases we have a first integral of the equation (61) in 
the form 



^^id) = ^ cos <^ + const (62), 



and the two cases are distinguished according to the value taken 
by the constant. 

228. Inflexional Elastica. 

Suppose first that the pendulum of the kinetic analogue 
oscillates through an angle 2a. We have 

iB(^y = i?(cos</)-cosa) (63). 

Introducing elliptic functions of an argument u and modulus A:, 

where 

u = saJ{R/B), k = am^a (64), 

we find ^ = 2A;y/|cn(t. + Z),| ^^^^ 

sin J<^ = A?sn(t^ + ^) ) 

Now referring to fixed axes of x and y, of which the axis x 
coincides with the line of action of the force B we have 

dx . dy . , 

L. II. 4 
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Of these the first gives us 
a? = [[1 - 2ifc» sn« (u + iQ] ds 

where E is the elliptic integral of the second kind defined by 

E am u = I dn' u du, 

Jo 

the path of integration being real. 
The second equation gives us 

y= 2k j 8Ji{u + K)dn(u + K) ds. 



or 



y 2k^^cn(u + K)^ (67). 



The constants have been so chosen that the origin is at a point of 
inflexion on the curve. Since the flexural couple at the ends 
vanishes when the rod is subjected to terminal forces only, 
the origin may be taken at an end of the rod in this case. It 
follows that with our choice of axes the axis of a? is the line of 
thrust. 

Wherever the curve cuts the line of thrust we have a point of 
inflexion, and the tangent is inclined to the line of action of It at 
an angle a. 

The form of the curve depends on the value of a, and we shall 
suppose a to vary from to tt and find the corresponding forms of 
the curved When there are two inflexions the force i2, the 
length Z, and the angle a are connected by the relation 

I s/(R/B) = 2K (mod. sin Ja). 
Forms with more than two inflexions are probably unstable. 

^ Notice by way of yerifioation that Ry= —Bd^jds^G as is obviously the case. 

^ Hess, * Ueber die Biegnng und DriUung eines unendlich dtinnen elastischen 
Stabes mit zwei gleichen Widerstanden...'. Math. Ann, xxv. 1885. The classifica- 
tion was first made by Euler. (See Introduction.) 
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1®. When a = 0, <^ is constantly zero and the rod remains 
straight. 

2®. When a < ^tt, the curve always makes an acute angle with 
the line of action of R, and we have the figure 




Fig. 32. 



This includes the case where the rod is infinitely little bent, 
corresponding to the case where the pendulum makes indefinitely 
small oscillations. In this case (f> is always very small and it 
can be easily shewn that the equation of the curve is of the form 

y oc sin {{c*J(R/B)}, 

so that the limiting form, when a is indefinitely diminished, is a 
curve of sines of very small amplitude. 

3®. When a = Jtt, the curve corresponds to the limiting case 
of the above when the inflexional tangents are at right angles to 
the line of action of R. 




Fig. 33. 

4®. When a > Jtt, we may take tt — a = ^ and then 

cos (f) — cos a = cos <f> + cos fi. 
We thus obtain 

cos <^ + cos^ = 24" cn^(u + K), 

and as u increases cos <f> is at first negative and approaching zero. 
Also cos <l> vanishes when 

cn^ (u + K) = cos ^/(l + cos 13), 

or dn^(u + K) = ^, 

4—2 
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Suppose Wi is the least positive value of u given by this 
equation. Then the x of the curve vanishes with u, and as u in- 
creases 07 is at first negative and its absolute value is a maximum 
when w = i*i . When 

u = 2 {E Sim(u + K)- E am K], 

X vanishes. It then becomes positive and has a maximum when 
u^^K — Ui. When u = 2^ we have 



a?, 



af 



= 2x^^2J^{2EmiK-K), 



.(68). 



Further we have 



^2£^±tt-"^2£^i^i»' 



There are three cases according as a?jf is positive, negative or 
zero. 

(1) a?jr>0 or 2EBmK>K, In this case Xj^, a^jj^, ... are all 
positive and the curve proceeds in the positive direction of the 
axis of X. There are three subcases. 

(a) Xj^> —x^^ the curve does not cut itself. 




Fig. 34. 



other. 



(fi) ^jr= — ^t.i ^^^ successive parts of the curve touch each 




Fig. 35. 
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other. 



(7) ^K<~^ui ^^^ successive parts of the curve cut each 




iff. 36. 



(2) a?^ = or 2j^am K = K. This is the limiting case of the 
last when the double points and inflexions all come to coincide 
with the origin; the curve may consist of several exactly equal 
and similar parts lying one over another. 

The value of a for this is about 129®*3. 




Fig. 37. 

(3) a?jr < or 2E a,mK < K. The curve proceeds in the 
negative direction of the axis of x. 




Fig. 38. 



5*. When a = tt. This is the limiting case of the last when 




Fig. 39. 
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the rod of very great (ultimately infinite) length forms a single 
loop. 

229. Non-inflezional Elastica. 

Next suppose the pendulum of the kinetic analogue makes 
complete revolutions. The equation (50) takes the form 

^B(^^J = Rcoa4> + R{l + 2^-^ (69), 

where k is less than unity. 

Then we have, writing u for j-S's/{R/B), 

f ^Vl^'^"^'"^*^ (70), 

sin ^(f) = snu J 

and the values of x and y are given by the equations 

Since there are no inflexions these forms are not possible 
without terminal couple. 

The form of the curve is 



X 



,(71). 




Fig. 40. 

The limiting case when A; = l is that mentioned in no. 5® of 
the last article. It corresponds to the case where the bob of the 
pendulum starts from the lowest position with velocity which will 
just carry it to the highest position in an infinite time. 

We have in this case 

i{t)'--B^t <'^). 

and writing u for s*J{B/B) we obtain 

^ = 2^§sechu.^ (73). 

sin^<^ = tanhu 
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IB \ 

From these a?= a/p("~'^ + 2 tanh w), 

^ ^ ' ' (74). 



^=-V 



-^ sech 1/ 



The figure is given in no. 5® of the last article. 

The particular case where R vanishes and the rod is held bent 
by terminal couples corresponds to the motion of a pendulum 
whose centre of suspension coincides with its centre of inertia. 
The terminal couple corresponds to the angular momentum of the 
pendulum, and the flexural couple is the same at all points of the 
rod. Since d^\d8 is constant the curve is a circle. 

The circle and the series of figures given in the last two 
articles include all the typical forms of plane curves in which a 
thin rod initially straight can be held by terminal forces and 
couples only. 

It may be shewn that the same series of curves include all the 
plane forms in which a rod whose elastic central-line is initially 
circular can be held by terminal forces and couples. The proof 
is left to the reader. 

230. Rod bent by Normal Forces. 

We have just seen that if no bodily forces be directly applied 
to a thin rod the plane forms in which it can be held belong to a 
certain definite family of curves. In order to hold the rod so that 
its elastic central-line is of any form which is not one of the elastica 
family, forces will have to be applied directly to its elements. We 
can now see that purely normal forces are always adequate to hold 
the rod in any required form, or in other words that the form can 
be obtained by bending the rod against a smooth rigid cylinder. 

The equations of equilibrium under purely normal forces Y per 

unit of length are 

dT N ^ X 



as p 

-i- + - + F=0, 
as p 

dG 



I (^5), 



ds 



+ N = 



in which = B/p, so that N = — B-j-(-\. 
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Substituting for N in the first equation and integrating we 

have 

T + ^B/p'^T, (76). 

where Tq is the tension at a point of inflexion. 

The second equation now gives 

-F=T,/p-i£/^-5g(l) (77); 

so that the required normal force and the tension at any point are 
determined in terms of given quantities and a single constant Tq 
depending on the terminal conditions. 

As an example we may find the pressure when a wire is fitted 
round an elliptic cylinder of semi-axes a, b and its ends joined. 
The pressure at either end of the minor axis vanishes, and the 
pressure at either end of the major axis is 

i£(a» - ¥) (5a* - a'¥ + 56*)/a»6«. 

[Math. Tripos, 1885. 

231. Uniform Normal Force. 

In further illustration of the general equations we may consider 
the forms in which a rod can be held bent by uniform normal 
pressure. For this case M. L^vy* has given an interesting theorem 
as follows : — 

When a plane rod or wire is held in a plaue form by uniform 
normal pressure, the tension and shearing force across the normal 
section through any point of the strained elastic central-line have 
a resultant which is perpendicular and proportional to the line 
joining the point to a fixed point in the plane. 

Let F be the pressure per unit length, T and N the tension 
and shearing force at any point P of the strained elastic central- 
line and take as temporary axes of x and y the tangent and normal 
at P, and let F be the resultant of N and T, 

The equation of a line through P perpendicular to the direction 
ofi^'is 

y _ ^ 

T N" 

The equation of a line through a neighbouring point P* per- 
pendicular to the direction of F there, the new F being the 

1 Lionyille*8 Journal^ x. 1884. 
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resultant of T-\-dT and N^-dN along the tangent and normal 
at F, is 

y a? — /?d^ 

where p is the radius of curvature of the strained elastic central 
line at P, and d<f> the angle of contingence of the same curve. 




Fig. 41. 



Now by the equations of equilibrium the equation of the line 
through P' is 

y _ a? — pd<f> 
T~--W+Ypd4>' 

and this line meets the corresponding line through P in the point 

Hence, if through P a line PO be drawn perpendicular and 
proportional to -F so that F. OP — F, the line similarly drawn 
through a neighbouring point P^ will terminate at the same 
point 0. The point may be called the elastic centre of pressure 
for the curve. 
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Now taking the fixed point as the origin of polar coordinates 
we have for the shearing force N 

da ds 

and by the third of equations (75) we have for the flexural 
couple Q 

d^ -KT TT^^ 

— = — Jy =rY — 
ds ds' 

so that ff = i Tr^ + const. 

This equation has the same form whether the rod be initially 
straight or initially curved, and supposing that initially the rod 
was of curvature 1/po, a given function of 5, we have 

£ (1//0 - 1/po) = ^Yr^ + const, 
which is an equation to determine the form of the curve. 

M. L^vy considers particularly the case of a rod initially 
circular, for which p© is constant and equal to a. If p be the 
perpendicular from the point on the tangent to the strained 
elastic central-line p is rdr/dp, and we have the equation 

rdr a^B^^B' 



or 



^=i^'S+S)+*4+^ <^«>' 



where C and (7' are constants. This is the general (p, r) equation 
of the curve in which an initially circular rod or wire can be held 
by uniform normal pressure F per unit length. 

It has been shewn by M. L^vy that the arc s and the vectorial 
angle of the curve are elliptic integrals with argument r^, and 
conversely r^ may be expressed either in terms of elliptic functions 
of s or of elliptic functions of 0. 

If the wire initially form a complete circular ring two con- 
ditions must be satisfied, viz. the real period of r^ as a function of 
must be 27r/n where n is an integer, and the arc s corresponding 
to this period must be ^irajn. 

The complete integration in terms of elliptic functions was 
effected by Halphen^, and he deduced that no deformation from 
the circular form is possible unless the pressure Y exceed SB/a^, 

We shall return to this result in connexion with the theory of 
elastic stability. 

^ Comptes Rendwt xcviii. 1884. 



CHAPTER XIV. 

THE BENDING AND TWISTING OF RODS OR WIRES IN 

THREE DIMENSIONS. 

232. Kinematics of Wires \ 

The kind of deformation experienced by a thin rod or wire 
which is bent or twisted depends in part on the shape assumed by 
the axis or elastic central-line and on the twist. Suppose that in 
the unstrained state the wire is straight and cylindrical or pris^matic, 
and let any generator G be drawn upon its surface. Let P be a 
point on the elastic central-line, i.e, let P be the centre of inertia 
of a particular normal section, and suppose three line-elements 
1, 2, 3 of the wire to proceed from P, of which (1) is in the 
normal section and meets the generator (?, (2) is in the normal 
section and perpendicular to (1), and (3) is perpendicular to the 
normal section, i,e, along the elastic central-line of the wire. If P' 
be a point on this line near to P, line-elements drawn through P' 
in the same manner will be initially parallel to the line-elements 
1, 2, 3. When the wire is bent and twisted these sets of line- 
elements no longer remain rectangular, but by means of them we 
can construct a system of rectangular axes of x, y, z — thus z is to 
be in the direction of (3), the plane {z, x) is to contain the elements 
(3, 1) and the axis y is to be perpendicular to this plane through 
the new position of P. If a system of rectangular axes be drawn 
in the same manner through the new position of P', the lines of this 
system will not in general be parallel to the corresponding axes 
through P, but can be derived from them by an infinitesimal 

1 Eirohhoff, Vorlesungen Uber Matliematische Physik, Mechanikt and Thomson 
and Tait, Nat. Phil. Part i. arts. 119 sq. 
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rotation about an axis through P. Let S^i, Bd^, BOs be the com- 
ponents of this infinitesimal rotation about the axes x, y, z at P, 
then it is clear that B6JPP' will be in the limit the curvature 
of the projection of the arc PP^ on the plane (y, z\ iO^IPP' 
will be the curvature of the projection on the plane {x, z\ and 
hd^jPP* is called the twist 

If «, rigid body move so that one point of the body describes 
the elastic central-line or axis of the wire in the strained position 
with unit velocity, and if the body rotate about this point so that 
three lines fixed in the body are always parallel to the axes of 
w, y, Zy the component angular velocities of the body about these 
axes will be BejPP\ hdJPF, hB^jPF, i,e. they will be identical 
with the component curvatures^ and twist of the wire. We shall 
in future denote these by k, \, t respectively. 

It is important to observe that in the above PP' is the length 
of the element of the elastic central-line after strain. In general 
this differs by a very smiall quantity from the length before strain. 
If ds be the length PP' before strain and ds' after strain, then 

cfe' = (fo(l + €) (1), 

where € is a very small quantity of the order of elastic strains in a 
solid. The quantity e is the extension of the elastic central-line of 
the wire at P. 

Now suppose we have constructed a system of fixed axes of f , 
r), f, and the system of moving axes of x, y, z whose origin is any 
point P of the elastic central-line of the bent and twisted wire, and 
let the axes of x, y, z be given with reference to the axes of f , 17, f 
by the scheme of nine direction-cosines 



(2). 



f 


V 


?| 


X li 


niy 


Wl 


y k 


ma 


Tlj 


z k 


in^ 


Wsi 



where ^, mi, Wj ... are direction-cosines. 

The axes of a?, y, 2: at a neighbouring point P' will be given by 

1 The curvature of a curve may be regarded as a vector directed along the 
binormal. The curvature of the projection on any plane through the tangent is 
the component of this vector along the normal to the plane. 
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a similar scheme in which li is replaced hy li + dli and so on, and 
we have the set of nine kinematical formulsB 



dli = ^0^8 — lzO02i 

dui = 7128^8 ■" WsS^2> 
dl^ = liOui — liOu^ 



(3). 



From these we can express /c, \, t in the forms 

8^1 , dl^ dm^ dru 



K =-7TT7/ = h3Zf + ^3 -^ + ^8 ^, 



S^a _ 7 d4 . d^ . „ dn^ 



^-pp-^ds 



7 + ^ -j-T + Wi 






pp. 



dh 

ds' 



ds' 
drrii 



H-Wa 



ds'' 
dui 



>' 



(4). 



cfe' 

Also we have cfo' = cfe ( 1 + e), 

where € is small, so that we can replace the differential coefficients 
with respect to / by differential coefficients with respect to 8 
provided the results be multiplied by (1 — e). 

If the wire be unextended the correction disappears, and, if it 
be infinitely little bent and twisted the correction is unimportant, 
while if it be finitely bent and twisted the correction is again 
unimportant. It has been introduced here in order that the exact 
analytical expressions for k, \, t may be obtainable from the 
kinematical definitions of these quantities. The correction first 
becomes important when the theory is extended to wires initially 
curved. 

233. Twist. 

The line-elements such as (1) are called transverses of the 
wire, and when the wire is bent and twisted they form a ruled 
surface. 

In the Natural Philosophy of Lord Kelvin and Professor Tait, 
integral twist of any portion of a straight twisted wire is defined to 
be the angle between the transverses at its ends. If we divide the 
integral twist of any portion of the wire by the length of the 
portion we get the average twist of that portion, and when the 
portion of the wire is infinitesimal the limit of the average twist is 



62 BENDING AND TWISTING OF RODS. [233 

the rate of twist or simply the tmst of the wire. Thus the twist 
of a straight twisted wire is the rate of rotation of the transverse 
about the elastic central-line per unit of length of that line. 

We have already defined the twist of a bent and twisted wire 
by means of a rigid body exponent which moves along the strained 
elastic central-line with unit velocity, so that one axis fixed in the 
body always coincides with the tangent to that line, and one plane 
fixed in the body always contains the tangent to that line and the 
transverse. The rate of rotation of this plane about the elastic 
central-line per unit of its length is the twist of the wire. 

Now the elastic central-line when strained forms in general a 
tortuous curve, and if it be simply unbent by turning each element 
through the angle of contingence in its osculating plane, and each 
osculating plane through the angle of torsion about the tangent, it 
will not in general be found to be untwisted. Suppose <f) is the 
integral twist of a portion of the wire when its elastic central-line 
is thus unbent^ so that d^jds' is the rate of twist of the wire when 
unbent. Then t is not in general equal to d<f>/ds\ 

Let l/a be the measure of tortuosity of the elastic central-line 
in the strained state. If the element PP' of the wire of length 
ds' be simply unbent it will undergo rotations — S^i, — S^2, and 
— ds'/a- to make it a prolongation of the neighbouring element in 
the neighbouring osculating plane. The angle between the trans- 
verses at its ends will now be d<f>. It follows that to twist the 
wire through d^ and afterwards bend it requires a rotation about 
the tangent to the elastic central-line equal to d<^ -f- ds'/a, and this 
is S^s. Hence we have 

8^3 d<f> 1 . . 

'■ = d7 = S7 + ^ <^>- 

It is geometrically obvious that if the wire be so bent that the 
plane through the line-elements (1) and (3) at each point becomes 
the osculating plane at that point (f> will be zero, and in general we 
are led to expect that <f> is the angle which the plane through these 
two line-elements makes with the principal normal. This may be 
analytically verified as follows : — 

If K, \ be the component curvatures about the axes x and y, 

^ This is the * angular displacement' introduced into the theory by Saint- 
Venant. See Introduction. 
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the direction-cosines of the binormal of the elastic central-line at 
P referred to the axes of x, y, z s,t P are I, m, n, where 

I = Kp, m = \p, n = 0, 

and 1/p is curvature of the elastic central-line, so that 

The direction-cosines of the binormal at P' referred to the axes 
at P are l + dl,m + dm, n + dn, where 

dl = d (jcp) — \p . rda'y 

dm = d (Xp) + Kp . rds', 

dn== — Kp , \ds' + Xp . Kds', 

since the axes at P' are obtained from those at P by infinitesimal 
rotations Kds\ Xds\ rds'. 

Now l/o- = {(dl)^ + (dm)« + {dny]i/d8\ 

Let /c/3 = sin (^ and Xp = cos 0, then 

-=^cos<^gJ-cos<^TJ +(- sin 0^ + sin 0TJ 

so that we can have at once t = -^ + - , 

OS or 

and «^ = tan-^ (/c/\) (6). 

It is scarcely necessary to remark that if the wire be twisted 
without bending this relation disappears. 

234. General Equations of Equilibrium. Finite Dis- 
placements. 

Now suppose a thin rod or wire, naturally straight, is finitely 
bent and twisted, and held in its new state by certain forces and 
couples. Let a system of moving axes of x, y, z be constructed as 
in art. 214, and let «, X, r be the angular velocities of the moving 
axes about themselves as the origin moves along the axis of the 
wire with unit velocity. Consider the equilibrium of an element 
of the wire contained between two normal sections at a distance ds^, 
of which the first passes through a point P on the elastic central- 
line and the second through a point P' on this line. Let Xds, 

^ As we are treating finite deformations we may neglect the difference between 
di and ds\ 



64 



BENDING AND TWISTING OF RODS. 



[234 



Yds, Zda be the external forces applied to the element in the direc- 
tions of the axes of x, y, z at P. Let the part of the wire on the 
side of the normal section through P remote from P' act on the 
part between P and P" with a resultant force and couple whose 
components along and about the axes of x, y.zdXP are respectively 
— i\ri, —-STj, — jP for the force, and — (jj, — (jj, — fi^ for the couple^ 



T+rfT 



G,+rfG 



N,+(fN^ 




Ni+rfN, 



Fig. 42. 

SO that iVi, N^ are the components of the shearing force and T the 
tension at any point, and (?i, 0^ are the components of the flexural 
couple and H the torsional couple. Then, remembering that the 
axes at P' are obtained from those at P by small rotations KdSy 
\ds, rds about the axes x, y, z at P and a translation ds along the 
axis z, we can write down three equations of equilibrium by resolu- 
tion parallel to the axes as follows : — 

The forces parallel to the axes of x, y, z sit P exerted on the 
element PP' by the part of the wire beyond P' are respectively 

JVi + dNi - N^rds + TXds, 

N. + dN.-TKds +N^Tds, (7). 
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Hence the equations of resolution 



\ 



da 

dN^ 
da 

dT 
da 



-NtT + T\ + X = 0, 



-Tk +JV,t+F=0,V 



- N^X + N^ + Z=0 



(8). 



Again, the forces (7) act at a point whose coordinates referred 
to the axes of x, y,z a,t P are 0, 0, ds. The couples at P are — Gi, 
— (?2, — H, and the couples at P' are respectively 

Oi + dOi - O^rds + HXds, 

Oi + dOa - Exda + Oirds, 

H + dH - 0i\d8 + OaKds. 

Hence the equations of moments about the axes at P are ultimately 



dQ \ 



dO, 
ds 

dH 

ds 



'-Hk + O^t+N^ = 0\ 



"OiX + O^ =0 



.(9). 



Equations (8) and (9) are the general equations of equilibrium of 
the wire under the action of the forces X, Y, Z, 

More generally if in addition to the forces X, F, Z couples Z, 
M, N per unit length be directly applied to the wire the equations 
(9) will be replaced by 

dO^ 
ds 

dO, 



''02T+HX''N2+ L=0, 



ds 

dH 
ds 



^HK+O,T-hN',-\'M=0,y 



-G^X+G^fc +N = 



(10). 



Equations equivalent to these were first given by Clebsch in 
his Theorie der Elasticitdt fester Korper, 

236. The Stress-couples. 

To express the flexural and torsional couples Gi, (?a, S in 
terms of the components of curvature k, X, and the twist t we 

L. II. 5 
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make a particular choice of the line-elements (1) and (2) of art. 232 
in terms of which these quantities were defined, viz. we assume 
that (1) and (2) coincide with the principal axes of inertia of the 
normal section at its centroid. With this choice of directions it 
may be shewn by an application of the general theory of Elasticity 
that when the rod is bent and twisted the flexural and torsional 
couples can be expressed in the forms 

O^^Ak, Oa = B\, H=Ct (11), 

where A, B, C are definite constants depending on the material 
and the shape of the normal section. The constants A and B are 
called the principal flexural rigidities of the rod, and G the 
torsional rigidity. It can be shewn that 

where E is the Young's modulus of the material for pull in the 
direction of the elastic central-line, and /a, /i are the moments of 
inertia of the normal section at its centroid about axes respectively 
coinciding with the line-elements (1) and (2). The definition of C 
is less simple but it is a quantity of the same dimensions as ^ or 
B. For an isotropic rod of circular section it can be shewn that 
C is about four-fifths of -4 or J5\ 

When the section of the rod has kinetic symmetry A and B 
are equal, and the line-elements (1) and (2) may be in any two 
directions at right angles in the normal section. In this case the 
two flexural couples give us a resultant couple about the binormal 
of the elastic central-line equal to Bjp, where p is the principal 
radius of curvature. In the general case when A and B are 
unequal the resultant flexural couple is not proportional to the 
curvature, but its two components about principal axes are pro- 
portional to the component curvatures. 

The directions of the two principal axes of inertia of the 
normal section and the tangent to the elastic central-line at 
any point P will be called the principal torsion-flexure aaes of the 
rod at P. 

236. KirchhofPs Kinetic Analoi^e^ 

We proceed to consider the very important case where the rod 
is subject to terminal forces and couples only. 

1 Supposing PoisBon's ratio equal to i this relation is exact. 
3 Vorletungen iiher mathematische Pkysik, Mechanik. 
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Let R be the force applied at one end P© of the rod, and R' 
the resultant of JVi, -ATg, T at any point P. Then by resolving the 
forces that act on the piece PqP we find that R is equal and 
opposite to R, so that Ki, N^, T are the components in the direc- 
tions of the principal torsion-flexure axes at P of a force R' which 
is given in magnitude and direction. 

If we refer to the fixed axes of f, rf, f (art. 232) the equations 
of resolution become three such as 

which are easily reducible to the forms assumed by (8) when X, 
F, Z all vanish. Hence these equations lead only to the conclusion 
just stated, viz. that Ni, N^, T have a resultant which is constant 
in magnitude and fixed in direction. 

The equations of moments (9) become by using (11) 



A^-iB-G)\T= N„ 
C^-{A-B)kK = 



\ (12),' 



in which N^ and — N^ are equal to the moments about the axes 
X and y at P that the force R would have if it were applied at a 
point on the axis z at unit distance from P. 

These equations are similar to the equations of motion of a 
heavy rigid body about a fixed point. 

If 8 represent the time, and we conceive a rigid body whose 
moments of inertia about axes x, y, z fixed in it are A, B, C to 
move about the origin of x, y, z under the action of a force equal 
and parallel to R applied at a point on the axis z at unit distance 
from the origin, then #c, \, t given by (12) will be the component 
angular velocities of the rigid body about the axes of x, y, z. We 
may take R to be equal to the weight of the rigid body, and the 
direction of JB to be vertical. 

If a rigid body be constructed whose weight is equal to the 
terminal force applied to the rod, whose moments of inertia about 
principal axes through a certain point fixed in it are equal to the 

5—2 
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principal flexural and torsional rigidities of the rod, and whose 
centre of inertia is at unit distance from the fixed point on one of 
the principal axes ; and if the fixed point of the body be moved 
along the strained elastic central-line of the rod with unit velocity, 
and the body turn about the point under the action of gravity, 
the axes fixed in the body will always coincide with the principal 
torsion-flexure axes of the rod, and, in particular, that axis which 
contains the centre of inertia will always coincide with the 
tangent to the strained elastic central-line. 

This theorem is known as Elirchhoffs Kinetic Analogue, 

237. Terminal Couples. 

Every result of the theory of the motion of a rigid body about 
a fixed point admits of translation into a result concerning the 
equilibrium of a bent and twisted wire. 

Consider first the equilibrium of a wire under terminal couples^ 
of which the kinetic analogue is the motion of a body under 
no forces. The principal torsion-flexure axes of the wire at a 
distance 8 from one end are parallel to the principal axes of the 
rigid body after a time 8 from the beginning of the motion. 

The terminal couple applied to the wire is identical with 
the impulsive couple required to start the rigid body or the 
constant angular momentum of the body. The component couples 
©1, Oz, jff at any point of the wire are identical with the com- 
ponents of angular momentum of the rigid body about the 
principal axes at its centre of inertia. The component curvatures 
and twist of the wire at any point distant s from one end are 
identical with the component angular velocities of the rigid 
body about its principal axes at time 8. 

If we introduce a quantity = VC'^^ + X^ + t^), and regard as 
a vector-quantity whose components parallel to the principal 
torsion-flexure axes at any point are the k, X, t at the point, then 
is identical with the resultant angular velocity of the rigid 
body, and the direction of the vector is identical with that of 
the instantaneous axis. We may call the total torsion-fleomre 

^ Hess, ' Ueber die Biegung and Drillung eines unendlich dimnen elastischen 
Stabes, dessen eines Ende von einem Eraftepaar angegriffen wird'. Math, Ann. 
zziii. 1884. 
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at any point, and the direction of the vector the cucis of 
instantaneous torsion-flexure. 

We have two first integrals of the equations of equilibrium 
obtained from (12) by putting Ni and N^ equal to zero. These are 

^/c^ + J?\2 + Ot^ = const = F,M 

r •••••••••••• 

^V + £^» + CV = const = (? ) 

so that the potential energy per unit length and the couple across 
any normal section are the same at all points of the wire. 

If the ellipsoid 

A . B ^ C ._^ 

roll on a fixed plane whose direction is normal to the axis of the 
couple (? at a distance W/0 from its centre, its principal axes will 
move so as to be parallel to the principal torsion-flexure axes of 
the wire. The instantaneous torsion-flexure axis at any point 
will be parallel to the central radius-vector to the point of contact 
at the corresponding instant of time, and the total torsion-flexure 
will be equal and parallel to this radius- vector. This radius- 
vector traces out a cone in the ellipsoid and a cone in space. 
The latter intersects the plane on which the ellipsoid rolls in a 
curve called the herpolhode, the former intersects the ellipsoid 
in a curve called the polhode. 

If now the cone of the instantaneous axis fixed in the ellipsoid 
be drawn, and the principal axes of the ellipsoid be given with 
reference to it, and if this cone roll on the cone whose vertex is the 
fixed point and base the herpolhode we shall have a representation 
of the motion of the rigid body. 

Now suppose that at every point of the straight axis of the 
wire in the unstrained state a line is drawn parallel and propor- 
tional to the vector that will represent in magnitude and 
direction the total torsion-flexure at the same point when the 
wire is bent and twisted by the terminal couple (?, i,e. the 
projections of this line on the line-elements 1, 2, 3 of art. 232 
are proportional to k, \, t. These lines will form a skew surface 
which we may call the surface of the polhode. If in like manner 
a line be drawn from each point of the strained elastic central-line 

^ i IT is the potential energy per unit length of the strained wire. This wiU be 
proved later. 



70 BENDING AND TWISTING OF RODS. [238 

of the wire whose projections on the axes of a?, y, z are proportional 
to /c, X, T these lines will trace out a skew sor&ce which we may 
call the surfdce of the herpolhode. If the former surface (supposed 
flexible) be now placed in contact with the latter along a generator 
so that corresponding points of the axes coincide, and the suc- 
cessive tangent planes be made to turn about the generators so 
that the former surface comes to lie upon the latter, the originally 
straight axis of the wire will come to lie upon the bent axis in the 
strained state. In other words, the passage of the axis from the 
unstrained to the strained state may be conceived to take place 
by the bending of one skew surface so as to lie upon another. 

Further, since the generators of the surface of the polhode are 
fixed in the unstrained wire, and those of the surfetce of the 
herpolhode are fixed in the bent and twisted wire, it can be 
easily seen that not only the axis but also every transverse of the 
wire will pass from its old to its new position as successive 
elements of the surface of the polhode are fitted to the corre- 
sponding elements of the surface of the herpolhode. 

238. Ssrmmetiical Case. 

Whenever the two principal flexural rigidities A and B are 
equal, as in the case of a rod of uniform circular section, the 
third of the equations of equilibrium (12) becomes 

dr 

— = 
da "' 

so that T is constant^ ; and the first of the integral equations (13) 

becomes 

^ (ir» + X») = TT - Ct^ = const., 

so that iT* + X* is constant and the curve of the axis of the wire is 
of constant curvature, while the twist of the wire is uniform. 

Now the first two of the equations of equilibrium (12) 
become 

^g«(^_(7)T.X = 0, 

^ Poisson in his TraiU de Micanique found the torsional couple Ct constant. 
Beferring to the third of equations (12) we see that in general this result requires 
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TT ^fc — icdK A — G J 



d (. _.K\ A-G 



Again, we have proved in art. 233 that if l/o- be the measure 
of tortuosity of the elastic central-line of the wire 



d A ,k\ 1 



, . 1 c 

hence - = — t, 

<r A 

and the measure of tortuosity of the curve is constant. 

♦ 

Hence the elasj^ic central-line of the wire being of constant 

curvature and constant tortuosity is a helix. This is the only 

possible form for a wire held deformed by terminal couples when 

the two principal fliexural rigidities of the wire are equal. 

The particular case of a straight wire bent into a circular arc 
by terminal couples can be included by taking the constant r 
equal to zero. 

Returning to the case of the wire bent into a helix by a couple 
Q and fixed at one end, let a be the angle of the helix and r the 
radius of the cylinder on which it lies, then 

cos* a 

1 _ cos g sin a 
a r * 

A cos a sin a 



so that T = "7^ 

G r 

and the couple Q is given by 

cos^a 



^A' 



r^ 



so that O^A^^^ (14). 

r 

Also sm a = -^ , 
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SO that a is the angle between the plane of the applied couple and 
the tangent to the wire ; in other words, the axis of the couple by 
which the wire can be held in the form of a helix when there is 
no terminal force is the axis of the helix. 

239. Analogy to the motion of a Top\ 

The problem of the motion of a heavy rigid body aoout a fixed 
point has been solved in three cases, (1) when the fixed point is 
the centre of inertia, (2) when two principal moments of inertia 
at the fixed point are equal and the centre of inertia is on 
the third principal axis, and (3) when two principal moments 
are equal and each twice the third, while the centre of inertia 
lies in the plane perpendicular to the axis of symmetry \ Of these 
the to. ocLpoS J.0 the c»e d«»l, invi^te7.t the ^. 
librium of a wire under terminal couples, and we shall proceed to 
consider the second. The wire must have its two principal flexural 
rigidities equal, and must be under the action of a force in a fixed 
direction applied at one end, the other end being fixed, and this 
force may be taken equal to the weight of the corresponding rigid 
body, supposed to have its centre of inertia on the axis of 
symmetry at a distance unity from the fixed point. 





Fig. 43. 

Let us take the dii'ection of the terminal force R for the 
negative direction of the axis of f and use the Eulerian coordi- 



1 Eirchhoff, Vorlesungen ilber mathematische Pkysik, Mechanih. 
^ Sophie Kowaleysky, Acta MatJiemaUca, xn. 1889. 
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nates 0, 0, -^ explained in Dr Eouth's ElemerUary Rigid Dynamics 
to determine the directions of the axes of x, y, z at any point of 
the wire distant 8 from the end to which the force jB is applied. 
Let axes be drawn from a fixed point parallel to the axis of f 
and to the axes of x, y, z at any point of the wire. Then the forces 
Ni,N2y T at any point of the wire have a resultant which is equal 
and opposite to jB, and the rigid body in the kinetic analogue is of 
weight R, 

The equations of equilibrium are 



Rco8yi=RBm0 sin 0, 



-4 -T- + /CT (-4 — 0) = — ij COS S = jB sin 5 COS 0, 
da 



>...(! 6). 



= 



The geometrical equations connecting k, X, r with 0, <j>, ■y^ 



are 



de 

da 



= « sin + X cos (f), 



> 



.(16). 



sin 0-^ = — /e cos ^ + \ sin <}>, 

(18 08 

We can write down three integrals of the equations in the 
forms: 



T = const., 

A sin^^ ^ + Ot cos ^ = const., 

08 



-..(17), 



H {©' 



+ sin2^ 



mh*'^ 



+ jB cos tf = const. ^ 



of which the first follows at once from the third of (15), and the 
other two correspond respectively to the equations of constant 
moment of momentum about the vertical and constant energy in 
the kinetic analogue. 

We shall proceed to consider the case where the motion of the 
Top in the kinetic analogue is steady. 
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240. Wire itrained into a helix. 

It is clear that all the equations can be satisfied by making 6 

constants, and then we have 
/r sin ^ + X cos ^ = 



and t^ 

08 



— /rcos^ + Xsin^ = sin^ t- 



.(18). 



as 08 



d/^ . 



so that sin -^ is the constant 

as 



Also /ic« + \« = sin» ^ (^y, 

curvature of the curve assumed by the elastic central-line of the 
wire. This we shall denote by Ijp, 

Now solving the first two of equations (18) we find 

K = — cos(f>/p, X = sin^/p (19), 

hence cot = — /e/X, so that the third of equations (18) becomes 



(20). 



_ d / _j ic'\ cotg 
^ds\ \) p 

If 1/or be the measure of tortuosity of the curve assumed by 
the elastic central-line of the wire we know that 



-;+s('""'i)- 



■)■ 



Hence l/<r is equal to cot 0/p, or or is constant, and the curvature 
and tortuosity of the curve assumed by the elastic central-line are 
both constant, so that this curve is a helix. 

By equations (18) and (19) we have 

dx sin 6 dd) ^ / ^ d'Jr> 

as p cL8 \ as 

Thus the first of equations (15) becomes 

A\ ir - cos -^ J - ( J. - 0) Xt = JJ sin 5 sin (^ ; 

or by (19) 

Gr8iii<f>/p'-A cot ^ sin ^/p2 = JJ sin ^ sin ^. 
Assuming that sin <f> does not vanish we deduce 

GTlp'-Acot0lp^^Rsin0 (21). 
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Suppose now that the wire forms a helix of angle a on a 
cylinder of radius r, and let the terminal force and couple be R 
and 0. We have 

= ^ir — a, 1/p = cos^a/r, 1/a = sin a cos a/r. 

The force R is parallel to the axis of the helix and its 
amount is 

R = .a'^^ + Ct'-^' (22). 

The couple has components A cos^ a/r about the binormal 
and Ct about the tangent at the end of the wire. 

If the wire be attached to rigid terminals to which forces and 
couples are applied we may suppose the force and couple reduced 
to a wrench applied to the terminal. The force of the wrench is 
R, and the couple K is the component of about the line of 
action of iJ, so that 

K^Acos^alr+Crsina (28). 

The axis of the wrench is parallel to the axis of the helix, and 
one point on it can be found by drawing a line (the principal 
normal at the end) perpendicular to the plane of R and 0^ and 
marking off upon it a point such that the moment of R about 
is equal to the other component of G. The distance of this point 
from the end of the wire is 

[— sin a A cos^ a/r + cos a Ct] -t- E 

which is r, so that the axis of the wrench coincides with the axis 
of the helix. 

A given wire of equal flexural rigidity in all planes through 
its elastic central-line can be held in the form of a given helix 
with a given twist by the application of equal and opposite 
wrenches about the axis of the helix to rigid terminals. The force 
R and the couple K of either wrench are given by the equations 
(22) and (23). 

If the wire be held by couples only we must have 

A sin a cos a 
G r 

^ The signs have been so chosen that R is positive when it tends to puU out the 
wire in the direction of the axis of the helix. 
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as in art. 238, but if the wire be held by forces only we most have 



J. costal 






(7 sina r' 

so that the same wire can be held in the same helix by force 
aloDe, or by couple alone, or by a wrench of given pitch, but in 
each case the twist must be properly adjusted 

241. Problems on the Equilibriiim of Wires. 

The problem of determining the forces by which a given wire 
can be held in the form of a given curve can be investigated from 
the general equations (8) and (9) of art. 234, but in general it will 
be found impossible to hold the wire by terminal forces and 
couples alone. 

From the third of equations (9) it appears that when no 
couples are directly applied except at the ends the two component 
curvatures and the twist cannot be given arbitrarily. Suppose 
the curve given so that the measure of curvature Ijp and the 
measure of tortuosity l/<r are given functions of 8, and let 
fc = sin (f)/p and \ = cos<^/p. Then the third of equations (9) 
becomes 

''s(S+^)-<^-^^^ <«> 

an equation to determine as a function of s. We may express 
this by saying that a given wire cannot be held in the form of a 
given curve unless either a certain torsional couple be applied to 
it directly at each section, or the wire have a certain amount of 
twist. This twist is indeterminate to the extent of an arbitrary 
constant, so that if a wire can be held in a given curve with a 
certain twist it can still be so held when the twist is increased 
uniformly. 

Suppose now that the wire is suitably twisted and held in the 
form of the given curve, the components Ni and -STg of the 
shearing force are given by the first two of equations (9). We 
have then three relations (8) connecting the four quantities 
r, X, T, Z. We nAy therefore impose one condition which these 
forces must satisfy ; e.g. we may find the forces in order that the 
tension T may be a given constant, or we may suppose the wire 
to be acted upon by purely normal forces so that Z vanishes. 
(Cf. art. 230.) 
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As an example of a plane curve with uniform twist we may 
suppose a straight wire uniformly twisted and bent into an arc of 
a circle. It may be easily shewn that the wire can be in 
equilibrium in the form of an arc of a circle under terminal forces 
and couples, or in the form of a complete circle, and there will be 
a thrust T across each section equal to (B — C) r^, where B and C 
are the flexural and torsional rigidities, and r the twist. The 
shearing force at any section is perpendicular to the plane of the 
circle, and equal to (5 — (7)t/p, where p is the radius of the 
circle. 

As an example^ of equations (10) of art. 234 we may suppose 
a wire bent into a circle without twisting so as to have one of the 
principal torsion-flexure axes in any section directed along the 
normal to the circle, and then suppose that each normal section is 
turned through an angle (f) in its own plane round the elastic 
central-line. Technically speaking this is not twisting the wire 
but readjusting the plane of flexure with reference to the 
material. 

Let r be the radius of the circle, 

then \ = cos 0/r, tc = sin <f>/r, r = 0. 

The couples L and M will not be required, and we may put 
them each equal to zero, but the couple N" will be given by 

(A'-B)sm(f>co8(f>/r^^N (25). 

No couple will be necessary if the sections be turned through 
a right angle or through two right angles, or if the two principal 
flexural rigidities be equal. 

242. Theory of Wires Initially curved. 

The theory of naturally straight prismatic wires may be 
generalised so as to cover the case where the wire in its natural 
state is curved, and is such that if its elastic central-line were 
transformed into a straight line by bending through the angle of 
contingence in each osculating plane and by turning each oscu- 
lating plane through the angle of torsion about the tangent it 
would not be prismatic. We shall consider a wire whose normal 
sections are of the same shape throughout, and we shall suppose 
that in the natural state its elastic central-line forms a curve 

1 Thomson and Tait, NaU Phil Part ii. art. 623. 
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whose principal curvature at any point is 1/p and whose measure 
of tortuosity is l/<r. We shall further suppose that in the natural 
state one of the principal axes of inertia of the normal section at 
its centroid makes with the principal normal to the elastic central- 
line an angle ^o- Then <f>oia a, variable which is supposed to be 
given at every point of the curve, and we shall assume that 0© 
varies continuously according to some assigned law. 

In the natural state let P be any point on the elastic central- 
line of the wire, and let three line-elements of the wire 1, 2, 3 
proceed from P, of which (3) lies along the tangent to the elastic 
central-line at P, and (1) and (2) lie along the principal axes of 
inertia of the normal section through P. Then at every point the 
line-elements drawn in this way are at right angles. We shall 
suppose that the line-element (1) makes an angle ^o with the 
principal normal to the elastic central-line of the wire at P. The 
system of line-elements forms a system of moving axes, and we 
shall suppose that the line-elements drawn thi'ough a neighbouring 
point P' distant ds from P can be obtained from those at P by 
infinitesimal rotations zeds, \ds, rds about the axes at P. Then 
K and X are the component curvatures of the elastic central-line of 
the wire about the line-elements (1) and (2), and ^o diflfers from 
tan"^ {icjX) by a constant, so that we have 

-t-^5K'^^i » 

Now when the wire is further bent and twisted the line- 
elements 1, 2, 3 do not remain rectangular, but by means of 
them we can construct a system of rectangular axes of a?, y, z to 
which we can refer points in the neighbourhood of P. Thus P is 
to be the origin, the line-element (3) is to lie along the axis z, 
and the plane through the line-elements (1) and (3) is to contain 
the axes of x and z. 

Suppose now that the axes of x, y, z a,t P^ drawn as above 
described could be obtained from those at P by elementary 
rotations zeds', X'ds', rds' about the axes at P, where ds' is the 
length of PP' after strain, then k! and V are the component 
curvatures of the strained elastic central-line of the wire, and 
t' — T measures the twist 

The originally curved wire could be held straight and prismatic, 
and there would be at every section couples —Ak, —BX, —Ct 
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about the line-elements 1, 2, 3, where A and B are the two 
principal flexural rigidities, and C is the torsional rigidity. These 
quantities depend only on the size and shape of the normal section 
and on the elastic constants. The straight prismatic wire could 
be transformed into the bent and twisted wire by the application 
at every section of additional couples Ak\ BX\ Ct\ It follows 
that when the naturally curved wire is bent and twisted the 
stress-couples at every normal section about the axes x, y, z are 
A{k' - k\ B(Kf - X), C(r' - t)\ 

It is to be noticed that the resultant flexural couple cannot be 
proportional to the change of curvature unless A=B, or the wire 
is of equal flexural rigidity in all planes through its elastic 
central-line, and the couple will not be proportional to the change 
of curvature, even when A=B, unless k\' = X^k, i,e. unless the 
angle between a principal axis of inertia of the normal section at 
any point and the principal normal to the elastic central-line is 
unaltered by the strain. In other words, the necessary condition 
is that the same set of transverses of the wire which were initially 
principal normals are principal normals after strain. If this 
condition be satisfied the twist is equal to the difference of the 
measures of tortuosity of the curve assumed by the elastic 
central-line before and after strain. 

243. Equations of Equilibrium. 

We are going to treat the finite deformation of naturally 
curved wires. As /c\ V, and r are finite we may now neglect the 
difference between ds and ds\ or regard the elements of the elastic 
central-line as unextended. 

. Let Oi, O2, and H be the components referred to the axes of 
X, y, z of the flexural couple and the torsional couple at any 
section, JVi, N^, and T the components of the shearing force and 
the tension referred to the same axes. Then, remembering that 
zeds, X'cfo, rds are the component rotations executed by the axes 
about themselves as we pass from point to point of the strained 
elastic central-line of the wire, we see as in art. 234 that the 
equations of equilibrium under forces X F, Z per unit length 
parallel to the axes of x, y, z can be expressed in the forms : — 

1 Clebsoh, Theorie der Elasticitdt fester Korper, 
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three equations of lesolotioD 



da 

dN, 
d» 

dT 
d» 



-iir,T'+2\'+X = 0, 



\ 



-r«'+jry+F=o,v 



-j^,v+^v^'+^=o 



(27) ; 



and three eqnations of moments 

dG^ 



da 

dG, 
da 



-G,t'+H\'-N, = 0. 



-fl^c' + (?,T'+J\r, = 0, 



(28). 



i^.G,\' + G^' 







These are the general equations of eqoilibrivim of the wire 
nnder forces X, T, Z per unit length. K there be also couples 
L, M, N per unit length we shall have to add L,M, N Xo the left- 
hand sides of (28). 

In these equations 

G, = 5(V-X), (29). 

Equations equivalent to those given in this article were 
obtained by Clebsch in his Theorie der Elastidtdt fester Korper. 

In the ease where the wire is under the action of terminal 
forces and couples only we may simplify the equations (27) by 
omitting X, Y, and J7, and then these equations shew, as in art. 
236, that the force whose components are JVi, JVj, T at any section 
is equal and opposite to the force R applied at an end. 

244. Ezteniion of KirchholTs BUnetic Analogue. 

Mr Larmor^ has given an interesting extension of Kirchhoffs 
theorem of the kinetic analogue to the case of a wire initially 
helical and without twist. 

Suppose that the natural form of the elastic central-line of the 
wir6 is a helix, and that if the wire were simply unbent into a 



^ Proc, Land, Math, Soc, xv. 18S4. 
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straight rod its surface would be prismatic, then k, \, and t are 
constants. 

If we write 



ic) = K 5(X'-\) = A„ C^(^-'r) = A»>l (30), 



and suppose x, \, r constant, equations (28) can be transformed 
into 

^^-Mi + M8=-iV^a,^ (31)- 

dhs 



da 



— Ai^2 + ^^1 = 



If we could find a dynamical system whose moments of 
momentum referred to a determinate set of axes rotating about a 
fixed origin with angular velocities ^i, 02, 0z were Ai, h^, Aj, then 
equations (31) would be the equations of motion of the dynamical 
system under the action of the force R, applied at a point on the 
axis (3) at unit distance from the fixed origin, and the system 
would move so that the axes 1, 2, 3 would be parallel at time 
.9 to the principal torsion-flexure axes of the bent and twisted 
wire at an arc-distance s from the end of the elastic central-line 
of the wire at which the force R is applied. 

The required dynamical system can be constructed by mount- 
ing a rigid fly-wheel on an axis fixed in a solid which rotates 
about a fixed point, the fly-wheel being free to rotate about the 
axis. 

Suppose that when the fly-wheel and the rigid body move as 
if rigid the moments of inertia of the rigid body and fly-wheel 
about principal axes through the fixed point are A, 5, C. Let the 
centre of inertia of the fly-wheel be at the fixed point, and let it 
rotate about its axis with constant angular momentum A, and 
suppose the axis of the fly-wheel to make with the principal axes 
of the rigid body and fly-wheel (whose position is unaltered by the 
rotation) angles whose cosines are i, m, w. Then if we take 

— hl = A/c, —hm^BX, -A71 = (7t 
L. II. 6 
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h and I, m, n will be detenninate, and the moments of momentum 
of the rigid body and fly-wheel about the fixed point will be 
hi, hj, ht. 

If now the rigid body and fly-wheel be of weight R, and a 
point on one of the principal axes at its centre of inertia at unit 
distance firom that centre be the fixed point, the body will move 
under gravity so that its principal axes at the fixed point at 
time 8 are parallel to the principal torsion-flexure axes of the 
wire at an arc-distance 8 firom a fixed point on its elastic central- 
line. 

245. Parttcalar Cases. 

The above includes the particular case of a circular wire bent 
in its own plane by terminal forces and couples. The kinetic 
analogue is the motion of a pendulum about a fixed horizontal 
axis on which a fly-wheel is symmetrically mounted. It is clear 
that the motion of the pendulum will not be afiected by that of 
the fly-wheel, and that the form assumed by the naturally circular 
wire must therefore be one of the forms of the elastica. There is 
no difficulty in verifying this from the equations of equilibrium of 
the wire. The only way in which the fact that the wire is 
naturally circular affects the problem is that the terminal couple 
required to hold the wire in the form of a given elastica is 
diminished by the terminal couple that would be required to 
bend a naturally straight wire into the given originally circular 
form. 

Another particular case is that in which the wire is naturally 
straight and of uniform section but appears uniformly twisted, 
i.e. where k and \ vanish while r is constant. We shall consider 
especially the case where the wire is of uniform flexibility in all 
planes through its elastic central-line. The condition that t is 
constant means that the normal sections are not similarly situated 
but homologous lines in them form a helicoid of given pitch. In 
this case the Aj, A, of art. 244 become Ad^, Ad^, but A, is not Cd^ 
The equations become identical with the equations of motion of 
an ordinary gjnrostat or top referred to its axis of figure and to two 
perpendicular axes not fixed in the top. The steady motion of the 
top will correspond, as we shall see, to a helical form of the bent 
and twisted wire. 
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m 



The equations of equilibrium (28) become 



ds 



) 



.(32), 



= 



in which Ni, N^ are the components of the force jB reversed 
parallel to the axes of x and y, while k' and V are the component 
curvatures about the same axes. 

With the notation of art. 239 we see that, when the elastic 
central-line makes a constant angle with the line of action of the 
force R reversed, 

N^^R sin 6 sin ^, —N'i = R sin cos 0, 

^' = — cos ^/p, V = sin <f>lp, 

where p is the radius of curvature of the strained elastic central- 
line, so that l//)2 = /c'2 4. w 

Hence the equations 

N,X' + Ny = R8m0/p] 

Take equations (32), multiply the first two of them by tc' and 
X' respectively, and add. We find by the first of (33) 



,(33). 



«' ^^ + X' ^ = 0, or k"> + X'' = const. = 1/p' 



.(34). 



ds ds 

Again, multiply the first and second of equations (32) by V and 
— K and add. We find by the second of (33) 

^^'^'«^'^'j-.^T'(V» + /c'0 + (7(T'-T)(V2 + /c'*)==i2sin^^ 

or, dividing by (k^ -f V^), which is equivalent to multipljring by p^ 
we have 

^^(tan-^^)-ilT' + a(T'-T) = E/osin^ (35). 

Again, the third of equations (32) gives 

t' — t = const (36). 

Now by supposition r is constant so that r is constant, and 

therefore by (34) and (35) it follows that j- f tan""^ v) ^ constant. 

6—2 
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This quantity is identical with t' — l/<r, where l/<r is the measure 
of tortuadty of the strained elastic central-line. Hence this line 
is of constant curvature and tortuosity, and it is therefore a 
helix. 

It is now easy to shew that if a and r be the angle and radius 
of the helix, the terminal force and couples are : 
a force iJ given by 

ie = Cr(T'-r)^^-4«-^^^|^ (37). 

a couple K about a line parallel to the axis of the helix given by 

ir=a(T'-T)8ina + ^co8»a/r (38), 

and a couple Rr about the tangent at the end of the wire to the 
circular section of the cylinder on which the helix lies. 

If^ as in art. 240, the wire be attached to rigid terminals the 
system of forces applied to the terminal reduces to a wrench (iJ, K) 
about the axis of the helix. 

The results of that article apply equaUy therefore to a prismatic 
wire and to one in which homologous lines in the normal sections 
form a helicoid of given pitch, provided the sections have kinetic 
symmetry. 

246. Helical wire bent into new helix. 

Consider the case of a wire of equal flexibility in all planes 
through its axis, and suppose the initial form is a helix, and that 
if the wire were simply unbent it would be straight and prismatic. 
Then we may take ^ = 0, \ = l//o, r = l/<r where 1/p and l/<r are 
the principal curvature and the measure of tortuosity of the initial 
helix. It is clear that a possible final state of the wire will be 
given by /c' = 0, V = l/p\ r' = \j<t\ where p and g' are constants, 
i,e, the wire is simply bent into a new helix. 

The first two of the equations of equilibrium (28) become 

while the third is identically satisfied. 

Again, the first two of equations (27) with X, F, and Z put 
equal to zero are identically satisfied, while the thii'd gives us 
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or T=N'2 tan a', if a' be the angle of the new helix. This condition 
expresses that the terminal force is parallel to the axis of the 
helix. 

It can now be shewn without difficulty that the forces and 
couples at a rigid terminal reduce to a wrench (iZ, K) whose axis 
coincides with the axis of the helix, and whose components of force 
jB and couple K are given by 

„ _ (7cos a' (sin a' cos a' sin a cos a] -4 sin a' Jcos^ a' ^ cos^ a) ' 
"" / I / ^1 r \ r' ^ ) ' 

Tjr ^ , , (sin a' cos a' sin a cos a) . , fcos^ a cos^ a 

A =C/sma ■{ -J ^4--4cosa \ — -, 

\ T r ) I ^ ^ 

(89), 

where a' and r' are the angle and radius of the helix into which 
the wire is strained, and a and r are corresponding quantities in 
the natural state. 

247. Spiral Springs ^ 

We can hence obtain a theory of the small deformation of 
spiral springs, by taking as variables the length of the axis 
between the terminals and the angle through which one ex- 
tremity rotates about the axis. 

If I be the length of the elastic central-line and z the length 
between the terminals, and if 

2: = Z sin a, = i cos a/r ; 

then 2: 4- 82: = i sin a', <^ + S^ = Z cos a'/r' 

will be the values of z and in the new spiral. 

We get Z cos a = V (Z^ -z''), 

iQO&a'^fsJ [P - (^r + hz)% 

Hence 1/r = <^>|^/ {P - z% 

1//= (<^ + h<f>)lsJ[P - (^ + hzfY 

In case S<^ and hz are very small we get approximately 

I cos a' = i cos a — tan o&z, 

- , , - , . h6 6Bz sin a 
' ' ^cosa ^^cos'a 

1 Thomson and Tait, Nat. Phil Part n. arts. 604-^7. 
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TT COS V cos^a S6 , Sz ^ 

Hence —-j = cos a^ — 6 ^ tan a, 

r r If L* 

sin a' cos a' sin a cos a . hd> ,8^ 
—r' -r ^"^"l+H- 

_. cosV cos'a >J{V - 2^) s , , ztz 
Or —, = —p- S<t>-,f,^^ .JifZ:^' 

sin a! cos a' sin a cos a _ zB<f> <j)Sz 

Hence we should find from (39) that the force and couple at 
the terminals are 



K = j[(C-A) <l>zBz + {A {l" - z') + Gz'} S^l 



(40). 



If the couple be put equal to zero we have the value of S0 in 
terms of Bz and can hence find the force required to produce a 
given axial displacement Sz. If on the other hand S<l> be put 
equal to zero we can find the force and couple required to produce 
a given axial displacement when the terminal is constrained not 
to rotate. 

248. Problems on the Equilibrium of Wires \ 

As an example of the application of the equations of equi- 
librium when couples are applied directly to the wire we may 
consider the following problem : — A wire, which when unstrained 
is in the form of a circular arc of radius a with one principal 
torsion-flexure axis of each section along the normal to the circle, 
is simply bent into a circular hoop of radius r, and then each 
section is turned through an angle about the elastic central- 
line; it is required to find the torsional couple that must be 
applied to hold the wire. 

The initial state is expressed by 

^ = 0, \ = 1/a, T = 0, 

and the final state is expressed by 

/c = sin <^/r, V = cos <^/r, t' = 0. 

1 Thomson and Tait, Nat. Phil. Part n. arts. 624, 625. 
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The equation determining the torsional couple N is 

,, n sin <l> , J. ri\ sill <l> COS d) , . _ ^ 

or N=B — ^ + (4-5) ^ -^ (41). 

ar r^ v / 

(Cf. art. 241.) 

As a further example suppose that when the wire forms a 
circular arc of radius a the principal torsion-flexure axis for which 
the flexural rigidity is u4 is not in the plane of the circle but 
inclined to it at an angle <^o- Suppose that the wire is bent into 
a circular hoop, and that the same axis in the strained state is 
inclined to the plane of the hoop at an angle <^, it is required to 
find so that the hoop may be in equilibrium without any applied 
couple. 

The initial state is expressed by 

/€ = sin (f>o/cbt X = cos (l>ola, t = 0, 

and the final state is expressed by 

/c = sin <^/r, \' = cos <^/r, t = 0. 

The condition that the hoop may be in equilibrium without 
any applied couple is by the third of equations (28) 

-^(/c'-/c)V + 5(X'-X)/c' = 0, 



or 



. cos <f> /sin ^ sin 0o\ _ d siii /cos <f> ^ cos 0o\ /j^ox 
r \ r a J r \ r a /'"^ '' 



CHAPTEK XV. 



GENERAL THEORY OF THIN RODS OR WIRES. 

249. Bails of Kirchhoff's Theory. 

The modem theory of thin rods or wires, as also that of thin 
plates, was founded by Kirchhoff, starting from the remark that, 
when diflferent linear dimensions of a body are of diflferent orders 
of magnitude, the general equations of equilibrium or small 
motion given by the theory of Elasticity apply, in the first 
instance, not to the whole body but to a small part of it, 
whose linear dimensions are all of the same order of magnitude. 
In the general equations of Elasticity infinitesimal displacements 
are alone regarded, while a little observation shews that a very 
thin rod or plate may undergo a considerable change of shape 
without taking any set, and therefore without experiencing more 
than a very small strain. To investigate the changes of shape of 
such a body by means of the elastic equations it is necessary to 
suppose it divided into a very large number of small bodies whose 
linear dimensions are all of the same order of magnitude, and 
to consider the small relative displacements of the parts of each 
such small body. For example, in the case of a straight cylindrical 
rod whose length is great compared with the greatest diameter of 
its cross-section, it is necessary to consider the rod as divided into 
elementary prisms each of length comparable with this diameter. 
If the length of the rod be regarded as of the same order of 
magnitude as the unit of length, we may say simply that each 
of the linear dimensions of one of these prisms is small, and 
speak of these prisms as elementary, Kirchhoflfs theory is an 
approximate one obtained by regarding the elementary prism as 
infinitesimal. 
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With regard to the equilibrium of an elementary prism of a 
rod, or of any small body whose linear dimensions are all of the 
same order of magnitude and small compared with the unit of 
length, we can state at once the principle which forms the founda- 
tion of KirchhofTs method^ viz. tfie internal strain in such an 
element depends on the surface-tractions on its faces and not on the 
bodily forces nor on the kinetic reactions arising from its inertia. 
The argument in i. art. 13 by which, from the consideration of an 
elementary tetrahedron, a relation was found among surface- 
stresses applies equally to any small body or element of a body 
such as those considered in Kirchhoflfs theory, and shews that 
when the dimensions of the body or element are infinitesimal the 
principle above stated is exact. Kirchhoflfs proof of the principle 
proceeds thus: — 

The surface-conditions^ such as 

lP + mU+nT=F (1), 

shew that the parts of the stresses due to the surface-tractions are 
of the same order as those tractions, while the equations such as 

dP dU dT ^ ?hi ,o, 

shew that the parts of the stresses due to the bodily forces and 
kinetic reactions are of a higher order than those forces in the 
small quantities x, y, z, which are the coordinates of a point in 
the elementary body referred to axes fixed in it. 

The principle shews that for a first approximation we may 

reduce the equations determining the stress within the element to 

the forms 

dP_ dU dT^^ \ 

dx dy dz ' 

dU dQ dS_ , 

9^ + ^ + 3?-^' > ^^)' 

dT ds dR^ 

dx dy dz 

and proceed to solve these subject to the boundary-conditions. 

A second principle of equal importance is that of the Elastic 
equivalence of statically equipollent systems of load. This has 

^ CreUe lvi. 1860, and V<yrle8ungen iiber mathematUche Physikf Mechanik. 
'^ See I. art. 15. 
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already been fully explained in I. arts. 107 and 152. The appli- 
cation of it to the theory of thin rods will be found in the 
statement that it can make very little difference to the form 
assumed by the elastic central-line of the rod how the forces that 
deform it are distributed over an element, provided they give rise 
to the same resultants and moments, and we may therefore regard 
the forces applied to an elementary prism from without as replaced 
by their force- and couple-resultants at the centre of the prism. 
The same will hold of the stresses across the normal sections of 
the rod that arise from the action of contiguous prisms. A 
particular deduction from this principle, of great importance, is 
that we may always regard the cylindrical or tubular bounding- 
surface of the rod as free from stress. When the deformation is 
produced by tractions actually applied to this surface, they may, 
without affecting the results, be replaced by a bodily distribution 
of force and couple acting through the substance of each ele- 
mentary prism, the only condition being that the actual distribu- 
tion and that which replaces it must be statically equivalent. 

250. Explanation of the method. 

We are now in a position to explain the method by which the 
values of the stress-couples Gi, G^, H of art. 235 can be calculated. 
Referring to art. 232 we see that the form of a bent and twisted 
rod depends upon three quantities, k, \, t, which define the 
curvature of its elastic central-line and the twist. The deforma- 
tion of any elementary prism will clearly be in part dependent on 
the same quantities, and certain relations must obtain among 
the relative displacements of the particles of such a prism in order 
that the various prisms may after strain continue to form a 
continuous rod of curvature and twist expressed by «, X, t. 
The first step is the investigation of these relations; we shall 
call them Kirchhoffs differential identities. In virtue of these 
relations the strain in an elementary prism will be partly 
determined, and the second step is the establishment of a 
method by which approximate values of the components of strain 
can be deduced. We shall find that the first approximation can 
be very easily carried out, and that, for the purpose of finding the 
values of the stress-couples, it is unnecessary to proceed to a 
second approximation. 

We recall here the notation of art. 232. We there supposed 
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P to be any point of the elastic central-line of the rod, and that 
three line-elements (1, 2, 3) of the wire proceed from P. We 
shall take the line-elements (1) and (2) to be the principal axes at 
P of the normal section through P, and (3) the tangent to the 
elastic central-line at P. By means of these three line-elements 
we constructed a system of moving rectangular axes of x, y, z, 
having the origin at the strained position of P, the axis z 
along the tangent to the strained elastic central-line at P, and 
the plane (x, z) through the line-elements (1) and (3). When 
the rod is deformed any element PP^ of the elastic central- 
line whose unstrained length is da will become an element of the 
strained elastic central-line whose length is cfe', where 

ds' = ds(l^€) (4), 

€ being the extension of the elastic central-line at P. The 
quantity e can be of the order of magnitude of small strains in an 
elastic solid. The axes of a?, y, z dbt P constructed in the same 
manner as those at P will not be parallel to the axes at P after 
strain, but can be derived from them by infinitesimal rotations 
Kds'y \cfe', rds' about the axes of a?, y, z at P. The quantities /c, X 
are the component curvatures, and t the twist of the rod at P. 

251. BLirchhofPs Identities. 

Let Q be the position of any particle of the rod near to P, and 
let the coordinates of Q referred to the line-elements at P before 
strain be x, y, z; after strain, referred to the axes of x, y, z let 
them he x + u, y + Vy z + w. Then w, v, w are the displacements of 
Q, and if s be the distance of P from a fixed point on the elastic 
central-line u, v, w are functions of x, y, z and s. 

Suppose P' is a point on the elastic central-line near to P, 
then we might refer Q to P' instead of P. The coordinates of Q 
before strain referred to P' will be x,y,z — ds, where ds is the 
unstrained length of PP\ To obtain the values of the displace- 
ments of Q referred to P' from the values of the displacements of 
Q referred to P we must in w, v, w replace 8 hy s + ds and z by 
z — ds. It follows that the coordinates of Q referred to P' after 
strain will be 

Z'-d8-{-w + -^dS'--^ds (o). 

as oz 
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Now since the axes at P' are obtained from those at P by 

a translation ds' = (!+€) ds along the axis z, and rotations Kds'y 

\d8\ rds' about the axes x, y, z, the coordinates of Q referred to P' 

are 

x-\'U'\'{y -^v) rds' — {z-¥w) Xds', ] 

y + v + (z -h w) xds' — {x + u) rds', > (6). 

Z'\-w + (x + u) Xds' — (y + v) Kds' —da' ] 

Hence comparing the expressions (5) and (6) for the coordi- 
nates of Q referred to P', and remembering that d^' = (fe (1 + e), 
we find 



g^ = g^ -{«(« + W) - T (« + «)} (1+ e), 



y (7). 



These are Kirchhoflf's diflferential identities and the above 
method of proving them is due to M. Boussinesq\ 

252. Method of approximation. 

By these equations the displacements u, v, w become to a 
certain extent determinate, and if the equations could be solved 
we should obtain a certain amount of information in regard to the 
possible forms of the displacements. We proceed to indicate a 
method of solution by successive approximation depending on the 
fact that Xy y, z are everywhere small, and u, v, w are small in 
comparison with a?, y, «, while e is a small quantity which is at 
most of the order of strains in an elastic solid. 

There are three classes of cases to be considered. In the first 
some at least of the quantities /c, \, t defining the curvature and 
twist of the rod may be finite. In this case we may reject terms 
in € as small in comparison with terms in kx, Ky where k is taken 
to stand for any one of the quantities ^, \, t which is finite. 
There will exist modes of infinitesimal deformation continuous 
with these for which k, \, t are very small and e so small as to be 
negligible in comparison with terms of the order of the product 
K X (diameter of normal section). In the second class of cases 
terms of the order kx are negligible in comparison with e. This 

^ 'Etude noavelle snr l'6qailibre...des solides...dont certaines dimensions sont 
tr^s petdtes...*. Liouville's Journal^ xvi. 1871. 
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corresponds to simple extension of the rod unaccompanied by 
flexure. In the third class of cases e and kx are of the same order 
of magnitude. It is clear that if we retain quantities of the order 
6 and quantities of the order kx we shall be at liberty to reject at 
the end those terms which may be small in consequence of the 
case under discussion falling into the first or second class. 

If with Poisson ^ and others we regard u^ v, w as capable of 
expansion in powers of x, y, z with coefficients some functions of s, 

then it is clear that |^ . |? , |^ can also be expanded in the same 

oz dz dz ^ 

form, but the terms that occur are of a lower order in x, y, z than 
the corresponding terms of u, v, w. The differential coefficients 

^ , ^ , -^ will be replaced by series of the same form as u, v, w, 

and the terms that .occur will be of the same order. We may 

therefore for a first approximation neglect the terms -^ > ^ > -^ 

and the terms such as — ti; -f Xw. Without however introducing 
the idea of series for u, v, w we can see at once that as u, v, w are 
small compared with x, y, z we ought for a first approximation to 
neglect the terms that are linear in u, v, w in comparison with the 
terms that are linear in x, y, z. With a little consideration we 

can also see that the differential coefficients such as -r- are small 

OS 

{jU nil 

compared with the differential coefficients such as tt- . For ^ is 
^ oz 08 

the limit of a ratio in which the numerator is the difference of the 
values of u at homologous points of contiguous elementary prisms, 

Oil 
and the denominator is the length of such a prism; while ^ 

oz 

represents the rate of variation of u as we pass along a line 
parallel to the axis z from point to point of a single prism. Now u 
vanishes at the centre of each prism, and at homologous points of 
contiguous prisms the values of u are much more nearly equal 
than at the centre and an extreme point of a single prism ^. 

^ Mim. Paris Acad, vni. 1829. 

^ This explanation was given by Saint-Venant in a footnote to the * Annotated 
Glebsch,' p. 422. M. Boussinesq in his memoir of 1871 after obtaining Eirchhoff's 
identities declares that in his opinion this process of approximation is wanting in 
rigour. He admits that terms like kv may be neglected in comparison with terms 
like Ky, but he says that there is nothing to shew that dwjds is not actually of the 
same order as e, and he contends that in such a case e and dwjds should both be 
retained. A reference to our classification of cases will remove this objection. 
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Both lines of argument thus lead to the same method of 
approximation, and we proceed to sketch the process. First 

leaving out in equations (7) the terms such as x- , — ry, \w, and 

replacing (1 + e) by unity, we obtain equations which can be 
solved and which give a first approximation to the forms of u, v, w 
as functions of z. The solution will contain arbitrary functions of 
X and y. From the solutions obtained we may deduce approxi- 
mations to the components of strain involving the arbitrary 
functions. The equations of equilibrium or small motion, and 
the boundary-conditions at the free surface of the prism will 
enable us to determine the arbitrary functions. Thus a first 
approximation to the values of Uy v, w will be found. To obtain 
a second approximation ^ we may substitute the values found as a 
first approximation in the terms of equations (7) previously neg- 
lected and solve again. Recourse must again be had to the 
differential equations of equilibrium or small motion and the 
boundary-conditions in order to determine the arbitrary functions. 
It is evident that the process might be continued indefinitely, 
but would become very laborious. The first approximation may 
however be easily obtained and the work is very much simplified 
by using Kirchhoff's principle explained in art. 249, according to 
which it will be sufficient for this approximation to reduce the 
differential equations to a form independent of bodily forces 
and kinetic reactions. 

253. First approximation. Internal Strain. 

According to the method explained we reduce equations (7) to 

du 



dv 



\ (8), 



If 6 and ?iw\'hs are really of the same order of magnitude, then both are small 
in comparison with such terms as Ky ; and e as well as 'bw\'b% ought to be rejected. 
No harm however is done by retaining e temporarily and rejecting it at the end of 
the first approximation. The problem would be one of flexure and this would be 
the course which we should actually pursue. 

^ The second approximation is not required in our method, but the reader who 
wishes to see how it might be carried out is referred to the corresponding part of 
the theory of thin shells in ch. xxi. 
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vU 

by omitting terms containing such quantities as u, ^ , and replac- 
es 

ing 1+ e by unity. Integrating these equations we get 

u = Uq— ryz + JX^', 

V=^VQ—\KZ^-\'TZXy ■ (9), 

w=^Wq — \zx -f Kzy -f ez , 
in which u^y Vq, Wq are functions of x and y. 

From these we deduce the strain-components in the forms 






/= 



dvt 



g = €''\x + Ky, 



dwo . 
dy 

b^^-ry.y 
dy dx 



(10), 



and we notice that, to the order of approximation to which the 
work has been carried, the strains, and therefore also the stresses, 
are independent of z. The order of approximation in question is 
such that the strains are of the first order in the small quantities 
^, y, z. 

The stresses being independent of z the equations of equi- 
librium take the forms 



dx dy ' 



9?+?« = ^-^+^=0 (11) 
dx^dy^' dx^dy^ '"^^^^' 



in which bodily forces and kinetic reactions are omitted for the 
reasons explained in art. 249. 

If Z, m be the cosines of the angles which the normal to the 
cylindrical boundary makes with the axes of x and y, the conditions 
that hold at this boundary, when no external surface-tractions are 
applied to it, are 

iP + m?7=0, lU+mQ = 0, lT+m8 = (12). 

264 Torsional Rigidity. 

In what follows we shall assume that the plane of (x, y) which 
is perpendicular to the elastic central-line of the rod is a plane of 
symmetry of the material. In this case the potential energy per 
unit of volume (TT) can be written in the form (i. p. 81), 

W = i (Ou, Oja, Oss, ctM, Ou. . .$«, / g^ of + i (a44, tteB, a^^a, by. . .(13). 
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Also the components of stress are the partial differential 
coefficients of W with respect to the components of strain, and 
thus in particular S and T are linear functions of a and b. The 
third of the equations of equilibrium (11) becomes 

db . /da . 36\ ^ n. /^a\ 

Also the third of the boundary-conditions (12) becomes 

aKi6 + a«(fa + m6) + a44?iia = (16X 

= T(a«y-a45ar)^ + (a44ar-a«y)^ (17), 

where dsi is the element of arc of the bounding curve of the cross- 
section. 

From this it appears that Wq contains t as a factor, and is 
independent of tc, \, e. In other words Wq depends simply on the 
twist T ; and the strains a and b, and the stresses 8 and T are 
linear in t. This result holds to the same order of approximation 
as equations (10). 

It follows from what has just been said that there exists a 
quantity C such that 

fJ(8a + Tb)dxdy = CT' (18), 

where the dimensions of C are those of the product of a modulus 
of elasticity and a moment of inertia of the cross-section of the 
rod. The quantity C is called the torsional rigidity of the rod. 
For the more sjonmetrical case there treated it is identical with 
the quantity introduced in I. art. 93. 

255. Salnt-Venant'8 Stress-conditions^ 

We may shew that the expressions (10) for the strain-com- 
ponents lead to Saint- Venant's stress-conditions that P, U, Q 
vanish. 

For let <l> and yjr be any two functions of x and y continuous 

^ See I. p. 14S, equations (3). 
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within the bounding curve of the cross-section 'of the rod, and 
-consider the integral 

the integmtion extending over the cross-section. 

Using Greens transformation (i. p» 58) we can express this 
integral in the form 



/ 




{(IP + mU) <f> + (IU+ mQ) i^} ds. 



9-P 9f^^ J. . {(>U , 9Q' 



)*-(5-Dt}^* 



3x dy 

The surface-integral vanishes identically by the first two of 
equations (11) and the line-integral by the first two of equations 
(12), so that the integral in question is equal to zero whatever 
continuous functions ^ and sir may be. 

If in the integral we write successively -^ = and <f> = x,y, a^, 
xyy y^, and <^ = and ylr = a),y, af^, ooy, y^, we find formulae which 
may be written 

//(P, or Q, or U)(l, or a?, or y)dxdy = (19). 

Again, if we put <l> = u, ylr = v, we find 

Jf(Pe + Qf+ Uc)dxdy^O (20). 

Now the expression (13) for the potential energy W may be 
written in the form 

Tr= j(-4u, ^.22, Assy -4«6> -^12 ][-P» Q> -R> ^y 

+ i(A^,A^,KlS,Ty (21), 

where the -4's are reciprocal coefficients to the a's in the expression 
(13), and the quadratic function 

(An, A22, Ass, A^j Ai2 $^> Qi -K, Uy 

is therefore essentially positive for all real values of P, Q, R, U, 

Consider the function V defined by the equation 

F= Pe + Qf+ Uc -g {A^P + AJi + A^U)IAss, 
in which e = A^P + Ai^Q + A^sR + A^JI, 

/= A^P + AJi ^ A^R + A^U, 
g = AsJP + As,Q + As^ + AssU, 

C = A^P + ileaQ + A^R + A^U, 
and Ars = A„, (r, « = 1, 2, 3, 6). 

L. II. 7 
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We find at once that 

+ 2(A^^^A^A^)QU+2(A,As.-A^A„)UP 
+ 2(A^^-A^A^)PQ, 

and it can be readily verified that the conditions that V may be 
always positive are identical with the conditions that 

(All, -^28, Asi, -4«, -4 18, ][P, Q, R, Uy 

may be always positive \ 

Now ffdxdyg (A^^P + Ay^Q + AnU)/An vanishes identically by 
(19) since ^r is a linear function of x and y. Hence 

II(Pe + Qf+ Uc) dxdy 

is equal to the integral over the cross-section of a quadratic 
function of P, Q, U which is always positive. It can therefore- 
vanish only if P = Q = tr= 0, and it has been proved to vanish in 
equation (20). 

It thus appears that Saint- Venant's stress-conditions 

P = Q=0'=0 

are analjrtically deducible from the first two of the equations of 
equilibrium (11), the first two boundary-conditions (12), and the 
fact that the strain-component ^ is a linear function of the coordi- 
nates a?, y of a point on the cross-section. 

This proof is equivalent to that given by M. Boussinesq. In 
his work the first two of the equations of equilibrium in the forms 
given in (11) and the fact that^ is a linear function of a? and y are 
arrived at by considerations diflferent from those here advanced*. 

The most general values of u, v, w which satisfy the equations 
of equilibrium' subject to Saint-Venant's stress-conditions have 
been given in I. ch. vii. If in these solutions all terms above the 
second order in x, y, z be omitted they will be found to be 
included in the forms given for u, v, w ia (10). 

^ The verification involves a particular case of a theorem enunciated by Professor 
Sylvester and proved by Mr R. F. Scott, * On Compound Determinants ', Proc, Lond, 
Math, Soc. XIV. 1883. 

2 Liouville's Joumaly xvi. 1871, pp. 148 — 151. 

^ A particular kind of symihetry of the material was assumed. 
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It is to be noticed that, although the expressions that we have 
obtained, and those that we shall obtain in the next article, have 
been found on the express understanding that no tractions are 
applied to the initially cylindrical bounding surface of the rod, yet 
they may still be used when such tractions are applied. In such 
a case the resultant for any elementary prism of the tractions in 
question will have to be taken among the forces directly applied 
to the rod, i,e, it must be included in the system (JT, F, Z, L, M, N) 
of art. 234. 

256. Stre88-83r8tem. 

The general expression for the potential energy per unit 
volume is ^(Pe+Qf+Rg + Sa + Tb+Uc). 

Since P = 0, Q = 0, and U = 0, we have R = Eg, where JE is 
the Young's modulus of the material for traction parallel to the 
elastic central-line of the rod. From this result and the remark at 
the end of art. 219 it follows that the potential energy of strain 
per unit length of the elastic central-line is 

fJ^Eg'dxdy + ^CT^. 

The supposition that has been made as to the situation of the 
axes of X and y in the cross-section, viz. that they are the principal 
axes of the section at its centroid, shews that, on substituting for g, 
the potential energy per unit of length will be expressed by 

I (EI{K^ + EI^ K^ + Ct^ + Eo>^\ 

where © is the area of the section, and, as in i. art. 92, 
Ii — ffaf^doody and Iz^ffy'^dxdy, We thus have 

W = y(EI,X''\-EI^H^-^CT^'{-Ea>e')ds (22), 

the integral being taken along the elastic central-line of the rod. 
When the axes of x and y are chosen as above specified the axes of 
w, y, z are called the principal torsion-Jlexure axes of the rod. 

Since ic, \, t, e are independent quantities we could at once 
shew by variation of the energy that, to the order of approxi- 
mation to which the work has been carried, there exists a resultant 
normal stress across any section equal to JfEedxdy tending to 
increase €, and three couples about the axes equal to EI^k, EIiX, 
and Ct tending to increase the component curvatures k, X and the 
twist T. This result may be verified directly. 

7—2 
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We have, for the resultant stresses across the section ^ = of 
the prism, forces 

JSTd^dy, jjSdxdy. JSRdxdy 

parallel to the axes, and couples 

SJRydbcdy, Jf-^Rxdxdy, fJ{Sx^Ty)dxdy 

about the axes. Now it is easy to shew that the first two forces 
vanish identically. Taking for example jjSdxdy its value, by (13), 
is equal to fj(a^ + ajb) dxdy, and this may be written 

since the differential equation (14) holds at all points to which the 
integration extends. 

The surfEtce-integral just written can be transformed into the 
line-integral 

S[auma + 045 {la + mb) + (hJ^] yds^ 

taken round the bounding-curve of the normal section, and this 
vanishes identically by (16). 

In like manner we may shew thsit fJTdxdy vanishes identically. 

The first approximation therefore reduces the stress across any 
section to a tension parallel to the elastic central-line of the rod, 
and three couples. 

The tension is 

fJRdxdy =ffJS (e - Xa? + xy) dxdy 

since the origin is at the centroid of the section, so that this 
tension depends simply on the extension of the elastic central-line. 

The couples are easily seen to be 

Ei^K, ei;k, Ct, 

where the notation has been already explained. 

257. Application of the method of approximation. 

In art. 252 we have explained a method of approximation 
whereby more exact values could be found for the displacements, 
strains, and stresses. The additional terms in the displacements 
would be of the third or a higher order in the coordinates a?, y, z. 
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The strains and stresses to which they give rise would be of the 
second or higher order in the same quantities, and the corrections 
to the resultant stresses would consist of terms which could be 
of the same order of magnitude as the expressions already found 
for the stress-couples, while the corrections to the stress-couples 
would be of a higher order in the linear dimensions of the cross- 
section. 

We must conclude that in the first and third classes of cases 
explained in art. 252 there exist two resultant shearing stresses 
Ni, N2, and a tension T parallel to the axes of x, y, z, which 
are unknown without a second approximation, and couples 
Gi, Oiy H about the same axes of which suflSciently approximate 
values are given by the formulae 

Gi = EI^k = Ak, G^2 = AYi\ = £\, H=Ct (23). 

In the second class of cases there exists a tension T which is 
given by the equation 

T=^E(0€ (24), 

and the remaining stress-resultants and stress-couples are unim- 
portant. 

The quantities A and B are called as in art. 213 the principal 
flexural rigidities of the rod, and the quantity G is the torsional 
rigidity. 

The application of the method of approximation would also 
give rise to a correction to the expression (22) for the potential 
energy, but the correction is unimportant. In using this expres- 
sion we must omit the term in e in the first class of cases, and the 
terms in k, \, r in the second class of cases, while in the third 
class of cases both terms must be retained. With the notation 
(23) the expression for the potential energy per unit length of 
the rod is 

^[A/c^ + B\^ + Gr^]'^iE(oe^ (25;, 

of which generally only the first term or only the second need be 
retained. 

In the theory of the equilibrium of the rod under given forces 
each particular case will fall into one or other of the three 
classes. The third class is very special and will only be met with 
in exceptional conditions. Excluding it we may say that either 
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the defonnation is characterised by flexure or torsion unaccom- 
panied by extension, or else the extension is the governing 
circumstance. For example, if a straight prismatic wire or rod 
whose axis is vertical be supported at its upper extremity and 
loaded at its lower extremity it will be simply extended. If the 
same wire or rod have one extremity built in so as to make a 
finite angle with the vertical and be loaded at the other extremity 
it will be bent without stretching ; but if the angle it makes with 
the vertical be continually diminished we may come upon a series 
of positions forming a transition from conditions of simple flexure 
to conditions of simple extension, and these will fieJl under the 
third class. 

268. Kinetic Energy. 

We shall hereafter require an expression for the kinetic energy 
when the rod is in motion. For this we calculate the velocity of 
any point on a normal section and integrate over the normal 
section, this gives the kinetic energy per unit length of the rod. 

Let P be any point on the central-line whose coordinates after 
strain referred to fixed axes are ^, 17, ^, and let Q be the point 
whose coordinates before strain referred to the three line-elements 
at P are x, y, z. Then, by (2) of art. 232, the coordinates of Q 
after strain referred to the axes of f , 17, f are 

^ + li{x -{- u) + li(y -\- v) + li(z + w\ 

i7 + mi(a?-hM)-hmj(y-hv) + m,(^-h w), 
?-h ^ (^ + w) + Wj(y -h v) + w, (2r + w), 

and if Q be in the normal section through P we may omit z. In 
these expressions f, 17, f, w, v, w, and the Z's, m s, and rCs are 
functions of the time. 

Now putting z = and omitting m, v, w as small compared 
with a?, y we obtain an approximation to the component velocities 
in the form 
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so that the kinetic energy per unit length is 
where p is the density of the material. 



CHAPTER XVI. 



THEORY OF THE SMALL VIBRATIOXS OF THD» RODS. 

269. We propose in this chapter to deduce the equations of 
vibration of thin rods from E^rchhofiTs theory explained in chapter 
XV., and afterwards to sketch the process by which those modes of 
vibration of an isotropic circular cylinder can be obtained which 
correspond with the modes that we shall find for a thin rod. It 
is unnecessary here to enter into a minute discussion of the modes 
in question, as they are fully considered in Lord Rayleigh's Theory 
of Sound, vol. L chapters vn. and vm. For details the reader is 
referred to that worL 

260. The Variatioiial Equation ^ 

According to I. art. 64, the general variational equation of 
small vibration of a solid under forces applied at the boundary 
alone can be written 

+ jj(F&u+GSv + HSw)dS = (1), 

where W is the potential energy of the strained solid per unit 
volume, p is the density, and m, v, w are displacements parallel to 
fixed axes. In the case of thin elastic bodies such as bars or 
plates it is convenient to give a special form to the terms like 

{{{-p^hidxdydz that arise from kinetic reactions, viz. we 

notice that these terms in the left-hand member of (1) are 

^ Eirohhoff, Vorlesungen fiber Mathematische Physik, Mechanik, 
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the halves of those that would occur if we formed the variation 
of the "action" A, where 

^ -/^'//j" {©■-©■- (1)1 «'^- 

For this gives us 

where the part in square brackets is to be taken between limits. 

It follows that the equations of vibration can be found by 
equating to zero the variation 

BJdtjjjiT-' W)dxdydz (2), 

where T is the kinetic energy per unit volume, and W is the 
potential energy of strain. This is really the application of the 
principle of Least Action in Elasticity. 

261. Kinematics of small deformation \ 

Let u, V, w be the displacements of a point P on the elastic 
central-line of a thin rod parallel to fixed axes of f , ^, f, of which 
the axis f is parallel to the unstrained elastic central-line, and 
the axis f to the transverse (1), and let u + du, v + dv, w-hc?w 
be the displacements of a neighbouring point P' on the elastic cen- 
tral-line. Let f, 7), f be the coordinates of P after strain, and 
? + c?f, Tf + dTj, f + df those of P\ then 

d^ = c?u, dn] = dv, d^=ds + dw. 

If ds^ be the stretched length of PP" we have 

If € be the extension so that ds^ = ds(l-\- e), we shall have, rejecting 
terms of the second order in u, v, w, 

€ = dyf/ds (3). 

Let Is, m,, rij be the direction-cosines of the tangent to the 
elastic central-line after strain, referred to the axes of f, rj, f, 
then 

^8 = d^/ds^ rris = dij/ds^ n^ = d^/ds^ 

^ See arts. 232 sq. for the notation. 
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Kejecting terms of the second order in u, v, w, these become 

l^^du/ds, mt^dvlds, n, = l (4). 

After strain the line-element (1) which was initially parallel to 
the axis ^ will make an angle ^ — 7 with the axis ^, where 7 is 
small, and the plane through the line-elements (1) and (3) which 
was initially parallel to the plane (^, Q will make a very small 
angle fi with that plane. The direction-cosines of the strained 
position of the line-element (1) are 1, )3, 7, rejecting terms of the 
second order in the small quantities. To find the direction-cosines 
(li,mi, fii) of the axis x, which is in the plane through the lines 
(l^, rrif, n,) and (1, fi, 7) and perpendicular to (2,, m,, n,), we have 
the equations 

li, mi, Ui 

1, )8, 7 =0, 

and Zii, + ntiTn, -h riin, = 0. 

Since 2, and m, as well as y3 and 7 are small, we find ultimately 

li = l, mi = fi, ni = — f| = — du/cfo (5). 

In like manner the direction-cosines 2,, rOf, n, of the axis y are 
found to be 

?, = — )8, rw, = l, n, = — fii, = — dv/cb (6). 

We can now calculate the quantities k, X, r introduced and 
defined in art. 232. We defined k and X to be the component 
curvatures of the elastic central-line about the axes of x and y, 
and T is the twist. We have, by equations (4) of art. 232, 



■=-[-^©-4]^ 



so that, rejecting small quantities of the second order in )8, u, v, w, 
we have 

—% m- 

Again, Tsda' = l^dl^ -h midm^ -h Uidn^ 

^du\ ^ , /dv 



-'{ty^Q' 
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and, rejecting small quantities of the second order, we have 

^-S («)■ 

Lastly, we have 

dv , /dn 



-^*pit> 



and, rejecting small quantities of the second order, we have 

"f w- 

262. First method of forming the equations of Vibra- 
tion. 

According to art. 257 the potential energy of the extended 
bent and twisted rod is 

where A and B are the principal flexural rigidities, G the torsional 
rigidity, E the Young's modulus for pull in the direction of the 
elastic central-line, and a> the area of the normal section in the 
unstrained state. 

By the result of art. 258 we have for the kinetic energy 

(11), 

where p is the density of the material, and /i, I^ are the moments 
of inertia of the normal section about its principal axes, and the 
dots denote dififerentiation with respect to the time. 

If we write 

/l = c»^l^ l2=coki\ Ii -\' I2 = (ok^ (12), 

80 that the k's are the radii of gyration of the normal section 
about principal axes at its centroid, we have for the potential 
energy of strain 

r.-i/[af|)V«„{*..©'.;..©V©')]^..,:3, 



7.=i/p«[(i 
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and for the kinetic energy 

-©■-''©> <")• 

To form now the equations of vibration we have to form the 
variation 

and equate separately to zero the terms in Su, Sv, 8w, and Sfi. It 
is clear that the terms in Su contain u but no v or w or )8, and 
similarly for the others, and therefore the vibrations fall into three 
classes : — 

(1) Eodensional vibrations involving only w. 

(2) Torsional vibrations involving only /8. 

(3) FleoDural vibrations involving only u, or v. The equa- 
tions for vibrations involving u are of the same form as those for 
vibrations involving v, the coefficients only being different. 

263. Eztensional Vibrations. 

Taking first the extensional vibrations we have to equate to 
zero the variation 

h 

We thus obtain 

From the vanishing of the terms under the double sign of 
integration we obtain the equation of vibration 

^ = 7"aF • (^^>- 

The vibrations here considered are the " longitudinal " vibra- 
tions of Lord Rayleigh's Theory of Sound, We have described 



lhH^)'-Ht)h^ 



or 
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them as ** extensional " to avoid the suggestion that there is no 
lateral motion of the parts of the rod. The only resultant stress 
existing in the rod is the tension across the normal sections, and 
the extension in the direction of the elastic central-line is accom- 
panied by lateral contraction. The terms of the kinetic energy 
arising from the inertia of the lateral motion are of the order 
neglected, the terms of the potential energy arising from the 
lateral contraction are of the same order as those arising from 
the longitudinal extension. If the lateral motion were altogether 
neglected the coefficient of 3*w/8s* in (15) would not be Ejp. For 
example, if the material were isotropic it would be (X + 2/Lt)/p. 

The functional solution of the differential equation (15) is 

w=/(5-aO + i^(s-haO (16), 

where a^ = Ejp, and it represents waves of extension or contraction 
travelling along the rod with velocity A^{E/p), 

The form of the normal functions depends on the terminal 
conditions. At a fixed end we have w = 0, and at a free end the 
tension Edw/ds vanishes. For a rod of length I free at both ends 
the normal functions are of the form cos nirs/l, where n is an 
integer and s is measured from one end. The solution of the 
differential equation in terms of normal functions and normal 
coordinates is 

w = 2 cos mrs/l {An cos mratjl -\- Bn sin nirat/l}, 

n 

264. Torsional Vibrations. 

For the torsional vibrations we have to equate to zero the 
variation 



M^§j-<m^^ 



Proceeding as in the last case we find the differential equation 
of vibration 

^"^%?=^al • ^^^>- 

In this equation pay is the mass of a unit of length of the rod, 
k the radius of gjrration of the normal section about the elastic 
central-line, and C the torsional rigidity. 
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The solutions of the equation are of the same form as those of 
the equation for extensional vibrations, but the velocity of propa- 
gation of torsional waves is /s/(G/p(ok^). 

Referring to the solution of the torsion-problem in I. ch. vi. we 
see that, in case the material has three planes of symmetry of 
which one coincides with the normal section of the rod, and the 
other two are the planes through its elastic central-line (3) and 
the principal axes of inertia of its normal sections (1) and (2), and, 
in case the modulus of rigidity for the two directions (1, 3) is ident- 
ical with that for the two directions (2, 3), we have approximately 



ft)* 



where /x is the modulus of rigidity in question. Thus the velocity 
of propagation of torsional waves is approximately 



0) 



V 40p* 



For a circular section of radius a 

C = J/Lt7ra*, 
and the velocity is \/(/^/p)« 

For an elliptic section of semiaxes a, b 

C = fiwa^byia^ + b% 

and the velocity is 2"TT2 V'(Wp)- 

If the rod have a free end, then the torsional couple Cdfi/ds 
vanishes at that end. At a fixed end where the section is 
prevented from rotating about the elastic central-line fi vanishes. 
The normal functions in the various cases can be easily investig- 
ated and are of the same form as in the corresponding cases of 
extensional vibrations. 

266. Flezural Vibrations. 

For the flexural vibrations jin which u alone varies we have to 
equate to zero the variation 
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In forming the variations we make use of the identities 
d^ ds" ds" d8\d^ da ds' )' 

5» y dsKdsdt dt dsdt^ ) 



Jdsdt dsdt d^dP 






Integrating (18) by parts, and equating to zero the coefficient 
of Su under the sign of double integration, we obtain the differ- 
ential equation 

^{w'-^-m^*^'^"> w 

In this equation the first term arises from the inertia of the 
lateral motion, the second term from the " rotatory inertia ", and 
the third term from the elastic resistance to flexure. 

The term arising from rotatory inertia is in general negligible 
in comparison with that arising from the inertia of the lateral 
motion, and the differential equation may be reduced to 

ae»" p'^'d^ ^^^^• 

This is the equation for flexural vibrations in the plane through 
the line-elements (1) and (3). 

In like manner the equation for flexural vibrations in the 
plane through the line-elements (2) and (3) is 

9*v E 3*v 

a^""p*^'a^ ^^^^• 

To find the normal functions and the period-equation we shall 
have to introduce the terminal conditions. These are 

(1) for a built-in end, u = and du/ds = at the end ; 

(2) for a free end, d^'xx/ds' = and ff'u/d^ = at the end ; 

(3) for an end simply supported, u = and d^u/ds^ = at the 
end. 

Let j9/27r be the frequency so that the equation (20) becomes 
and let Ek^^lpp^^l^jm^ (22), 
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where I is the length of the rod. The normal functions are of the 
form 

A cosh-p +^smh -j- + (7 cos-p +-Dsin -j- (23). 

The terminal conditions give four linear equations connecting 
the constants A, B, C, Z), and the elimination of these leads to an 
equation for m. When m is found from this equation the frequency 
p/27r is given by equation (22). 

266. Particular cases. 

If now we write u = XArUr e'^*** (24), 

Uy is a function of s of the form 

A cosh -J- +B smh -v- + (7 cos -y- + i/ sin -j- , 

where m is a root of a certain transcendental equation, and the 
ratios of A :B :G :D are determined by the terminal conditions. 

It is convenient to write down the equations for m and the 
forms of the normal functions in some particular cases. The reader 
may supply the proofs, or they will be found in Lord Rayleigh's 
Theory of Sound, vol. I. ch. viil. 

(a) For a rod free at both ends m is given by the equation 

cosmcoshm = l (25), 

and for any value of m the corresponding value of u^ is 

(sinm — sinhm) f cos -j- + cosh -j- j 

— (cosm — cosh m)f sin -p +sinh-pj (26). 

()8) For a rod built-in at both ends m is given by the 
equation (25), viz.: 

cos m cosh m = l. 

And for any value of m the corresponding value of Ur is 

(sm m — smh m) I cos -^ — cosh -j 

— (cos m — cosh m)f sin -z — sinh-y- J (27). 
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(7) For a rod built-in s,t8==0, and free at 8^1, the equation 

for m becomes 

co8mco8hm = — 1 (28), 

and for any value of m the corresponding value of u,. is 

(8inm + sinhm)(cos-^ — cosh-y-j 

— (cos m + cosh m)f sin -y — sinh-^ j (29). 

(S) For a rod freely supported at both ends we have 

m = nir (30), 

where n is an integer, and the normal frmctions are of the form 

sin"^ (31). 

267. Second method of forming the Eqaattons of 
Vibration. 

The equations of vibration may also be deduced from (8) and 
(10) of art. 234, if we replace the forces and couples X, Y, Z and 
L, M, N by those arising from kinetic reactions. 

(1) For extensional vibrations there will be no couples to 
take the place of Z, M, N, and, since ir, X^ r all vanish, Oi, 0^, H, 
and therefore also Nj and JT,, all vamsh. There will be no forces 
to take the place of X, Y and the equations reduce to 

where Zds is equal and opposite to the rate of change of momentam 
of the element between two normal sections distant ds. 



dmnge 

of? 08 



of momentum is pMcb j— , and T is Ew ?- . Hence the equation 



(15)ofart263,TizL 

3*w E2hw 
c€* p d^' 

(2) For tornonalTibrationsc,X, and £ vanish. There are no 
couples Z, M annng fixMn kinetic reactions, and Sds is equal and 
opposite to the rate of change of the moment of momentum about 

L. IL 8 
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the axis z of the element between two normal sections distant dSy 
and this is p<ol(?d8d^Pldt\ The curvatures /c, X and the couples G'l^ 
G^a vanish, while H=Cd^/ds; so that Ni and N^ vanish, and the 
third of equations (10) of art. 234 becomes equation (17) of 
art. 264, viz. 

(3) For the flexural vibrations we may suppose /c, r and e 
to vanish. Then H and Gi vanish, and there are no couples i, N. 
The couple Mds is equal and opposite to the rate of change of the 
moment of momentum about the axis y of the element between 

two normal sections distant ds, and this is pwk^da ^ ( o~) • ^^^ 

couple Gi is E(oki^d^ulds^, and thus the second of equations (10) 
of art. 234 becomes 

E.k.'^+N.=^p.k.^^^ (32). 

Observing that such products as N^K are of the second order 
in u, we see that the equations (8) of art. 234 can be reduced to 

-df-P'^d^ (^^> 

by substituting for — Xds, the quantity ptodsd^/dt^, which is the 
rate of change of the momentum parallel to x of the element 
between two normal sections distant ds. 

Eliminating Ni from the equations (32) and (33) we obtain 

which is the same as equation (19) of art. 265. 

Equation (20) can be deduced by neglecting the rotatory inertia 
or rejecting the right-hand member of equation (32), and in like 
manner equation (21) may be obtained by supposing X, t and e to 
vanish. 

It is worth while to remark that, if rotatory inertia be rejected, 
we have for the resultant shearing-stress Ni at any section 

iVi = - ^ Eeoki^ ^S r^ ~ ^ (flexural couple). . . . (34). 

This equation holds equally for equilibrium and for small 
motions. 
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268. Vibrations of a circular cylinder^ 

The theory just given, being derived from Kirchhoffs theory of 
thin rods, is confessedly a first approximation; and it is interesting 
to see, in a particular case, how the same results may be deduced 
from the general equations of small vibration of elastic solids. 
For this purpose we shall consider the theory of the free 
vibrations of an isotropic circular cylinder, whose radius will not 
at first be supposed small. 

Referring to cylindrical coordinates r, 0, z the differential 
equations of small vibration in terms of displacements u, t;, w 
along the radius, the circular section, and the generator through 
any point are, (l. p. 217,) 






+^i-'. 



dh) 



laA 






m. 



dt 



rd0 



dz 



dr' 



y...(36). 



in which 



9°«' /% j^ o \ 3^ 2/* a , . ^ 2/taw, 



. _ 1 3 (ru) Idv dw \ 
r dr rdd dz ' 

a _1 fdw d(rv)\ 



a 3w 3w 

l/a(rt;) du^ 

and ^1, ^s, ^s satisfy the identical relation 

dr dO dz 



(36), 



.(37). 



1 Pochhammer, 'XJeber die Fortpflanzungsgeschwindigkeit kleiner Sohwing-^ 
angen in einem unbegrenzten isotropen Ereiscylinder *. Crelle-Borohardt, lxxxz^ 
1876. 

8—2 
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The stresses across a cylindrical surfftce r = const, are 
rr^>A + 2^^. ^=^|-g-g + r^yf . ,.=^^_ + _j...(S8). 

and at the cylindrical boundary we shall suppose these to vanish. 

The conditions at the ends of the cylinder will not be supposed 
given, but we shall investigate certain modes of vibration and 
the conditions that must hold in order that these vibrations may 
be executed. 

The modes of vibration in question are those in which (as 
Amotions of z, 9 and t) u, v and w are proportional to an ex- 
ponential e^^fi^'^r'-^p*), where 13 is zero or an integer, p a real 
constant, and 7 a real or imaginary constant. We write 

and classify the vibrations according to the values assigned to /3. 

269. Torsional Vibrations ^ 

Supposing first that )8 = 0, or that u, v, w are independent of 
6, the second of the differential equations (35) reduces to 



or 



^^V^-A^--^-'^- 



The solution of this for space containing the axis (r = 0) is 

where k^ = pp^/fi-y^ (40), 

Ji denotes Bessers function of order unity, and J. is an arbitrary 
constant. 

Now it is clear that all the differential equations of vibration 
will be satisfied by the solution 

1^ = 0, w = 0, v = AJi (/cr) e^iy*+p*), 

where the constants k, y, p are connected by equation (40). 

^ Cf. z. p. 147, footnote. 
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If c be the radius of the cylinder the conditions at the cylin- 
drical boundary reduce to 



d (Ji(fcc) 



= 0, 



dc\ c 
which is satisfied by /c = 0, or 

7 = ±;>\/(f>//^) (41). 

Since ^ = 0, we must reduce the Bessel's function to its first 
term r. 

This solution gives us the torsional vibrations of a circular 
cylinder, and the velocity of propagation of torsional waves is 

The stress across a normal section z = const, at any point has 
components » = 0, tr = 0, and 

li = ft ^ = fit/yAr& <y»+^«). 

The ends can be free if Ai^y* vanish at both ends. Thus for 
a fi:ee-free rod of length I we have the solution given by the 
ordinary theory, viz. we have 

where n is an integer, and z is measured ftoia one end. 

270. Eztensional Vibrations. 

In the next place suppose v vanishes, but u and w do not 
vanish, /8 being zero as before. The second of the differential 
equations (35) is satisfied identically, and the first two become 

From these by differentiation we form the equations 

a^isTj 1 a-BTj -BJa ?hsT^ p dhsr^ 
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and, by substituting — 7* for 9'/3«', and —j^ for ^jd^, we find that 
w, is proportional to «/i («r), where k is given by (40), and A is 
proportional to J„ (x'r) where 

K'' = pP'/{\ + 2fi)-i' (43). 

To satisfy the equations 






gt (y»+pt)^ 



we take 



U=A^J, (/e'r) + BriJ, («r). 



W 



= t I ^7/. {k't) + -^ ^ |»'«A ('«-)U 



...(44); 



and we find 



A = -^/,(«V) 



/»p» 



\ + 2^' 



2«r, = t57i («r) -^ . 
The conditions at the cylindrical boundary become 

27^1; J.(*'r) + £|7'^.(«r)+ |; [Jl {rJ.(/«.)}]} = 0, 

when r = c. 

From these, on eliminating A and £, we find the equation for 
the frequency 

-4/*7'^/i(*c)^J.(*c) = (45). 

in which we have used the difiFerential equation for J^ (/cr). 



Now writing 
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we shall find that c is a factor, and, on removing this factor and 
leaving out all terms containing c, we obtain ultimately 

p^ _fi SX+2fi 

Hence jp = 7 V(^//>) (46), 

where E is Young's modulus. This gives the same rate of propa- 
gation as that found for extensional waves in art. 263. 

If terms in c^ be retained it will be found that, to a second 
approximation, 



p^y^(E/p)(l-^) (47), 



where a is Poisson's ratio iX/(X + fi). 

This result was first given by Prof Pochhammer in CreUe- 
Borchardt, Lxxxi. 1876, and afterwards apparently independently 
by Mr Chree in the Quarterly Journal, 1886. The latter writer 
has generalised it ^ for any form of section, and for an aeolotropic 
rod whose elastic central-line is an axis of material symmetry, 
shewing that the constants we have here called p and 7 are 
■connected by the relation 

p = y^(Elp){l^ia^rf^ (48), 

where a is the Poisson's ratio of the material for extension in the 
direction of the axis of the rod, and k is the radius of gyration of 
the normal section about this axis. 

271. Terminal conditions. 

The solution just obtained is the exact solution for extensional 
vibrations of a circular cylinder, and it shews that when these 
vibrations are being executed there is lateral motion of every 
element of the cylinder not initially upon its axis, and the lateral 
displacement at a distance r from the axis is, in a very thin 
cylinder, proportional to r. 

To find the conditions that obtain at the ends we form the 

^ *0n the longitadinal vibrations of SBolotropio bars....' Quarterly J<mmaX^ 
1S90. 



9Z 



er 



U 



W 



(49) 
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expressions for the stresses u, i^, S^ across a normal section. The 
stress ? vanishes, and the other two are 

= [|-^J.(^V)|j^'^^+2M7'}-2M7^|:[r/.(*r)]}] e^iy*'>% 

= 2;*[7^ p,(K'r) + B\i'J,(.cr) + |; |^l|.|rJ,(*r)}]}]6'(T«+^« 

Suppose I is the length of the rod, and z is measured from one 
end, then for a rod free at both ends we have to replace &y by 
sin mrz/l, where n is an integer. The solution will become real if 
A and B be pure imaginaries, and the real part be retained. 
Thus v=0, and 

= Lin ^ t/o (fCnV) + ^ BnJi (/CnV) sin ^ COSipJ + e), 

= ^ AnJo (fcn'r) + y ^ {rJi {Knv)} COS ^cos(pn^+e) 

are equations expressing a possible mode of free vibration of a 
cylinder of length I and radius c with both ends free, provided pn 
is a certain function of mr/l, \ fi, p, and c determined by a 
transcendental equation, while 

<'=^p^plfi-n^^/f, and /Cn ' =jpV/(X + 2/t) - wV/P, 

and further An : £» is a determinate ratio depending on c. When 
c is small such modes are ultimately identical with the "exten- 
sional " modes of a thin rod. 

272. Flexural Vibrations. 

The modes of vibration of the cylinder that correspond ta 
flexural vibrations of a thin rod are more diflBcult of investigation, 
but they can be included among the modes under discussion by 
taking ^ = 1. We suppose then that 

vrrre'C^+y'+pO F, [ (50), 

and seek to determine IT, F, TT as functions of r. 

By differentiation of the equations (35) we obtain the differ- 
ential equation for A 

[Cf. I. p. 310, equation (5).] 
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Since A is proportional to e^(^+y'^+p*) this equation becomes 

which shews that A is proportional to Ji (/cV), /c' being the 
quantity defined by equation (43). 

Now, eliminating A from the differential equations (35), we 
find 

fi dt^ r d0\r ar ^^'"^'^J ^ r^ dS" '^ dz^ dr[dz)' 

/It 3^3 rBrV a^r/ "^'r ar V Br / "*"r B^U ad/ ra^U^/, 

(53). 

From the second of these we can eliminate Wi and Wj by meana 
of the identity (37), and we find 

pa«^,__i a^/ a^,\ lav, a^tir, 

fi dt' "rdrK drj'^r^ a^ "^ 37* ^ ^' 

Eliminating w^ from the first of (53) by means of the same 
identity we find 

pavi_2ai!r3 la f a . xK lav^ a^cri 

M a^~r"aJ"^^a^ra^^'^^^r;^"ag«+"a^'-- ^^^^• 

Now, remembering that -bjj is proportional to eM«+y«+pO^ ^e 
easily find from (54) that it is also proportional to Ji (/cr), where 
K is given by (40). Let us take 

2t!r, = - tic^O/; (Ar)e*<«+>«+i'«) (56). 

To satisfy equation (55), in which Wi is proportional to 
^{9+yt+pt)^ we have to take a complementary ftinction, which 
satisfies the same equation when 'sr, is omitted, and any particular 
integral. It can be easily verified that, with the above value of 

-Bjj, one particular integral is given by 2wi^Cy — ^ — -, while 

the complementary function is proportional to - Ji (fcr\ 

r 

We have now the forms of A, Wi and -cr, expressed in terms 
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of Bessel's functions. To satisfy the equations connecting u, v, 
and w with A, crj, and «j, we assume 

F=» l-J,(«r)+— '/, («r) + (7^/,(irr)J, [ 

W = t {AfJ^ («'r) - B^Jr («•)] 
and it is easy to verify that 

26r, = - u^Ji («ry<»+T+»*), j. . . . (58). 

The conditions at the cylindrical boundary are 






(69) 



when r= c. These are linear in A, B, C, and if we eliminate 
A, B, C we shall obtain an equation connecting p, 7, p, X, /i. 
This is the frequency-equation. 

The general frequency-equation is very complicated, but if we 
suppose c small, and substitute for the Bessel's functions their 
expressions in series of ascending powers of c, and in the equation 
keep only the lowest powers of c, we shall find that p and c are 
&ctor8, and, on removing them, the equation can be reduced to 

P'^l^p^ (60), 

where E is Young's modulus fi (3\ -I- 2fjL)l(\ + /a). 

It follows that each of the displacements satisfies an equation 
of the form 



4 p dz^ dt*' 



(61), 
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80 that the vibrations in question are ultimately identical with 
those considered in art. 265. 

The above is the exact solution for those modes of vibration of 
a circular cylinder which approximate to the flexural vibrations 
usually considered in the case of a rod supposed very long and 
thin. It appears on inspection of the formulae that the lateral 
displacement is accompanied by a displacement parallel to the 
axis at all points not initially on the axis of the cylinder. 

273. Terminal conditions. 

The discussion of the boundary-conditions at the ends of the 
cylinder is more difficult than in the preceding cases, and it is 
convenient to change to a real quantity in place of 47. We have 
found that approximately 

and, if we call the real positive fourth root of this quantity m/l, we 
can verify that there exists a solution of the form 

= [^ 1^ J,(AV)+£^|: J,(Ar)+^/.(Ar)] 6-/'^^ cos (pt + e), 
t;= ^A ^/i(AV)+5^i J,(Ar)+(7|./,(Ar)] 6-/^^ 0cos(pt + €\y 

ti;= I A jJ,(h'r)^BhV,(hr)\ e"«/'®^^^cos(p^ + e) 

(62), 

where A« = p^p/fi + m^/l\ and h'^ = P'p/i^ + 2/t) + m*/lK . .(63), 

and the ratios o{ A : B : C are determinate from the boundary- 
conditions that hold at the curved surface of the cylinder. 

There exist like solutions in e"^^^, the sign of m/l being 
changed throughout. 

There also exist solutions in simple harmonic Amotions of 
mz/L Of these one can be obtained from the above by writing 
cos mz/l instead of e^^^ in u and v, and — sin mz/l in w, and at the 
same time putting k^ and k* in place of h^ and h\ The other 
will be obtained by writing sin mz/l instead of e"^^^ in u and v, and 
cos mz/l in w, and at the same time putting fc^ and /c'^ in place of 
h^ and h\ 



u 
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Taking the case where both ends are free we have 



(64) 



dz^rdd ■" ' 

du dw _^ 
dz dr 
at 2^ = and at ^ = 2. 

It is not generally possible to satisfy these six conditions by 
any linear combination of the four forms of solution obtained, in 
other words, the solutions do not give a system of normal func- 
tions for free vibrations of a cylinder of finite thickness and finite 
length; but when the cylinder is very thin the third of these 
conditions is approximately satisfied by each of the form& It is 
in £Eict identically satisfied when r = c; and^ c being supposed 
small, the condition P = when r = c gives rise to equations of 
the form 

2Ayh' + B(h'^+rf) h + C-fh + [terms involving c»] = 0; 

80 that, if the terms involving c* be rejected, the stress P is 
identically zero at all points of the cylinder. 

If we simplify the boundary-conditions (64) by omitting the 
last of them, P = 0, the remaining four give rise to four relations 
connecting the four arbitrary constants and containing ^, e"^, 
sin m and cos m, and on elimination of the constants we should 
obtain an equation to determine m. The work would be very 
complicated, and, after what we have said about the normal 
functions and period equation for flexural vibrations of a thin rod, 
it is not worth while to go through it. But it is important to 
notice that the boundary-conditions at free ends cannot be satisfied 
exactly in the case of these modes as they can in the torsional and 
extensional modes. 

We might investigate other modes of vibration possible in an 
infinite cylinder by putting /3 = 2, 3, ... and supposing 7 real, but 
they would have no reference to thin vibrating rods under ordinarj^ 
conditions. 
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274. The term " resilience " was introduced into Physics by 
Thomas Young ^ with the definition: — "The action which resists 
pressure is called strength, and that which resists impulse may 
properly be termed resilience... The resilience of a body is 
jointly proportional to its strength and its toughness, and is 
"measured by the product of the mass and the square of the 
" velocity of a body capable of breaking it, or of the mass and the 
^' height from which it must fall in order to acquire that velocity ; 
while the strength is merely measured by the greatest pressure 
which it can support". The word has been variously used for 
the work done in producing rupture, the potential energy of the 
greatest strain of a given type possible within the elastic limits, 
and to express a certain property of matter. It is in the last of 
these senses that we shall use it. We may regard Young's 
definition as asking a question : —What is the strain produced by 
a given body striking a given body in a given manner at a given 
point with a given velocity ? — and we may generalise the question, 
and enquire what is the strain produced in a given body when 
small internal relative motions are set up in it by the action of 
given forces, or by the impact or sudden attachment of other given 
bodies? 

The property of matter which we term resilience depends on 
the same circumstances as that which French writers call resist' 
ance vive or dynamical resistance, and its meaning can be best 

^ A Course of Lectures on Natural Philosophy and the Mechanical Arts, vol. i. 
p. 143. London, 1807. 
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brought out by comparing that of statical resistance. A given 
elastic solid in equilibrium under a given load is in a certain state 
of strain. But, if the same load were applied to the same solid in 
any other state, motion would be set up, and a different strain 
would be produced. Some extreme cases have been considered in 
L art. 80, where it was shewn that sudden applications and sudden 
reversals of load are attended by strains generally much in excess 
of the statical strains. The resistance of the solid to strain 
produced by a given load is correspondingly diminished. 

We can now give as a general definition: — Resilience is a 
property of matter in virtue of which the strain produced in a 
body depends on the motions set up in the body and on the motion 
of the apparatus applying the load. 

The theory of the vibrations of thin rods or bars has put us in 
possession of a description of certain possible modes of small motion 
of elastic bodies which admit of simple discussion, and we shall 
proceed to consider some elementary examples in which the 
resilience of bars comes into play. One of these, viz. the problem 
of the longitudinal impact of two bars, will lead us to the 
discussion of theories of impact. The subjects of impact and 
resilience are connected, but resilience is important in many 
cases in which there is no impulsive action. To adopt the ordinary 
terminology of Rational Mechanics it has to do with 'initial 
motions' and 'small oscillations' as well as with 'impulses'. 

276. Bar struck longitudinally^ one terminal fixed ^ 

We shall consider in the first place a bar fixed at one end and 
firee at the other, and we shall suppose that a body of mass M 
moving in the line of the bar with velocity V strikes it at its free 
end. The impulse tends to produce compression in the bar, and 
the motion produced must be in accordance with the differential 
equation of extensional vibrations. 

Let the origin be at the free end of the unstrained bar, let the 
axis z be along the central line of the bar, and let I be the length 
and a> the cross-section of the bar, p the density and E the 
Young's modulus of the material, and let w be the displacement 

^ Bonssinesq, Applications dee Potentiels...; also Saint- Venant, 'Annotated 
Glebflcb \ Note finale <2u §60 and Changements et Additiont,uid Pearson's £2a«Cical 
Reiearehes ofBarrS de Saint-Venant, arts. 339 — 341 and 401 — 407. 
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of any point on the elastic central-line in the direction of the axis 
z ; then the motion of the bar is governed by the equation 

^"ai^=^a^« ^^>- 

\i E^ a'/o, so that a is the velocity of propagation of exten- 
sional waves, the general solution of the equation may be written 

w^fiat - z) -\-Fiat-Y z) (2), 

where /and F denote arbitrary functions. 

The bar being fixed at ^r = { we have 

for all values of t. Hence for any argument f 

^(D = -/(? - 20 

and the equation (2) therefore becomes 

^=/(a^-2r)-/(a* + £:-20 (3). 

So long as the body M and the end of the bar remain in 
contact the pressure between them is — (Ehwfdz\^^^ and the 
acceleration of the body is [9^/9^*l-o> so that the equation of 
motion of the body is 



[-^L.-[SL <*)• 



and this is the terminal condition at £: = 0. 
This condition is 

r (at) -r («* - 20 = £, [-/ (at) ^f\at - 2^]. 

Since E is a^p, the multiplier EwjMa^ on the right becomes 
Ijmly where m is the ratio (mass of striking body) : (mass of rod), 
and the condition becomes 

To integrate this equation we must introduce the conditions 
that hold when ^ = or has a negative value. 

If t be negative and l>z>0,w, dw/dt, and dw/dz are all zero, 
and we find that /(f) and /'(f) both vanish for all negative values 
of the argument f. 
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If < be zero/(f) vanishes, but/'(^ does not vanislL In feust 
dw/dt is zero for all values of z except z = 0, and {dw/dt)g^^ e-« = F, 
the velocity of the impinging body, since the element of the bar 
B,t z=^0 takes this velocity impulsively. 

Thus we have af (a^)t-o = V 

or /' (?)c^ = r/a, 

276. The Continuing Equation ^ 

Let us now integrate equation (5) and put when ^ = 
f{at)= F/a, and/(a^), /'(a*-2Z),/(a*-20 all zero; thus we 
have 

/' (at) + i-/(aO = ^+/'iat - 21) - ^f{<U - 21). 
In terms of an argument f this becomes 

If we suppose the right-hand member known this is a linear 
differential equation to determine /, and, on integrating it, we 
have 

fiO = e-«»^ fV/'"' [V/a +/'(?- 21) -fi^- 2l)lml] d? . ..(7), 

where the condition that / (f) vanishes with f has been intro- 
duced. Now in the integral on the right we can suppose/'(f — 2?) 
and/(f — 21) known. For when 2Z > f > they vanish, and thus 
/(5) and consequently/' (5) are determined for this interval. By 
integration we may then determine /(f) for the interval in which 
4i > f > 21, and /'(f) can be found by differentiation. Proceeding 
in this way the equation (7) enables us to determine the values of 
/ (5) and /' (f) in any interval (2n + 2)l> f > 2nl, when their 
values in the previous interval have been found. We call this 
equation the continuing equation^ 

1 The method of solution of problems on extensional vibrations in terms of 
disoontinnons fonctions consists generally of three steps, (1) the determination of 
the function for a certain range of values of the variable by means of the initial 
conditions, (2) the formation of a continuing equation for deducing the values of 
the function for other values of the variable, (3) the solution of the continuing 
equation. 

2 Equation promotrice of Saint- Venant. 
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From the continuing equation we find 
m 91 ^ f'^ n 



when2i>f>0 



2i>f>0 
whea il>^>2l 

f (n = Ze-il^ + r f 1 _ 2 ^:i^ e-(f-^)/m«; 
•^ a a \ «w / 

when6i>5'>4i 
/ (X) = mi ^ (1 - e-*"^ + mi^r-l+(l + 2 ^-^) e-'f-»"/"^ 1 



277. Circumstances of the impact. 

The impact terminates when the sign of (^wjdz)z^Q changes, for 
the body M is unable to exert a tension on the end ^r = 0. From 
this instant onwards the above solution ceases to hold, and the 
bar vibrates with one end fixed and the other firee. 

Now - idw/dz%^o =/' (at) +/' (a^ - 2Z) (8). 

When 21 > at >0 the second term vanishes, and the first is 

V 

_ g-^/mZ^ which does not change sign. Hence the impact cannot 

terminate before at = 21. 

The impact terminates in the interval 4!l> at > 21 if 

Ze-a<M h + /i « 2 --" ^^) ^1^ + e^/ml 

can vanish for a value t between 4Z/a and 2i/a. 

The value of t for which it vanishes is given by the equation 
L. II. 9 
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S = ^ + 2-H^- (9). 

and the condition that t < 4il/a gives 

2 + e-»'* < 4/m. 

It is easy to see that the equation 2 + e~^^=4ilm has a root 

lying between m = l and m = 2 and by calculation the root is 

found to be 

m= 1-7283. 

Hence if the ratio (mass of striking body) : (mass of rod) be 

< 1*7283 the impact terminates in the interval between ^=2Z/a 

and t = 4il/a, and the time at which it terminates is given by 

equation (9). 

When m < 1'7283 the velocity with which the body M rebounds 

is easily shewn to be 

If m be > 1*7283 the duration of impact must exceed 4Z/a. 
To find the condition that the impact terminates between t = 4Z/a 
and t = 62/a we have the equation 

at - 21 



+ e«/-+(l-2^^^)^/- = (10), 



of which the root at must be < 61, so that the extreme value of m 
is given by the equation 

The root can be shewn to be 

m= 4*1511. 

Hence if 4*1511 > m > 1*7283 the impact terminates in the 
interval between t = 4i/a and t = 6Z/a, and the time at which it 
terminates is given by equation (10). 

For further details the reader is referred to the authorities 
quoted on p. 126. 

It is proved inter alia that the maximum compression takes 
place at the fixed end^ and if m < 5 its value is 2 (1 + e~^^) V/a, 

^ This point can be at once established by observing that the compression at 
the fixed end is 2/ {at - 1) at time t. The compression at a point distant z from 
the end strack is / (at - z) +/ (at+z- 21), Whichever is the greater of these two 
terms the sum of them is less than twice the greater, and there wiU at some time 
exist at the fixed end a compression equal to twice the greater. 
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but if m > 5 the value is approximately (1 + is/m) Via. As equal 
extensions will take place after the end struck becomes free the 
limiting velocity consistent with safety, according to the theory of 
Poncelet and Saint- Venant (l. p. 107), will be given by the 

equations 

T 1 

^F=i^a-— — -^7- when m< 5 

T 1 

and <I>F = ^ a V t— when m > 5, 

E !•¥ \lm 

where T^ is the breaking tension for pull in the direction of the 
elastic central-line of the bar, and <I> is the factor of safety. 

If the problem were treated as a statical problem by the 
neglect of the inertia of the bar we should find the greatest strain 
equal to V^ ^/c^> so that the effect of this inertia is to diminish 
the limiting safe velocity. 

278. Bar struck longitudinally, terminals firee^ 

When the end z = l o{ the bar is free we take, to satisfy the 
terminal condition that dw/dz = when -? = Z for all values of t, 

w =f((it - z) +f(at + z -21) (11), 

and the terminal condition at -^ = corresponding to (5) becomes 

/" (a<) + ^^ /'(«<) = -[/"(«<- 20-^/' (a<-20]. 
As before we find 

leading to the continuing equation 

f(0 = e-i"^fjV/a-f'i^- 20+/(r- 20/mZ} efi"»^d?...(12). 

When 2Z > f > this gives 

f(t)'-rnl ^(1 - e-f/n /' (S) = ^ e-H«>' (13); 

when 4il>^>2l 

/(5) = mZ ^ (1 - e-il^) -ml^ -1+^1 + 2 ^~\ e-'f-^"/""^"] . 

?-2i\.-, 



/' (f) = - e-«»»i _ -1 ('i _ 2 ^—f) e-(f-»'»/'«i. 
•' ^*' a a V ml J 

' Boussinesq, loe. eit. 



9—2 
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When 21 > at > Owe find 

- (dw/dz)o = er^l"^ V/a, 
so that the impact does not terminate before t = 2l/a. 
When ^l>at>2lwe find 

When at = 21 this contains as a factor 1 — 26^^*^, which is negative, 
so that (dw/dz)o always changes sign when at = 21, and the impact 
always terminates after the time taken by an extensional wave to 
travel twice the length of the bar. 

The velocity of the mass M immediately before the termination 
of the impact is the value of 

a[f(at)+f(at-'2l)] 

when at = 21 (or rather is just less than 21), and the first term is to 
be found from (13) while the second term vanishes. Hence the 
velocity in question is Ve~^^^. Thus the mass M proceeds in the 
same direction with reduced velocity. 

The bar is now free and its state as regards compression and 
velocity are expressed by the equations 

dw V V \ 

dz a a ' 

_ = ]7"e-(2^-«)/wiz_^ yg-2/w« 
dt 

together with a~ ~ ^ when « = 0. 

This last gives rise to a new continuing equation 

-/'(««)+/'(«< -20 = 0, 

or /'(r)=/'(r-20 (16), 

which holds for all values of f. 

Now measuring t from the instant when the impact termi- 
nates we have from (14), when I >z>0, 

^f ( - z) +f (z - 21) = -[e-'lr^ - e-(a^-^)/*n^J, 

a 

f'{-z) +/' {z - 20 = - [e-^/™^ + r-(>'-«/'»r|. 

a 



,(14), 
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Hence when l>z>0 

f'(2-2l) = -er'"'^. 
Thus when -i>f>-2i 

f'{0 = ^tr'^^i-^ (16). 

and when 0>^> — l 

/'(r) = ?e<''+«/'»' (17), 

Cv 

and the continuing equation (15) will enable us to find the value 
of/' (f) as long as the solution continues to hold. 

The velocity of the end ^= at time t is 

« [/' («o +/' («^ - m 

or, by the continuing equation, 2af' {cU — 21), 

When l>at>0 this is 2Ve-^*f'^, 

when 2l>at>lit is 2 V&^f^. 

When at is increased by 21 the value of the velocity recura 

Now the velocity of the mass M after the termination of the 
impact has been found to be Ver^^^, while the velocity of the end 
^ = is never less than 2 Fe"^/*^, its value at time t = I /a. Hence 
after the impact the mass M has always a smaller velocity than 
the nearer end of the rod, and the two bodies never again impinge. 
It follows that the solution expressed by (16) and (17) and the 
continuing equation (15) continues to hold indefinitely. 

279. Bar suddenly loaded. 

The method of the preceding problems is also applicable to the 
case of an upright column supporting a weight. 

We shall suppose that a mass M is gently placed on the top of 
a straight vertical bar, so that initially no part of the system 
has any velocity and the initial compression in the bar is that 
produced by its own weight, and we shall suppose the lower end 
of the bar fixed. 
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Measuring z from the upper end of the bar, the diflFerential 
equation is 

ae^=^'a.«+^ <^^)' 

and if we put t(; = ^^r (Z» - -2«)/a» + w/ (19), 

vi satisfies the equation -^- = <**^2 > 

and to satisfy the condition at the fixed end, -^^ = Z, we have to take 

w' = ^(at-z)'-^(at-\-z-'lV) (20). 

The condition at the end ^ = is 

and, with the notation of the two preceding problems, this gives us 

r(r)+^^f(D=|+[f'(r-20-^^f(?-2o](2i), 

in which at has been replaced by f. 

As in art. 275 we can shew that ^' (f) and <^ (f) vanish for 
zero and negative values of f, and writing (21) in terms of an 
argument f and integrating we have 

Whence 
^ (0 = e-«^ j^ef/"- [l r + f (r - 20 -^^<K- 20] ^- ■ -(22). 

Hence when 2Z > f >0 we deduce 

\ (23). 

f (?) = |mi[l-e-</«"] 

We observe that when 2Z > f > 0, ^ (f) in this problem can be 
obtained from /(f) of art. 276 by writing g\a for F, also that the 
equation (21) can be obtained from (6) of art. 276 by the same 
substitution. We conclude that for all values of f, ^' (f ) can be 
deduced from/(5) of art. 276 by changing F into g\a. 

To determine the velocity or compression at any point of the 
bar at any time we require only to know ^' (f) and therefore these 
quantities are known by the solution of the problem in art. 276. 
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It must be noticed that the solution is not to be stopped when 
/' (at) +/' (at — 21) vanishes, but the method of art. 276 is to be 
continued indefinitely, as if in the problem there treated the 
mass M became attached to the extremity of the bar at the 
impact. 

It is worth while to remark that if the bar be fixed at its 
upper end z = l, and support a weight at its other end z = 0, 
which is suddenly, but not impulsively, attached to the bar, the 
solution will be the same except that the sign of g must be 
changed. 

280. Particular Cases. 

We proceed to give some arithmetical results in particular 
casei^. The limiting case of m infinite has been considered in 
I. art. 81, where it was remarked that if a weight be suddenly 
attached to a weightless elastic string the greatest subsequent 
extension is twice what it would be if the weight were applied 
gradually, and the like is true for compression in a massless bar 
whose lower end is fixed and upper end loaded. We shall consider 
the cases of m = 1, 2, 4, and it will be seen that the dynamical 
strain is in each case considerably greater than the statical, and 
the ratio for m = 4 is very nearly equal to 2. In each case it may 
be observed that, for all values of f, 0' (5) contains a factor rnlgja^. 
We shall give the values of the compression — (dw/dz), and the 
velocity (dw/dt), at the loaded end. These are found from the 
formulae 

and i (^) = </»' (at) - 4/ (at - 21), 

The value of the compression at the fixed end is lg/a^+2<f>\at''l), 
and the maximum of this is the greatest compression. The 
calculations become very tedious as a;t/l increases, and we shall 
content ourselves with giving the first maximum. 

When the bar has its upper end fixed the same calculations 
give us the extension at the loaded and fixed ends, and the velocity 
of the loaded end at any time not too great. 
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Case 1°. m = 1. 

All the values of (f>' (f ) contain Ig/a^ as a factor. If we denote by 

e, the value of -|(g)^_^. and by «. the value of |(|')^. so 

that e© is a definite multiple of the terminal compression, and Vo of 
the terminal velocity, we can find the following : — 

atll=-0 1 2 3 4 5 6 7 8 

eo = -632 -865 1-686 1*622 1-610 1203 -979 1-154 
t;o = -632 -865 422 -'107 --498 -311 -'132 -284 

The first maximum value of ^'(f) occurs when {/Z = 2*567, 
and this value is 1-136. Hence the greatest compression experi- 
enced at the fixed end before a^ = 8Z is 



| + 2|<^'{i(2-567)} = ^(3-273) 



and this strain occurs when at/l = 3*567. 

If the inertia of the bar were neglected, or the weight 
gradually applied, the greatest compression would be 2lg/a\ so 
that the first maximum compression exceeds the statical compres- 
sion in the ratio 1*63 : 1. 

In like manner for a bar supporting a weight equal to its own 
weight the greatest extension when the weight is suddenly 
attached is greater than that when the weight is gradually 
applied in the same ratio. 

Case 2^ m = 2. 

All the values of <^' (f) contain ilg/a^ as a factor. If we denote 

by e. the value of - ^ g')^_^ , and by v, that of ^^ (^)^^. we 

can find the following :— 

atll = 12 3 4 5 6 7 8 

«, = -393 -632 1-394 1600 1943 lo91 1198 -594 
», = -393 -632 -597 336 --038 -345 -706 -652 

The first maximum value of ^' (5) occurs when ^/l = 3*368, and 
this value is 1"019. Hence the greatest compression experienced 
at the fixed end before at = 8lw 
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|+2^f{K3-368)} = |(5-077). 

and this strain occurs when a^/Z = 4*368. 

The statical compression would be Slg/a^ so that the djmamical 
maximum strain exceeds the statical in the ratio 1*7 : 1 nearly. 

Case 3**. m = 4. 

All the values of </»' (5) contain Ug/a* as a factor. We find 
?/Z = 01 2 3 4 5 6 7 8 
^</>'(f) = -221 -393 -696 '845 1-017 '971 -912 -664 

The first maximum occurs when 5/Z = 5*296, and the corre- 
sponding value of <l>'(0 is 1*122. Hence the greatest compression 
experienced at the fixed end before at = 81 is 

|+2^f{Z (6-296)} = |(9-973). 

and this strain occurs when at/l = 6*296. 

In this case the djniamical strain exceeds the statical in the 
ratio 9*973 : 5 or 1*99 : 1. 

281. Iiongitudinal Impact of Bars^ 

Another problem that can be solved by the same kind of 
analysis is the famous problem of the longitudinal impact of 
two bars. 

We shall consider the case in which a bar of length li moving 
with velocity Vi overtakes a bar of length l^ (> li) moving with 
velocity V^iK Fj), and we shall suppose the bars of the same 
material and section. 

Suppose Zi is measured along the bar (1) and z^ along the bar 
(2) from the junction, and let Wi be the displacement of a point on 
the central-line of the bar (1) parallel to this line, and w^ that in 
the bar (2), measured in the same directions as Zi and ^s. The 
diflferential equations of motion of the two bars are 

^ Saint-Venant, Liouville's Journal, xn. 1867. In this memoir the bars daring 
the impact are treated as forming a single continuous bar, but this is unnecessary. 
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dp dz^ 

where a is the velocity of extensional waves in either bar. 
The conditions at time t = are that, in the bar (1) 



.(24), 



and, in the bar (2) 



dwi 

dt 

dw 



= -F„ 



= V„ 



dwi 



= 



(25), 



dWi 



= 



,(26). 



dt '' dz. 
The conditions at the free ends are that 

dwi/dzi = when Zi = liA 

dw2/dz2 = when z^^h ^ 
The conditions at the junction are that when Zi and Z2 vanish 



,(27). 



dWi . 9^2 _rv 9^1 9^/2 



dt "^ dt 



dzi dZi 



.(28). 



,(29). 



To satisfy the equations (24) and the conditions (27) we have 
to take 

Wi =f{at - z^) +f(at ^z^- 2Zi); 

Wa ^F{at- Z2) -^Fiat + Zi- 2I2) j 

The conditions at time ^ = give us 
when k >^i > -f(-^i) +/' (-^i- 2^) = 0, 

/'(-^i)+/'(^i-2?0 = -F,/a, 
and when Z2>^2>0 - ^' ( - ^j) + F' (z^ - 2Z2) = 0, 

^'(-^2) + ^'(^2 -2^2)= Fa/a. 
From these we have, in terms of an argument f, 

when > ? > - 2Zi /' (f) = - 1 ^iK 
when 0>f>-2Z2 FiO^^V^/a 

The conditions (28) at the junction give us 

/' (at) +f (at - 2/0 + F' (at) + F' (at - 2Z2) = 0, 

-/' («0 +/' (a^ - 2Z0 + F' (at) - F' (at - 2^2) = ; 

and from these we have the continuing equations 

^'(o=-/'(r-2ix)j 



,(30). 



(31). 



.(32), 
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The solution continues to hold so long as (dwi/dzi)g^^o and 
(^w^jdz^Zi^Q ar® l>oth negative. 

Now until at = 2Zi 

{dwildz^)g^^o = (aW3^2k=o = - i( 1^1 - ^a)/a. 
When at > 21^ (dwjdzi)^^ =o = 0, 
however little at may exceed 2Zi. 

Hence the impact terminates at the instant t = 2li/a, 

Both bars are now free, the impinging bar (1) being free from 
compression throughout and having the uniform velocity Fg. The 
state of the longer bar (2) is given by 

^^ = ~ ^' (21, - ^.) + r {2k + ^. - 2Z,), 

^ = a [-F' (2Zx - z,) + J?^' (2?, + ^, - 2Z,)] 

and dWi/dzz'^O when 2^2 = and when -^^a^^a- 

The form of the solution is dififerent according as 21, is < or > Zj. 

(a) When 21, < I2, measuring time from the instant of the 
termination of the impact, we may write 

Wi=<f>(at — Z2) + <f)(at + Z2— 2I2) (33); 

and, since dw^/dz^ vanishes with z^, 

f(?) = <^'(r-2«,) (34). 

The initial conditions (32) give us when 21, >Z2>0 

f(-^«) + <A'(^2-2Z2) = i(F,+ F0/a; 
and when 12>Z2> 2li 

-f (-^a) + f (2r2-2Z2) = 0, 

4/{-z,)-{-4/{z,^2k)^V,la, 

Hence when 0>?>-2Zi f((D = 4^iM) ,«.x 

and when -2?i>f>-2Z2 </»'(0 = il^a/a j ^ '^' 

The velocity of the end 2^3 = is a [0' (a<) + </>' (a^ — 2Z2)] or 
2a^' (at — 2Z2) and when < = this is Fa. Thus, immediately after 
the impact terminates, this end moves with velocity Fa, and the 
ends of the two bars remain in contact with no pressure between 
them. The velocity remains unaltered until at = 2 (k — Zi), when it 
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suddenly changes to Vi. Hence the bars separate after a time 
2 (Za — li)/a from the instant when the impact ceases, or after a time 
2h/a from the beginning of the impact. 

(13) When 2ii > i, we may write 

w^==y^(at-'JSi)+y^(at + Z2-2l^) (36), 

and ^'(5) = t:(?-2Z,) (37); 

and the initial conditions give us, when 2 (ij — ^) > ^j > 0, 

-^'(-^,) + ^'(^^-.2Za) = -i(F,-Fa)/a, 

and, when Zj > ^Tj > 2 (ia - k), 

-^'(--^2) + t'(^3-2Z,) = 0, 

^' (- ^2) + ^' (^2 - 2Za) = V,/a. 
Hence when 0>^>-2l^ ^'(0 = iFx/a,1 . . 

and when -2Zi>?>-2Za ^'(?) = i^2/aj 

The velocity of the end Z2 — O is as before 2ayjr' (at — 2Z3), and 
this is at first equal to Fg ; so that the ends of the bars remain in 
contact without pressure. After a time 2 (Zg — li)/(i from the 
instant when the ends become free the velocity changes to Fi, 
and the bars separate. 

282. Physical Solution. 

This problem can be solved sjmthetically as follows : — 

When the two bars impinge the ends at the junction move 
with a common velocity i ( Fj + Fa), and a compression ^(Vi— V^ja 
is produced. Waves of compression run from the junction along 
both bars, and each element of either bar as the wave passes over 
it takes suddenly the velocity i(Fi+ Fa) and the compression 
i ( Fi — F2)/a. When the wave reaches the free end of the shorter 
bar it is reflected as a wave of extension ; each element of the bar 
as the wave passes over it takes suddenly the velocity which 
initially belonged to the longer bar and zero extension. After a 
time equal to twice that required by a wave of compression to 
travel over the shorter bar, this bar has uniform velocity, equal to 
that which originally belonged to the longer bar, and no strain. 
The impact now ceases and there is in the longer bar a wave of 
compression of length equal to twice that of the shorter bar. The 
wave at this instant leaves the junction, and the junction end of 
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the longer bar takes a velocity equal to that which it had before 
the impact. The ends therefore remain in contact without 
pressure. This state of things continues until the wave returns 
reflected from the further end of the longer bar. When the time 
from the beginning of the impact is equal to twice that required 
by a wave of compression to travel over the longer bar, the 
junction end of the latter acquires suddenly a velocity equal to 
that originally possessed by the shorter bar, and the bars separate. 
The shorter bar rebounds without strain and with the velocity 
of the longer, and the longer bar rebounds vibrating. Thus unless 
the bars be of equal length the theory shews that some of the 
energy will always be stored in the form of potential energy of 
strain in the longer bar, i,e. there is an apparent loss of kinetic 
energy. The amount of kinetic energy of the motions of the 
centres of inertia destroyed in the impact can be shewn to be 



is^rk^-S)*^-"-)' 



where mi is the mass of the shorter, and m^ of the longer bar, 
while the relative velocity of the centres of inertia after impact 
has to that before impact the ratio — rrii : mg. 

According to the ordinary theory of impact the ratio ought to 
be independent of the masses of the impinging bodies, and it is 
therefore clear that there is a discrepancy between the ordinary 
theory and that obtained by treating the bars as perfectly elastic 
and supposing them thrown into extensional vibrations by the 
impact. 

283. Bars of different material8\ 

When the bars are of diflferent materials, the problem can be 
solved in the same synthetic manner. 

Let Vi, Vfi be the velocities, Zi, l^ the lengths, and roi, m^ the 
masses of the bars, and let Ui, a^ be the velocities of propagation 
of extensional waves along them. Suppose the bar (1) to impinge 
on the bar (2). The ends at the junction after impact move with 
the same velocity U and waves of compression travel along the 
bars. After a very short time t lengths OiT, a^r will be moving 
with the velocity U and the equation of constancy of momentum 
gives us 

^ Saint- Venant, loc. ciU 
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TWj , TWa \ J.J, nil 17- . ^ TT 

■j-OiT-h ,- aaTJ (7=y- aiTFi^-T-OaTFa, 

or fr = (Fi + rF,)/(l + r) (39), 

where r = liaim^/hchVh (4jO). 

Each element of the bar (1) as the wave passes over it takes 
suddenly the velocity U and the compression (Fi— U)/(ii, and 
each element of the bar (2) as the wave passes over it takes the 
velocity JJ and the compression (U— V^ja^. When the wave 
reaches the free end of either bar it is reflected as a wave of 
extension. We shall suppose that the wave first reaches the free 
end of the bar (1) or that lijoi < l^ja^^ Each element of the bar 
(1) as the reflected wave passes over it takes suddenly the velocity 
2E7'— Fi and becomes free from compression or extension. After 
a time ^lyjdi from the beginning of the impact the reflected wave 
arrives at the junction and the bar (1) is unstrained and has 
velocity Fg — (Fi— F2)(r — l)/(r + 1) throughout. At the same 
instant the junction end of the bar (2) becomes free and this end 
acquires velocity Fj. The bars separate, and the impact termi- 
nates, at this instant if r > 1, i.e. if a^Tn^jh > (h'^/h* This condition 
expresses that the bar which the extensional waves traverse in the 
shorter time is also that in which the smaller mass is set in motion 
by a disturbance in a given time. 

When this condition is fulfilled the bar (1) rebounds without 
strain and the bar (2) rebounds vibrating. The velocities of the 
centres of inertia of the bars (1) and (2) are 

respectively, and the duration of impact is 2ii/ai. 

When the condition above specified is not fulfilled, but r < 1, 
the velocity of the junction end of the bar (1) immediately after 
the return of the reflected wave exceeds that of the junction end 
of the bar (2) and the impact recommences. A second wave is set 
up in each bar, and the formulae are the same except that the 
velocity Vi is to be replaced by F2 + (Fi— F2)(l — r)/(l +r), 
which was the velocity of the bar (1) immediately before the 
second impact. If the second wave returns reflected from the 
free end of the bar (1) before the first wave returns reflected 
from the free end of the bar (2), ie, if 21^1 ai < IJa^, the bar (1) 



283] IMPACT OF BARS. 143 

will at time Uijdi be unstrained and moving with velocity 

F, + (F/-F,)(l-r)/(l + r), 

where F/ = Fa + (Fl - Fa) (1 - r)/(l + r), Le. the velocity of the bar 
<1) is F2 + (Fi-Fa)(l-r)V(l + r)«. The same process takes 
place after every return of the wave from the free end of the 
bar (1), and if n be the greatest integer in l^/liOz, so that 
nli/oi < IJa^ < (ri + 1) ij/oi, the velocity of the junction end of the 
bar (1) will be reduced to F2 + (F, - F3) (1 - r)'»/(l + r)» at the 
end of the time 2nli/ai, 

Now at time t where 2^2/^2 >t> 2nli/ai the velocity of the 
junction end of either bar is f7„, where 

or Un^V, + (V, - Fa) (1 - r)V(l + r)«+^ (41), 

and the compression in the bar (1) at the junction end is 

F.-F, (l-r)" 

a, "^(l + r)*^' ^*^^' 

while the compression in the bar (2) at the junction end is 

When t = 2ia/a2 the first wave in the bar (2) returns reflected 
from the free end. The compression of each element as the wave 
passes over it is diminished hy (U— V^ja^, so that at the instant 
t = 2ltla2 the compression at the junction end of the bar (2) 
becomes 

<hO-+r)l (l+r)»J ^**^' 

while the same end takes the velocity Un + {U—V^ or 

y-^^'h'^ <«>■ 

The ends therefore become free and tend to separate. The 
velocity of the junction end of the bar (2) immediately after this 
instant is 

F, + 2 






which is found by subtracting the expression (44) multiplied by 
ag from the expression (45). The velocity of the junction end of 
the bar (1) at the same instant is 
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F, + (F,-F.)(l-r)«/(l+r)« 

which is found by adding the expression (42) multiplied by Oi to 
the expression (41). 

Since 2/(1 + r) > (1 - r)«/(l + r)« 

we see that the bars separate. 

The velocity of the centre of inertia of the bar (1) after 
separation is found by observing that a length 21^1 a^ — 27iZi ^ 
of it has velocity Un given by (41), and the rest of it has velocity 
F, + (Fi - Fa) (1 - rYI{\ + r)\ The velocities of the centres of 
inertia are therefore for the bar (1) 

„..7, + (F.-F.)<(i^^[l-lf;(|^-»)]...(4«), 
and for the bar (2) 

f,= F, + ^(F,-t>.) (47). 

In this case both bars rebound vibrating and the duration of 
impact is H^ja^. 

We observe that by putting r = 1 the results in this problem 
reduce to those in the case of like materials previously investig- 
ated. In all cases the duration of impact is twice the time 
taken by an extensional wave to travel over one of the bars. This 
does not accord with the results of Hamburger's experiments*, 
according to which the duration of impact should be something 
like five times as great and should diminish slightly as the relative 
velocity before impact increases. 

284. Theories of Impact. 

The ordinary theory of impact founded by Newton divides 
bodies into two classes, "perfectly elastic" and "imperfectly 
elastic". In the impact of the former there is no loss of 
energy, while in the impact of the latter the amount of kinetic 
energy of the motions of the centres of inertia which disappears 
is the product of the harmonic mean of the masses, the square of 
the relative velocity before impact, and a coeflScient depending 
on the materials of the impinging bodies. 

^ We have taken the case where this is <^, but the same results hold in the 
other case. 

^ Wiedemann's Annalen^ xxyiu. 1S86. 
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When two bodies impinge and mutually compress each other 
before separating it is clear that small relative motions will be set 
up in the parts near the surfaces that become common to the two 
bodies. Saint- Venant's theory takes account of these motions in 
the case of two bars impinging longitudinally, and it is a con- 
sequence of the theory that bodies which are in the ordinary sense 
perfectly elastic will not be so in the Newtonian sense. Other 
results of the theory are that the duration of impact is com- 
parable with the gravest period of free vibration involving local 
compression at the impinging ends, and that the Newtonian 
"coefficient of restitution" depends upon the masses of the 
bodies. 

Series of careful experiments on hard elastic bodies have been 
made with the view of deciding between the two theories. The 
results indicated wide dififerences from Saint- Venant's theory both 
as regards the coefficient of restitution and the duration of impact, 
while the velocities of the bodies after impact were found to be 
more nearly in accordance with the Newtonian theory of the im- 
pact of " perfectly elastic " bodies. 

The following tables give some of the results of Prof. Voigt's* 
experiments on the longitudinal impact of bars of hard steel 
compared with the results of the Newtonian (perfectly elastic) 
and Saint- Venant's theories. The bars being of the same material 
and equal section and of lengths in the ratio 1 : 2, we denote by 
Vi and Va the velocities of the centres of inertia of the shorter and 
the longer after impact. The first table gives the results when 
the longer impinges on the shorter at rest, the second when the 
shorter impinges on the longer at rest. The number in the first 
column gives the velocity of the impinging bar before impact. 

Table I. 



V, 


Observed 


Newtonian 

• 


Saint-Venant 


20 


26-4 6-7 


26-7 6-7 


20 10 


40 


52-6 13-6 


53-3 13-3 


40 20 


80-2 


101-1 28-7 


106-7 26-7 


80-2 401 



^ Wiedemann's Annalerit xix. 1883. See also the aoooont given by F. Auerbach 
in Winkelmann's Handbuch der Physik (Breslau, 1891). Bd. i. pp. 300, 301. 

L. II. 10 
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Vi 


Observed 
t7i r, 


Newtonian 


Saint-Venant 


20 


- 6-4 13-2 


- 6-7 13-3 


10 


40 


- 12-2 26-2 


- 13-3 26-7 


SO 


80-4 


-21-6 51-4 


- 26-7 63-3 


40-2 



The explanation of the failure of Saint- Venant's theory must 
be sought in the supposition that it leaves out of account some 
essential circumstance. In the case of the " imperfectly elastic " 
bodies of the Newtonian theory, the consideration of the heat 
developed at the junction suggests that the energy apparently 
lost is really dissipated, i.e. converted into kinetic energy of 
molecular agitation, not into potential energy of strain and kinetic 
energy of relative molar motion of the parts of the impinging 
bodies. But in the cases where the amount of energy lost is 
actually very small, or the bodies are in the Newtonian sense 
almost perfectly elastic, it is more diflScult to account for the 
discrepancy. The consideration of the heat developed will not 
help us because the vibrations of Saint-Venant's theory have 
already absorbed too much of the kinetic energy. What we want 
is a theory which without assuming dissipation of energy will 
explain why these vibrations do not take place. 



285. Voigt'8 Theory. 

Prof Voigt^ suggested that the source of error is to be found 
in Saint-Venant's terminal conditions at the junction. In 
Mechanics it is for some purposes sufficiently exact to treat 
bodies as continuous and bounded by surfaces, but there are some 
phenomena that can only be interpreted by means of the concep- 
tion of bodies as congeries of molecules. In the theories of 
Capillarity and of Reflexion and Refraction of Polarized Light 
it is necessary to treat the parts of two media near their surface 
of separation as having different properties from the parts more 
remote. Instead of a separating surface we have to consider a 

^ Wiedemann's Annalen^ zxx., 1883. 
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separating film, within which there is a rapid, but not sudden, 
transition from the properties of the first to those of the second 
medium. Prof. Voigt's theory of impact assumes the existence 
between two impinging bodies of a thin separating film, and his 
object is to attribute such properties to the film as in extreme 
conditions will include the Newtonian and Saint-Venant's theories 
as particular cases. 

Consider the impact of two bars, and between the two at the 
junction let there be a separating film. Let I be the length of 
this film at the instant when the impact commences, and I — SI its 
length at any time t during the continuance of the impact, then 
Bl is the relative displacement towards each other of the ends of 
the two bars. The theory treats the film as a short massless 
elastic bar having a Young's modulus e, and a section eo. At 
time t this bar is uniformly compressed, and the pressure across 
any section of it is ecoBl/l, and this is equal to the pressure on 
either end of the bar. The impact terminates when Bl vanishes. 
If ea)/l be zero we have the Newtonian theory, and if etojl be 
infinite we have Saint-Venant's theory. 

If -2^1 and Wi be the position and displacement at any section of 
the first bar, and Za and Wi corresponding quantities for the second, 
the origins of z, and z, being at the junctions of the bars with the 
film, and the -s^s being measured towards the fi'ee ends, the ter- 
minal condition is that, when Zi = and z^ = 0, 

where Ei, E^ are the Young's moduluses, and ©1, ©2 the cross- 
sections of the two bars. 

In some particular cases the solution has been worked out 
analytically by V. Hausmaninger. He found that the duration of 
the impact would be a little greater on Voigt's than on Saint- 
Venant's hjrpothesis, but when the constant e was adapted so as to 
make the results agree nearly with the Newtonian theory the 
duration of impact was still much less than that indicated by 
experiment. We shall not devote any more space to the de- 
scription of this theory as it must be regarded as superseded by 
that which we shall next consider. The reader who wishes to 

10—2 
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pursue the subject is referred to the memoirs of Voigt and 
Hausmaninger in Wiedemann's Annalen, xix. and xxv. 

286. Hertz's Theory. 

We proceed to give an account of a quite different theory- 
propounded by H. Hertz\ This may be described as an " equi- 
librium theory" inasmuch as it takes no account of vibrations- 
set up in the bodies by the impact, but regards the compression 
at the junction as a local effect gradually produced and gradually 
subsiding. The theory is not adapted to the case of thin bars but 
to that of solids bounded by curved surfeces. In order that this 
theory may hold good it is necessary that the duration of the 
impact should be long compared with the gravest period of free 
vibration of either body which involves compression of the parts 
that come into contact. We shall see that as regards the motions 
of the centres of inertia of the two bodies the theory is in accord 
with Newton's, and in other respects it yields a satisfactory 
compaiison with experiment. 

Suppose that two bodies come into contact at certain points of 
them, and that the parts about these points are compressed, so 
that subsequently the contact is no longer confined to single 
points, but extends over a small finite area of the surface of each 
solid. Let us call this common surface the compressed surfdce^ 
and the curve that bounds it at any time the curve of pressure, 
and let the resultant pressure between the two bodies across the 
compressed surface be Pq. 

Let the surfaces of the two bodies in the neighbourhood of the 
point of contact, at the instant of the first contact, referred to the 
point of contact as origin be given by the equations 

z^ = A^a^ + B^y^ + 2Hayy, \ . 

. z,^A^ + B^^-2Hxy] ^^""^^ 

where the axes of z^ and z^ are directed along the normals to the 
two bodies drawn towards the inside of each, and the axes of x 
and y have been so chosen as to make the jff's the same. At the 
instant when the impact commences the distance between two 
corresponding points, one on each surface, which lie in the same 

^ *Ueber die Beruhrung fester elastisoher Eorper*. CreUe-Borohardt, xon. 1882. 



i;^'} (49), 
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plane through the common normal and at the same distance from 
it, is (ill + A3) a:^ + (Bi+ B^ y\ In this expression the coeflScients 
of a^ and ^ must have the same sign, and we choose the signs so 
as to make this expression positive. 

We write ili + ila = -4, 

B^ + B, 

and take a to be the relative displacement at any time of the two 
<5entres of inertia towards each other estimated in the direction of 
the common normal at the point of contact. Then the relative 
•displacement of the two corresponding points of the surfaces 
which come into contact is 

a-Aa^-By\ 

Consider a system of fixed axes of a?, y, z of which the axes of 
4r^ and y are parallel to those to which the! surfaces are referred. 
Let the plane -? = be the tangent plane at the point of contact 
at the instant when the impact commences, and let the axis z be 
directed towards the interior of the body (1). Also let i^, Vj, Wi 
be the displacements of any point of the body (1), and ti„ Vj, W2 
those of any point of the body (2), referred to these fixed axes ; 
then we have, when z = 0, and x and y are very small, 

w^-w^^oL-^Aa^ + By^) .^ (50). 

The theory we are going to explain assumes : — 

(a) That the problem is statical, or that the displacement at 
any time is that produced by the stress across the common surface 
at that time. 

(() That the common surface is always small and confined 
within a small closed curve, the curve ofpresswrey while the rest of 
the surfece of each body is fi^ee. 

(c) That within the curve of pressure the stress between the 
two bodies is in the direction of the common normal. 

With these assumptions the problem reduces to solving the 
equations of elastic equilibrium for an infinite solid bounded by 
the plane z=0 with the following conditions : — 

(a) The displacements vanish at infinity. 

(^) A small part of the bounding surface is subjected to 
purely normal pressure whose resultant is Pq, while the remainder 
is free from stress. 
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When this problem has been solved for each body wq have the 
two conditions :— 

(7) The normal stresses are equal at all points within the 
curve of pressure. 

(S) Inside the curve of pressure corresponding points are 
brought together or 

Wi—W2=a — Aa^ — By\ 
and outside the curve of pressure the surfaces do not cross so that 

Wi — W2>a — Aa^ — By\ 

287. The Statical Problem. 

The problem to be solved for each body (supposed isotropic) is 
a particular case of that which we have considered in i. ch. ix., 
arts. 160 sq. Assuming then that the bodies are isotropic, we 
shall have in the body (1) 



47r(Xi H- /ti) dx 4i7rfjLidadz' 

1 dX 1 d^ 



\ 



v, = — 



47r (Xi + fii) dy 4i7rfii dydz * 



\ ...(51), 



1 az 1 y4>^ x, + 2;^ ^^ 

^ ^7r(\+ fii) dz AsTTfiidz^ 4i7rfii(\i + fii) ^ 

where \i and fii are the elastic constants for the body (1) ; also we 

have 

^ = IIpi log (^ + ^) ^'dy\ I .-2^ 

^=SJp,rdx'dj/ ] ^"^ ^' 

the integrations extending over the plane section of the com- 
pressed surface within the curve of pressure, and pi being the 
normal pressure per unit area. 

Similar results hold for the body (2). 

Now let ^^ilrll^^'^^ ^^^^' 

so that 47rP is the potential of a surfece-density pi within the 
curve of pressure. We have 

47rP^ = V-. 

dz 

Let us write also 

"^ = "^"47r(X, + M.) (^*^' 
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then equa.tions (61) may be replaced by 



Wi = 



9n. ^^ju,^ ^.=^#-+2P y^,...(55), 



which give the displacements of any point of the body (1) when 
the curve of pressure and the distribution of pressure on the 
compressed surface are known. 

The resultant pressure Pq between the two bodies is jjpidx'dy' 
extended over the area within the curve of pressure, i.e. it is the 
quantity distributed with density pi to produce the potential 4mP. 

The displacement of any point on the surface (1) in the 
direction of the common normal is P (Xi + 2/Lti)/{/ii (Xi + f^)}, which 
we shall write %Py so that % = i{l — <i^)IEi, where E^ is the 
Young's modulus and cti the Poisson's ratio of the material of the 
body (1). In like manner that of the corresponding point on 
the surface (2) is —^JP in the same direction, and therefore 
when <8^ = we have 

%w^ + %w^^O (56). 

Hence, by (50), we have within the curve of pressure 

^'^ = ""> = ^r+F, (a - ^a^ - Bf), 

and the equation of the compressed surface is z—z^-{-Wi='-{z2-\'W^, or 

(&i + &2)'8^ = -Va+Vi (58). 

288. The Curve of Pressure. 

We shall now shew that if the curve of pressure be assumed to 
be an ellipse, and the density pi be taken to be the same as 
if there were an indefinitely flattened ellipsoid of mass P© 
occupjdng the interior of the curve of pressure, the dimensions of 
the elUpse can be determined so as to satisfy the second of the 
conditions (S) as well as the conditions that 

jjp.dx'dy'^Po, and jj^dxdy' = 4firP, 

and that within the ellipse (&i + ^a) P = (a - Aa^ - By^) . . .(59). 



.(57), 
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For suppose we have an ellipse of semiaxes a, h and distribute 
over it a mass Pq so that the density at any point {x\ y') is 

its potential at any external point (x, y, z) will be 47rP provided 
where v is the positive root of the equation 

^T-.^6^+r = i <^1>' 

and for the potential at an internal point the lower limit of the 
integral must be zero. 

Thus we can satisfy equation (59) by taking 
a-(%-^%)lpr ^ J. 

B^(%+%)fPr ^ , 

These are three equations to determine a, b, and P, in terms 
oi A, B, and a. From the last two we can deduce an equation to 
determine the eccentricity e of the ellipse in terms of the ratio 
A : B. By writing a'^ for •^ this equation becomes 

sf ^ ^ r d<i> 

(63). 

Supposing e found from this equation, we have 

80 that, on eliminating a, we find an equation of the form 



L..(62). 



^=Po»(&i + &,)•/(«), 



or 



P, = k^ (65), 
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Inhere k^ depends only on the forms and materials of the two 
todies. 

The condition (S) is that outside the curve of pressure the 
^surfaces remain separate, or that outside the ellipse 

This condition is that 

when (aj"/a' + y^jl^ — 1) is negative, and z = 0. 

Now P is given by (60), which, when z^O, may be written 

Jo \ a^ + ir b' + ylrj [(a^ + ^) (6^ + ^) ^]* ' 

and when (x, y) lies on the ellipse (i^), and i/ > -^ > 0, the quantity 
1 — fl?*/(a* + '^) — y V(^* + "¥) ^s constantly negative, so that this 
•condition is satisfied. 

289. Circumstances of the Impact. 

The quantity a is the diminution up to time t in the projec- 
tion on the common normal of the distance between the centres 
of inertia of the two bodies, so that d is the relative velocity of 
the two centres of inertia parallel to this line. The pressure P© 
is equal to the rate of destruction of momentum of either body 
in the same direction, so that P© is proportional to — a, and we 
may write 

Po = -a/&i (66), 

where A;i is a constant depending on the forms and masses of the 
two bodies. 

Combining this equation and (65) we have 

Multiplying by d and integrating we have the equation 

ci'-ao' + *A;Aa* = (67), 

where do is the relative velocity of the centres of inertia in the 
direction of the common normal at the instant when the impact 
commences. This is really the equation of energy. 
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The greatest compression takes place when a vanishes, and if 
ai be the value of a at this instant 

J (68). 

Before the instant of greatest compression the quantity a increases 
from zero to a maximum ai, and d diminishes from a maximum Oq 
to zero. After the instant of greatest compression a diminishes 
from tti to zero and d increases to do. The bodies then separate 
and the velocity with which they rebound is equal to that with 
which they approach. This result is in accord with Newton's 
Theory. It might have been predicted from the character of 
the ftmdamental assumptions. 

The duration of the impact is 

da 



sii^'-iKKoL^y 



and this is 2 . . 



J 

«o ^0(1— a!*y 



= "'(2-9432) nearly (69), 

where a^ is given by (68). 

The duration of impact therefore varies inversely as the fifth 
root of the initial relative velocity. 

The compressed surface at any time t is given by the equation 

where Zi and z^ are given by (48), and the curve of pressure is 
given by the equation 

where a and 6 are given by (62). 

290. Case of two spheres. 

When two spheres impinge directly with relative velocity v, 
do = V. Let mi and tti^ be the masses, and r^ and r^ the radii, then 
when the pressure is P© 

so that Aji = (mi + m^jmxmz . 
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We also have Ai = Bi = ^ , 

so that ^ = 5 = i (1/rx + l/rj). 

Hence a = 6 and the curve of pressure is a circle, while the 
compressed surface is part of a sphere of radius r such that 

(^1 + %)lr = - ^ilr, + %ln. 
Also we have 

from which 

and therefore the duration of the impact is 

For the particular case of equal spheres of the same material 
the duration of the impact is 



r2|[!(i_.j*^L_ (71). 



(2-9432) 

■ - • ■ -{Elpf 

Experiments by Hertz, Schneebeli, and Hamburger on the 
impact of brass spheres and steel spheres and of spheres of ivory 
upon glass plates agreed very well with the theory. (See F. 
Auerbach in Winkelmann's Handbuch der Physik, pp. 304 and 
305). 



CHAPTER XVIIL 

GENERAL THEORY OF WIRES NATURALLY CURVED. 

291. KirchholTB Theory for wires naturally curved. 

In art. 242 we have explained the elements of the theory of a 
rod or wire whose elastic central-line when unstrained is not straight, 
and which is such that, if it were simply unbent by turning each 
element through the angle of contingence in the osculating plane, 
and each osculating plane through the angle of torsion about the 
tangent, it would not be prismatic. Recalling the notation there 
employed, we suppose that in the unstrained state the component 
curvatures in the two principal planes are #c and X, and that one 
principal axis of inertia (1) of the normal section through any 
point makes an angle ^o with the principal normal at the points 
Then if p and a be the radii of curvature and tortuosity of the 
elastic central-line before strain, we have the rates of rotation of 
the principal torsion-flexure axes about themselves as we pass 
along the elastic central-line given by 

/c = sin <l>o/p, \ = cos ^o/p, T = d(l}o/ds -f- l/a (1). 

After strain we construct a system of moving rectangular axes 
of X, y, z whose origin is at a point P of the elastic central-line, 
whose ^ axis is the tangent to this line, and whose (z,x) plane 
contains the tangent to this line and the Une-element that in- 
itially coincided with the principal axis (1) of the normal section. 

Let P' be a neighbouring point on the elastic central-line, let 

ds be the unstrained length of PP\ and ds' the length after strain, 

and let 

(fo'==cfe(l-h€) (2), 

so that 6 is the extension of the elastic central-line at P. 

As we pass from P to P' the system of axes of x, y, z will 
execute a small rotation whose components about the axes of x^ y, z 

^ The student reading this chapter for the first time is advised to work over 
arts. 292 to 296 with ^o=0* 
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at P are taken to be K'dSy X'ds, r'ds ; then k' — k, \' — \, are the 
component changes of curvature, and t^ — t measures the twist. 

We have seen that the stress-couples at any section are 
A (k — ic), B (\' — X), C (t' — t), where A and B are the principal 
flexural rigidities, and C is the torsional rigidity. 

As there is some controversy^ about this result it may be as 
well to indicate another method of proof We may adapt the 
theory of arts. 250 to 257 to our purpose. It is not diflScult to 
shew* that the relative displacements of points within an elementary 
prism are connected by equations of the same form as (7) of 
art. 251 with k — /ic, V — X, t' — t written in place of /c, X, r. We 
shall have the same classification of cases and method of approxi- 
mation as in art. 252, and we can deduce similar results. We may 
conclude that whenever there is flexure the stress-couples are 
given by the forms stated, but the stress-resultants are unknown, 
and that, when the elastic central-line is simply extended, there is 
a tension T equal to the product of e, the Young's modulus, and 
the area of the normal section, and the remaining stress-resultants 
and the stress-couples are unimportant. 

292. Infinitely small displacements ^ 

We shall now suppose a wire which in the natural state is 
finitely curved to be very slightly deformed. It is supposed that 
the wire is of uniform section, and before strain its elastic central- 
line forms a tortuous curve of curvature 1/p and tortuosity l/cr. 
The principal axes of inertia of a normal section at its centroid 
make with the principal normal and binormal before strain angles 
equal to ^o> some function of the arc s measured from a fixed 
point on the elastic central-line. The deformation is such that 
the centroid of each normal section moves through distances w, u, 
V parallel to the tangent to the elastic central-line and to the 
principal axes of inertia of the normal section in the unstrained 

^ See Basset on the * Theory of Elastic Wires '. Proc. Lond. Math. Soc. zxni. 1892. 

3 We shall be obliged to undertake a precisely similar piece of work later in 
connexion with the theory of thin elastic shells, (see below, ch. xxi.) and it is not 
necessary to give the corresponding investigation here. 

^ Cf. Michell, Messenger of Mathematics^ xix. 1890. The investigations there 
given are less general than those of this chapter inasmuch as the section is taken 
to be circular, and an assumption is made which is equivalent to supposing that 
the same set of transverses of the wire which are initially principal normals 
continue to be principal normals after strain (cf. art. 242). 
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state, while the line-elements initially coinciding with these axes 
execute small rotations. We shall consider in the first place the 
deformation of the elastic central-line. 

I 



I 




Fig. 44. 

Let P be a point on the elastic central-line, and draw from the 
unstrained position of P a system of fixed axes of f, 17, % which 
coincide with the unstrained position of the three lines of reference 
above mentioned. In figure 44 the dotted lines shew the prin- 
cipal normal and binormal of the elastic central-line at P. The 
axis f makes an angle ^0 with the principal normal, and the axis 
r\ an angle 0o with the binormal. If we imagine a system of axes 
to move along the unstrained elastic central-line so as to be at 
every point identical with the principal axes of inertia of the 
normal section and the tangent to the elastic central-line, these 
axes will coincide with the axes of f , ^, ^ at P, and their positions 
at a neighbouring point P' of the elastic central-line, distant ds 
from P, will be obtained from those at P by a translation ds along 
the axis Ji and rotations sin ^0 ^^/p* cos 0o d8\p, d^^ + cfe/cr about 
the axes f, ^, f. The system of moving axes thus obtained is the 
system of lines of reference for the displacements u, v, w. 

1*6^ ?i ^> ? t>e the coordinates of P after strain and f + c?f, 
V^^Vf ?+^? those of the neighbouring point P'. Then f , ^, ^ 
are identical with u, v, w, but d^, drj, rff are not identical with 
du, dwy dw, since u, v, w are referred to moving axes. In fact we 
have 

d^ = du — Y (d<f>o + — ] + w cos ^0 — > 

(ii; = dv — wsin^o H u(c?0o+— ), 

df = (iw — u cos <f>Q — h V sin 00 — + ^ 

P P 



> 



(3). 
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If ds' be the stretched length of PP* we find, by squaring and 
adding and rejecting squares and products of u, v, w and their 
differential coefficients, 



/ 7 /\« 7 - f-i dvf cos d>Q . sin 6o) * 
{day = cfo" a + :,- ~ " — ^^ + V ' 



{ ds p p 

If 6 be the extension of the elastic central-line, so that 

ds' =^ ds (1 -b e), 



(4). 



we shall have 



dw cos <bo sin (bo 

€ = ^ u — + V — ^ 

as p p 

and the condition of inextensibility is 

dw cosd>o sinAo ^ 

— u ^ + V = 

ds p p 



(5), 



(6). 



293. Curvature and Tortuosity. 

Let Xs, fis, Vs be the direction-cosines of the elastic central-line 
PP' after strain referred to the lines of reference of u, v, w, and 
Is, nis, Wj the direction-cosines of the same line referred to the 
axes of f, T), f. Then l^, m^, n^ are identical with Xj, /^g, v^, but 
dls, dm^, dus are not identical with dX^y dfjLs, dv^i in fact 

dlz = d\ — /is ( d^o H — ] + I's cos 00 — > 

ds . ^ / , . ds 
7 



dms -dfis-Ps sin 0o — + Xs fd<^o+ — ) , 
dn^ = dvs — Xs cos 0© — \~ P^ sin 0© — 

r r 



(7). 



Now \9 = ls = d^/ds', p^ = mi = drj/ds\ 1/3 = ^8 = df/cfo'... (8), 

or, neglecting squares and products of u, v, w and their differential 
coefficients, we have 



d\x 
ds 



'd^c 



^-'^■-^r^*l) 



+ w 



COS<^o \ 



dv sin 60 , /dAo . 1\ 



1^8= 1 



(9). 



From these dl^, dm^, dris are easily written down by (7). 

The angle of contingence of the elastic central-line after strain 
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is {(dky + (dmsY + (dniYf > ^^^> rejecting squares of u, v, w. . ., we 
may omit ((in,)*. We thus get for the angle of contingenee 



w 



cos <f>Q 



d<l>o I 



d4>o I 
ds a-j 



_ /d^ ^}\{dy _^»}ri ^, 
\ds a) \ds 

r sin^o d (dv sin <^ / 

[_ p ds\d8 p \d8 

\ds a/ (da \ds aj p 

From this we easily find the curvature of the elastic central- 
line afber strain by dividing by ds' or 



+ w 



cos <^o 



8) 



-J / 



...(10). 



ds\l+ -r -u — ^ + V ^°' 

as p p 



{ 



If p' be the radius of curvature, we have, rejecting terms of the 
second order in u, v, w. 



1 1 



+ COS 



1 ( dw cos6o 
p p p[ ds p 

cos 



*-[i{^-i^-l) 



+ w 



-} ' 



d<l>(i 
ds 



-( 

. ^ rd (dv 



+ 



/d(f>o 



p \ds a 



\ds aj [ds \d^ <tI 



w 



cos^, 



'}]...(ii). 



where the first line vanishes if the central-line be unextended. 

Let V, /i', v' be the direction-cosines of the binormal of the 
elastic central-line affcer strain referred to the lines of reference of 
u, V, w, and Z', w', n' the direction-cosines of the same line referred 
to the axes of f , ^, %. Then as before V, m', n are identical with 
V, /i', I/', but 

df =dV-^'(d0, + ^) + i;'co8^o- (12), 

and dm and dn are given by similar equations. 



Now 



V 



ni^nz—n^mi n^l^ — l^n^ l^mz — m^lz' 
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Observing that 2s, m,, and dn, contain no terms independent of 
u, V, w, we can simplify these to 



V 



/^ 



— dm^ dli l^m^ — m^l^ 



(13). 



so that 



l^m^ — m^lt^ — — — Xf ■ — fH \ds, 

IP P J 

Hence the square root of the sum of the squares of the denomi- 
nators of (13) is ultimately the square root of (dZ,)* 4- (dmj)' and 
this has been already found. 

Rejecting squares of u, v, w we find 

1\ COS 6o 



-p8m<^.C08^,[^|g-v('g« + i 



p 

C0S<^,1 



«r/ p 



\ds a) \ds p \d8 a 



P 



, - . • o . r^ (^u fd<i>o . i\ cos A 



'd<l>o , l\ {dv _ sinc^i 



. (dv sinc^o . fd6o 1\1 

(14X 

L. II. 11 
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With these values of X', /x', v' we have further 

am 

" P 
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dl 



i' = dfi — I/' sin ^0 — h V ( d<^o + — ) , 



\ 



(15). 



dn' = dv — X' cos <^o — ^" /*' sin <^o — 

P P 



and the measure of tortuosity Ija of the strained elastic central- 
line is given by 

l/<r' = {W + (dw? + (dw')f /*' (16). 

The principal normal of the strained elastic central-line has 
direction-cosines proportional to dZg* drri^y and dn^, and the square 
root of the sum of the squares has beeya already found. We get 
therefore for the direction-cosines Z, m, n of the principal normal 

I =fj/, wi = — X , 

cos <^o 



/I = — cos ^0 



dxi ^(d<l>o ^ ly^ 

ds \d8 a J 



w 



. [dv sin<^o , 



«( 



d(f>o 1 




•(17). 



ds " p ' "Vd» o- 
where fjL and X' are given by the first two of (14). 

294. Simplified forms \ 

All the expressions that we have obtained become very much 
simplified when <^o is identically zero. This will happen if, in the 
natural state of the wire, either the sections are circular, or one 
principal axis of inertia of each normal section lies in the osculat- 
ing plane of the elastic central-line. 

For this case we find the following : 

The extension of the elastic central-line is 

: ' dw u 

' ds p 



,(18). 



The direction-cosines of the tangent are 

du V w dv u 
ds a p ds a 



,(19). 



. } Some of the results have been given by Miohell and Basset. 
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The curvature of the elastic central-line after strain is 1/p', 
where 

The direction-cosines of the principal normal to the strained 
elastic central-line are I, m, n, where 



m 



_ id fdv u\ 1 (du V w\) 
~P\d8[d^'^a)'^a\ds''a'^'^)\'[ (21). 



n = — 



dvL V w 
^ds a p 



oJ 



The direction-cosines of the binormal are Z', m', n', where 

"~ ^\ds\d8 a) <T\ds a p/y I 

m'= 1, (22). 

. , _ fdv \ 
\ds a 

To find the measure of tortuosity l/<r' we have 

while all the terms in dm! and dn* are of the same order as u, v, w. 
Hence 

^ —(^ ^^ ^\^ JL. ^ \ — (— ^^A,P. (— — I -L ^^l 

<r' V ds pj <T ds\"d8\ds a) <r\ds a pi) 

pXds^aj]' 



+ 



1 

I 

a 



1 
a 



d 
ds 



^r r'-z = x1P^«l;7r + ^) + f 



d /d\ . u' 
ds\ds 



p fd\i V w 
ds a p 



+1^$ 



^(s+s-KS-=) w. 



where the last term vanishes if the central-line be unextended. 

296. The lines of reference. 

For the purpose of forming the equations of elastic equilibrium 
or small motion of the wire we have to investigate expressions for 
the quantities k, V, r' introduced and defined in art. 242. A 
system of moving rectangular axes of x, y, z is to be constructed, 
with its origin at a point P of the strained elastic central-line, 
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the axis z coinciding with the tangent to this line after strain, 
and the plane (a?, z) containing the line-element which before strain 
coincided with that principal axis of inertia of the normal section 
at P which was inclined at an angle ^o to the principal normal. 

We shall suppose as in art. 232 that, referred to the fixed axes 
of ?, t\i ? at P, these axes of x, y, z are given by a scheme of 9 
direction-cosin es 





i 


V 


? 


X 


h, 


mi, 


Wl 


y 


&2> 


ffhy 


1h 


z 


Is. 


wis, 


^3 



(24). 



and we shall further suppose that, referred to the lines of reference 
for u, V, w at P (art. 292), the same axes are given by a scheme of 
9 direction-cosines 



U V W V 




^ \» Ml, Vl 


• 


y \^> fJ^y Vs 




^ \> fhy V^ 




Then e.g. ^i, m^ Wi, are identical with Xi, ytti, i/i but 


dl = dXi - Ml (d6o H I + 


. ds 
i/i cos <Po — 



(25). 



(26), 

and the differentials of the others are given by similar equations. 
In particular Zg, t/i,, n^ and their differentials have already been 
found in art. 293. 

After strain the line-element (1) which initially coincided with 
the axis f will make an angle J^tt — 7 with the axis (3), where 7 is 
indefinitely small, and the plane through the line-elements (1) 
and (^3) which initially coincided with the plane (f , f) will make an 
indefinitely small angle /8 with the initial position of the axis (1). 
The direction-cosines of the strained position of the line-element 
(1) are ultimately 1, /8, 7, and we can find the direction-cosines of 
the axes x, and y, in terms of those of the axis z and the angle p. 

The condition that the lines (Xi, ^, v^, (1, /8, 7), (Xj, /l^, i/,) lie 
in one plane is 

Xi III vi 

1 /3 7 =0, 
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and the condition that (\i, fii, Vi) and (\, /tg, 1^3) are at right 
angles is 

Solving these, and remembering that /8, 7, and \, /13 are very 
small, while v^ is ultimately unity, we find 

X, = l, /i, = /S, p^^-\s (27). 

Since (\j, /Ag, I'a) is at right angles to (\i, /Ai, i/j) and to 
{\i, A^, vs), we have 

^ = -A ^ = 1, 1^2=-/^ (28). 

In these X^ and /l^ have the values given in equations (9) of 
art. 293. 

296. Component curvatures and twist. 

We are now in a position to calculate /c\ \\ t', where Kds\ 
X^(ls\ rds' are the infinitesimal rotations executed by the axes of 
^, y, z about themselves in passing from P to P'. As in art. 232 
we have 

Kds* = l^l^ + m^m^ + n^n^ = — [l^lz + m^niz -f nzdn^}, "j 

XW = lidls + midnis + nidn^^ / • • '(29). 

As we have already found dig, dwg, dn^ we only require further 
to find dZi, dmi, drij. 

Now dl^ = dXa — /ii ( d^o H — ) + ^i cos ^0 — , 



drrii = dfji^ — i^i sin (f>^ — + Xj I d^o H J > 



7 J ^ 1 ds . . ds 

dill = avi — Xi cos 9o — + /^i sm 90 — • 

P P 

Hence 

7 j^ . , ds (du (dd>Q 1\ cos 60I ,. da 

, , fdu (d4>Q 1 \ cos 0o1 » da ^ , , ds a 

dn^= — d -J V -P + - + w ^ — cos 60 — h sm 60 — p 

[da \da a) p ) ^ p ^ p I 

(30). 



>• 
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We therefore have, rejecting squares of /8, u, v, w... , 

^,^ co8<^o ^ (l- €)8in <^o d idv ^ sin<^o ^ fdif>o ^ l\] 
^ p p ds [ds p \d8 a)) 



\ 



_f^o+I) j^.vf#? + -U.W?^' 



ds a) 



J 



p p daXds \ds a) p ) 

\ds a) {da p \ds aj) 

ds ^ ' \ds aj p [ds \ds a/ p ) 

cos 60 (dv sin 60 /ci^o 1^' 

+ r^ J- — w — - -f u -^ + - 

p (05 p \ CW <7> 

(31), 

where € is given by (5) of art. 292. 

We could hence find the new measure of tortuosity 1/a by 

using the equation t' = — + ^/ ( tan~^ --J . This would give us the 

same value as that found in art. 294 when ^0 = 0. We could find 
tlie principal curvature 1/p' from the equation 

(1/p7 = /c'2 + V« 

and this will give us the same value as that found in art. 293. 

In the notation of art. 291 the values of k, X, t can be deduced 
from those of k\ \\ t' by putting u, v, w, /8, and e all zero and we 

find 

sin <^o ^ ^^^ <f>o d<f)Q 1 

p p as <T 

so that, as already stated, these are the rates of rotation (per unit 
of length of the arc) of the lines of reference for u, v, w about 
themselves. 

297. Equations of equilibrium. 

We have already investigated certain modes of finite deforma- 
tion of the wire, and for these k — /c, X' — X, t' — t are finite while 
e is infinitesimal. There will exist modes of infinitely small 
deformation continuous with these for which € -j- the unit of length 
is infinitely small in comparison with k—k, X' — X, t' — t. In 
these modes the elastic central-line remains unex tended, and we 
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shall DOW investigate the equations of equilibrium on this suppo- 
sition. 

The equations of equilibrium of an element of the wire 
contained between two consecutive normal sections, when the 
wire is subject at every point to forces X, F, Z and couples 
X, 3/, N per unit length, along and about axes coinciding with 
the two principal axes of inertia of a normal section and the 
tangent to the elastic central-line, can be written down in terms of 
the shearing forces Ni, N^^ and the tension T, and the flexural 
couples G^i, (?2> and the torsional couple H arising from the elastic 
reactions. The equations take the forms 



ds 

dNj 
ds 

dT 



\d8 a J . p 



+ z=o, 



sin^o 
P 

COS<^o 



and 



ds p 



+ 



-hN. 



d<f>o 1\ 



ds 



sin^g 



+ - +r=o, 






> 



(32). 



ds 

dG.i 
ds 



'[ds 



_Ol"P + l\ + H 



;) 



P 

COS 4>Q 



+ ^ = 



-N. + L = 0, 



-H 



sin <t>Q 
P 

cos <to 



— "0 
ds p 

In these equations 



sin^o 



^ (33). 



+ G 



+ JV = 



Qi^aIk'- 



G. 



P 

C08<^0 



\ ds a/ I 



(34), 



where k, \\ t are given by equations (31) in which e is put equal 
to zero. 



The above equations with the condition of inextensibility (5) 



VIZ. 



dw 



— u 



cos (f>o sin 4>( 



+ v 



:^" = 



ds p p . 

constitute the general equations of equilibrium of the wire: 
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The class of cases here considered, viz. those in which the 
elastic central-line remains unextended, includes almost all that 
are of any importance. Just as in art. 257 we can see that either 
this supposition (of no extension) is legitimate, or else in general 
the extension is the important thing. For example, in the case of 
a wire initially circular and strained into a new circle by uniform 
normal pressure, the extension gives rise to a tension which is of 
a much lower order of small quantities than the couple that arises 
from the change of curvature. Such cases are exceptional. More 
generally the reverse is the case, and the couples arising from 
change of curvature, although containing quantities of the order 
of the fourth power of the linear dimensions of the cross-section, 
are nevertheless of a lower order of small quantities than the part 
of the tension which is proportional to the extension of the elastic 
central-line and the area of the normal section. It is easy to see 
that the condition of inextensibility and the equations of equi- 
librium in the form given in this article in general lead to as many 
equations as there are quantities to be determined, while if the 
condition of inextensibility be omitted and the couples be rejected 
as small, we shall have three equations containing T and the 
forces, which will be of the same form as the equations of equi- 
librium of an elastic string. 

298. Simplified forms of the equations. 

In the case where <^o = 0, explained in art. 294, there is a 
considerable simplification ; we have in fact 

^ __ ^ /dv u\ 1 /du 

p ds \ds a) <T \ds a p 



' - ^ - ^ /dv , u\ 1 (dM _ V w\ ^ 
p ds\is a) (T\ds a pj* 



w _ 1 _d /du _ V w\ 1 /dv u' 
p ds \ds a p) a \ds t 

ds a p \ds a) 



> 



(35). 



The equations become 



dN^ 
ds 


a 


p 


+ X = 


-0, 


dN, 
ds 




a- 


+ r= 


-0. y 


dT 
ds 


p 




+ z = 


= 



(36), 
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wherein 



ds 


a 


dGi 




ds 




dH 


0, 


ds 


P 



<r 



+ N = 



,(37), 



^ IP ds\ds a) <T\d8 a p)\* 

n D r ^ /^^ V w\ 1 /dv u\"| 



>...(38), 



^ 1/dv u^ 
ds p \ds <r> 



and the condition of inextensibility is 

dw ^ _rx 

ds p 



(39). 



299. Equations of Small Motion. 

The equations of small motion or free vibration will be found 
from the above by replacing the forces X, Y, Z and couples L, M, 
N by the reversed efiTective forces. 

Instead of —Xds we have to write the rate of change of 
momentum parallel to x of the element included between two 

normal sections distant ds. This is oMds ■;— where <o is the 

ot' 

area of the normal section and /), is the density of the material 
The quantities that replace Y and Z can be found in the same 
manner, and we have, corresponding to equations (36), 



dN, N, . T 



a«u \ 



dT-:^-^-p^P'"W 



ds 

dT 

ds ' 



p 



a»w 



(40). 



Instead of — Lds we have to write the rate of change of the 
moment about the axis x of the momentum of the same element. 

d^ /dv 



C^2 /^ \ 

This is —potodsk^^^ f^ "*■")• ^^ "^^^ manner instead of - Mds 
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we 



have to write pffiydak^:^ ( ^ '""")» ^^^ instead of — Nds 



d^l3 



we have to write p^mdsl^ ^, where as in art. 262 A?2> ^i ^^^ ^ ^^^ 

the radii of gyration of the normal section about the line-elements 
1, 2 and 3. Hence we have the equations of small motion corre- 
sponding to (37), 

3^ fdw u\ ^ 






OS a 

ds p 
In these equations 






V...(41). 



13 9'^ 



a ^ r ^ 2 r ^ (^^ v w\ 1 /3v ux" 



V w 
<r pj _ 



V...(42). 



Also is the torsional rigidity of the wire (cf. arts. 254, 264), and 
E is the Young's modulus of the material for pull in the direction 
of the elastic central-line. 

The above equations with the condition of inextensibility (39) 
viz. 

3w__ u 
3F"*p' 

constitute the general equations of small vibration of the wire for 
those modes in which the extension of the elastic central-line may 
be disregarded. 

There would be no diflSculty in writing down for small motions 
the equations corresponding to those of art. 297 in which ^o is not 
zero. 

300. Circular wire bent in its plane. 

The simplest application of the equations of equilibrium will 
be found in the case of a naturally circular wire which if simply 
unbent would be prismatic, and which is bent in its own plane. 
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Suppose a is the radius of the circle which coincides with the 
elastic central-line of the wire in the unstrained state, and suppose 
that one principal axis of inertia of each normal section before 
strain coincides with a normal to the circle of radius a, and let 
be the angle between the radius to any point of the wire and a 
fixed radius ; then we may replace ds by add. 

Let u be the displacement along the normal inwards, and w 
the displacement along the tangent in the direction in which 
increases, then the condition of inextensibility is 

S-" <*')• 

Since v, /9 and l/<r all vanish, N^^, O^ and H vanish, and the 
general equations (37) when there are no applied couples except 
at the ends become 

^' + 2'+Za = 0, } (44), 

where Xad0, Zad0 are the normal and tangential components of 
force on the element ad0. 

By using (38) and (39) we have for the flexural couple 

From the first equation of (44) we have the shearing force Ni 
given by 






firom the second equation of (44) we have the tension T given by 

B /d«w d»w' 



''-f.S+S-^« <«)^ 



and from the third equation of (44) we have the differential 
equation for w 



B 

a^ 



-^S-S]-(^-'i)=» <*»^ 



de' 
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Thift equatkifi L? jieasical for the ca^ of eqnilihiimL whh that 
vfakfa has b^^ti gi^en by Pro£ Lamb ^Proc LomL JfadL &e. xol 
1^188, p. 367;, The M]f/wing examples wish the excepdon (^ G* 
i»i^ giren bj him^ 

1^, When the bar is sabjected to terminal ooaple 3' only, the 
central-Hne remains ciiealar bat its radiiis is rednced bT the 
fnu^um Sa B of itselt 

2*. When the wire is of length 2aa and is sabjected only to 

forces X sAfjng the chord joining its extremities, the displacements 

are given by 

w = -a»X^(cosa + ico6^)B, 

u = -a*X(co8a+Jco8e-J^sin^)& 




3*. When the bar is bent by equal and opposite forces Y 
applied at the extremities of rigid pieces attached to the ends the 
displacement w is given by 

w = Ja»Fd sin «/A 




4°. A circular hoop is subjected to normal forces X at the 
^extremities of a diameter. 

When7r>^>0 

w = ^ (1 cos^ — i^sm^l, 

and when — tt < ^ < 

Xa^ / ^ 2d /, 1 /, . /,\ 

g^f-l-— +co8^ + i^sin^j. 



w = 



^ The reiultR only are here stated, and the student is recommended to supply 
the neoessary analysis. 
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Fig. 47. 

The corresponding values of u are easily written down. 

It may be readily deduced that, as noticed by Saint- Venant', 

the diameter ^ = is shortened by ^"^ — > while the perpen- 
dicular diameter is increased by — ^^— ^ — "^ . 

5^ When a circular hoop of weight W is suspended from a 
point in its circumference 

w = -^{(^-7r)^sin^ + 4(^-7r)cos^-4(5-7r)-7r^sin5}, 

being measured from the highest point. By comparison with 
the preceding it appears that the increase in the vertical diameter 
and the shortening of the horizontal diameter are each half what 
they would be if the weight W were concentrated at the lowest 
point. 

6^ A circular hoop of mass m per unit of length rotates round 
one diameter which is taken as axis of y (see fig. 48) with angular 
velocity ©, one extremity of that diameter being fixed. Its central- 
line describes a surface of revolution about the axis y whose 
meridian curve is given by the equations^ 

mo) W sin* 



a? = a sin 5 + 



125 ' 
moy'a^ (1 - cos* 0) 



y = a(l-cos5)- ^2^ 

being measured from the centre and the vertical diameter. 

^ MSmoires sur la RSsistance des Solides..., Paris, 1844. 

3 G. A. V. Peschka. *Ueber die Formveranderangen prismatisoher Stabe dttroh 
Biegung*. Schldmiloh's Zeittchrift, zni. 1868. 
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The diameter ^marked y in the figure) aboot which die wire 
rr/taten in shorteoed, and the perpendicular diameter lengthened by 
the name amo>ant ^nu^W'B. 

20L Cfrenlar wire bent pcrpendlmlarly to its plane. 

An a mmple example inirolving displacements not all in one 
plane we may consider the case of a naturally circular wire bent 
by forces applied perpendicularly to the plane of the circled 

Suppose the wire supported at one end and its plane horizontal, 
and suppose a weight W attached to the other end 




Fig. 49. 

Lot a be the radius of the circle, and d the angle between the 
radius vector drawn to any point of the elastic central-line before 



' BeiAl, LiouviUe'i JovmaU ni. 1877, and Saint- Venant, Comptes Jtendwty xvii. 
1848, pp. 1028—1081. 
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strain and that drawn to the point of support, and suppose the 
weight W attached at the point = <l 

The equations of equilibrium become 



dN, 



dd 

dT 
de 



= oA 



-j\ri = o 



(49), 



and 



^^^ + H-N^ = o' 



dO^ 

de 

dH 

de 



+ N^a = 0, 



-Gi =0 



> 



(50). 



The conditions at the loaded end are JVi = 0, N'i= W, T = 0, 
and 6^ = 0, Gt = 0,H = 0. 

From equations (49) we find 

JV"j = const. = W, 
Ni = 0, and 7 = 0; 

so that the first and third of equations (50) become 

dGr 



de 

dH 

de 



+ H-Wa==0, 



-0, =0 



(51). 



Hence 

so that we have 



de' 



+ <?. = 0; 



iin(o-^), -I 
l-cos(a-^)}j 



G'i=Tra8in(a-^), 
H=Wa{l-coa(a-e)} 



(52), 



where H is found from the first of equations (51), and the 
constants have been chosen so as to satisfy the conditions at 
the loaded end. 
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Now, by (38), these equations give us 



__ a^ = --j-sm(a-<?). 

dg + "d^= -p-{l- cos («-<?)} 



(53). 



where /3 is the angle defining the twist, and v the vertical dis- 
placement downwards. We deduce the equation for v 

and when v is found from this /8 is given by the first of (53). 

The horizontal displacements u and w are given by the 
equations 

^ = 

djd ' 

dw 

and the terminal conditions at ^ = a require that (7, = 0, and then 
from the terminal conditions at tf = we find that u and w both 
vanish. 

It appears from (23) of art. 294 that the left-hand member of 
equation (54) is a'/o*', where l/<r' is the measure of tortuosity of 
the curve into which the elastic central-line is deformed. Equation 
(54) is identical with one obtained by M. Resal. 

The solution of this equation involves three arbitrary con- 
stants which can be determined from the conditions that hold 
at the fixed point ^=0. If we suppose that at this point the 
tangent and normal are fixed in direction we find, as the terminal 
conditions, v = 0, d^jdO = 0, /8 = when ^ = 0. The last is derived 
from the expression for the direction-cosines of the line initially 
coinciding with the principal normal given in (27) of art. 294, or 
directly by considering the meaning of /8. 

It will be found that the vertical displacement v is given by 
the equation 
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Wa* 
V = -Yi~ {(0 — sin ^) — sin a (1 — cos 0)} 

+ iWa^(^-^{0coB(a-0)-sm0cosa}...{o5y. 

If the wire be of isotropic material and circular section, the 
radius of the section being c, then A = ^irC^E and C = ^irc^fiy 
where E is the Young's modulus and fi the rigidity of the 
material. 

302. Vibratioiis of Oiroular Wire. 

As an example of the application of the theory to vibrations 
let us consider the small free vibrations of a naturally circular 
wire of circular section. Let c be the radius of the normal section, 
and a the radius of the circle formed by the elastic central- 
line in the unstrained state. We may replace p in the equations 
of art. 299 by a, and ds by ad0. Also we have to write 

and w s ir(f. Thus our equations become 

dJfx ^ rn ^ ^•U \ 



d0 

ay, 
d0 

dT 



de' 






and 



dGi ..„ „ , , 3'v 



— Ni = irp^a 



(56), 



dG, 

dd 



-G, 



+ Nia = \irp^ 



dhi 



a»w\ 



M'dO dt" J ' 



y 



de 



(57). 



wherein 



a»v\ \ 



G.^iETT-i^^+^j, 



y 



(58), 



^ This does not agree with the result given by M. Resal, but I do not under- 
stand his analysis. For a=iir it agrees with the result given by Saint-Venant. 

L. II. 12 
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with the condition of inextensibility 

dw/d0 = \x (59). 

These equations can be separated into two sets^ viz. the 
condition (59) with the first and third of (56) and the second of 

(57) and (58) form a set of equations connecting u, w, 0^, Ni, and 
T, while the second of (56) with the first and third of (57) and 

(58) form a set of equations connecting v, /3, Oi, H, and N^, 

303. Flezural vibrations in the plane of the circle. 



The equations connecting u, w, (?2, -^i, T can be reduced to 
the forms 



92 /a^w \ 



If we neglect "rotatory inertia'" we must reject the right- 
hand member of the second of these equations; and then it is 
easy to eliminate N^y and obtain the equation for w. 



^ 
W 






Supposing w « e*P*, so that 27r/p is the frequency, and writing 

7ri?^^p^^lEc^ (61), 

we have ^ + 2^ + (l- mO^+mV= (62). 

The solution of this equation may be written in the form 
w = J-i cos UiO + A^ cos n^O + A^ cos n^6 + B^ sin UiO + . . ., 

where n^y n^, n^ are the roots of the equation 

n'(n3-l)2-(n» + l)m« = (63). 

^ The same thing holds good whatever the initial form of the wire may be, 
provided only its elastio central-line is a plane curve in a principal plane of the 
wire. 

2 There is no difficulty in the mathematical work when 'rotatory inertia' is 
retained, but the results are somewhat more complicated and the physical interest 
is diminished. The student may work out the correction for ' rotatory inertia '. 
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When the wire forms a complete circular ring^ n is an integer, 
and then the frequency-equation is 






The number n is the number of wave-lengths in the circum- 
ference of the ring. The frequency is of the same order of 
magnitude as in a straight bar of the same section whose length 
is equal to half the circumference. For the modes of low pitch the 
sequence of the component tones in the two cases is quite different, 
but when n is great the frequencies tend to become identical. 

When the wire does not form a complete circle it is convenient 
to take the origin of at its middle point. Considering the case 
where the wire subtends an angle 2a at the centre of the circle, 
and has free ends, we shall have at either end O2 = 0, i^Ti = 0^ 
r = 0, so that at 0= ±a we have 



yw . 9w_ 

3*w 3*w _ 

3*w . 9»w „9w ^ 



y (66), 



a^ " a^ d0 

and in virtue of the first of these and the differential equation 
(62) the last may be written 

The fundamental modes* fall into two classes according as w 
is an odd or an even ftmction of 0, Taking first the case where w 
is an odd function the coefficients A vanish, and the coefficients 
B are connected by three linear relations which are easily written 
down. The elimination of the B's leads to an equation which 
may be shewn to be 

Wi* (1 — V) (^* — Ws*) tan Wi a + n^ (1 — n^) {n^ — n^) tan Wo a 

+ n3«(l-O(V-^0tann8a = (66). 

This is really an equation to find m. 

^ Cf. Hoppe in Grelle-Borohardt, lxxiii. 1871, and Lord Rayleigh's Theory of 
Soundy vol. I. p. 324. 

^ The work of verifying this and the following statements is left to the reader. 
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In like manner, when w is an even function the coefficients B 
vanish, and the J.'s are connected by three linear relations. If 
these be written down, and the -4's eliminated, the w's will be 
connected by an equation which may be ^hewn to be 

Til' (1 — Wi*) {n^ — nf) cot Hitt 4- n/ (1 — n^) {n^ — n^) cot n^a 

+ ni (1 - Ws*) (V - naO cot Hja = (67), 

and this is really an equation to find m. 

For a discussion of the results the reader is referred to Prof. 
Lamb's paper ' On the Flexure and Vibrations of a Curved Bar * 
in Proc, Lond. Math, Soc. xix, 1888. When the curvature is 
very slight the motion is nearly the same as for a straight bar of 
the same length, but the pitch is slightly lowered. 

304. Flezural vibrations perpendicular to the plane 
of the circle. 

The equations of art. 302 connecting v, jS, (?i, H, and N2 can 
be reduced to the forms 



I 



^'^ ^ r'^ - 8^j -*'*''«' la^ +" a^y + *''''«'^" ¥»= ^ 

To satisfy these equations we assume 

v = Ae^'^+p^\ a/3 = Be' ^*»*+^^> (69), 

so that p/27r is the frequency. Then A and B are connected by 
the relations 

\pop^ (4a« + w V) - (En^ + 2fi) ^ riM ^ - (JS^ + 2fi) -^ n^B = 0, 

On eliminating A and B we obtain the frequency-equation 
- p^W [4 (^+ 2/*»») + ^ {^(1 + 2n») + 2/* (2 + »=)}! 



(70). 



wV 



+ 2-^(n»-l)'^M = (71). 

^ This equation was first given by Basset. Froc, Land, Math, Soe, zxin. 1892. 



/ 
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This equation gives two distinct values of p^, and the vibra- 
tions involving v and ^ are of two distinct types. We may- 
approximate to the roots by regarding c^ja? as a small quantity, 
and then we easily find that there is a vibration of short period 
with a frequency given by 

^•=i-^s^' <")■ 

and a vibration of long period with a frequency given by 

If we substitute pi^ for p^ we see firom the second of equations 
{70) that A vanishes, and therefore the vibrations of short period 
involve no displacement of the elastic central-line. To a higher 
order of approximation the displacement v perpendicular to the 
plane of the circle is of the order t^/a^ in comparison with the 
displacement a0 due to the torsion. The vibrations of short 
period are therefore almost purely torsional. We shall return to 
the discussion of these vibrations presently. 

The vibrations of long period involve flexure perpendicular to 
the plane of the circle. We shall suppose the wire forms a 
<;omplete circular ring \ In that case the quantity n must be an 
integer, and it is the number of wave-lengths in the circumference 
when any normal vibration is being executed. Remembering the 
relation E =2fi{l + <t) connecting the Young's modulus, the 
rigidity, and the Poisson's ratio of isotropic material, we may 
rewrite the frequency equation (73) in the form 

P' "*PoaM+<r + n^ ^^^^' , 

Comparing this result with that in equation (64) of the last 
article, and remembering that <r for most hard solids d<>es not 
<liSer much from J, while n is an integer not less than 2, we see 
that the frequencies of the various modes involving flexure per- 
pendicular to the plane of the ring are almost identical with the 
frequencies of the corresponding modes involving flexure in the 
plane of the ring. The difference, even in the case of the gravest 

^ A result equivalent to this was obtained by Michell. Messenger of MatJie- 
maticSf xix. 1889. 

'-^ The consideration of the case of free ends may serve as an exercise for the 
student. 
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mode, is such as would be neglected in tuning by "equal 
temperament", and for the higher modes it may be completely 
disregarded. 

It is most important to observe that the modes of vibration 
which involve flexure perpendicular to the plane of the ring^ 
involve also a twist of amount comparable with the flexure. The 

twist is in fact -fa ^ 4-^) , and the change of curvature i& 

1 / 3*v\ 
-f a/8 — ^1 . To the first oi'der of small quantities, this change 

of curvature is not a change in the magnitude of the curvature in 
the osculating plane but is the expression of a periodic change of 
adjustment of the osculating plane with reference to lines of the 
material and with reference to lines fixed in space. The feature 
that distinguishes the modes in question from other modes of 
which the ring is capable is the displacement of a point on the 
elastic central-line perpendicular to the plane of the circle, and we 
have thought that this chai-acteristic is better expressed by a 
reference to the flexure than by a reference to the torsion. 

306. Torsional and extensional vibrations. 

The torsional vibrations have already been partly considered. 
If we suppose that v is of the order c^fa^ compared with a^, and 
reject terms of this order, we shall have an approximate solution 
of equations (68) in the form 

v = 0, a/3 = 25n cos (n^ + a) e*^'* (75), 

so that the elastic central-line remains fixed while the sections 
rotate about it. The frequency p^j^nr is given by the equation 
(72), which we may write 

P^' = —iO- + <r + n-) (76). 

The modes n = 0, n = 1 are the most interesting. When n = 
or P is independent of 0, all the normal sections are at any instant 
rotated through the same angle about the elastic central-line. 
There is in the technical sense no ** twist", but the vibrations 
depend on the extensions and contractions accompanying a con- 
tinual change of adjustment of the plane of flexure with reference 
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to the material. The frequency of such vibrations is given by 

When n = 1 the wave-length is equal to the circumference of 
the circle, and the frequency is given by ^' = /Lt (2 -f a)lp^^. 

All the remaining modes of torsional vibration are of very 
high pitch as compared with the corresponding modes of flexural 
vibration, and those corresponding to n = and n = 1 are also of 
high pitch as compared with the graver modes of flexural vibra- 
tion. The frequency of any mode is of the same order of 
magnitude as the frequency of torsional vibrations of a straight 
bar of the same material and of length equal to half the circum- 
ference, and for the higher modes the sequences of tones in the 
cases are ultimately identical. 

The eoctensional vibrations of a wire of any form can be 
investigated from the general equations of art. 299 by supposing 
that the couples and shearing forces vanish while the tension is 

JEko ( ^ ) . Taking the case of a circular wire ihe equations 

(56) of art. 302 give us 

a^ _ ^ /Bw \ 

dt'^PoaAdO'^'')' . ^^^^ 

^^_^/9v_au\ I 

dt^ "" Poa* \de^ del ) 

Taking u and w proportional to e*^^ so that 2irlp is the 
frequency, and writing 



(78). 



we find without difficulty that u and w are of the forms 

u = rr^ {A sin nO + B cos nO) e*^*, 

w = {A cos w^ — jB sin w^) e*^*, j 

In the case of a complete circular ring ^ n must be an integer, 
and the frequency when there are n wave-lengths to the circum- 
ference is given by the equation 

^=:;t*<i+"'> <^^)- 

^ The case of a circular wire with free ends is left to the reader. 
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The case n^O corresponds to purely radial vibrutions. For 
these u is independent of while w vanishes, and the frequency is 
given by 

^-^^ <^>- 

The frequencies of the extensional modes are of the same 
order of magnitude as in a bar of length equal to half the circum- 
ference, and the sequences of tones tend to become identical in the 
two cases as the number of wave-lengths increases. 

It will be observed that the vibrations we have described as 
'' extensional " involve a change of curvature, and are therefore in 
some sense '' flexural ". The curvature of the elastic central-line is 
in &ct increased by 

1 /^ aw\ 
a^Kde^'^do)' 

and, when the wire is free at ^ = and ^ = a, this is 

a^ a ' a 

where 8 is an integer, which is sufficiently general to express any 
given initial condition as to curvatur&^ossible with free ends. 

If a wire be struck or otherwise thrown into vibration it 
becomes a question whether it will take up a ** flexural" or an 
" extensional " mode, and we can be guided to a correct answer by 
general principles For, in the first place, if two modes of deform- 
ation be possible involving the same initial changes of curvature, 
but of which one involves no extension of the elastic central-line, 
the potential energy of the deformed wire in the flexural mode 
will have ultimately to that in the extensional mode a ratio which * 
is of the second order in the small quantity (diameter of section) 
-7- (diameter of circle), and the system will tend to take up that 
mode of vibration in which the potential energy is less. Again, 
the periods of the extensional modes are proportional to the 
diameter of the circle formed by the unstrained elastic central- 
line, while the periods of the flexural modes are proportional to 
the square of the diameter of this circle and inversely proportional 
to the diameter of the section. The flexural modes are therefore 
much graver than the extensional, and it is a general principle 
that vibrations of low pitch are more easily excited than vibrations 
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of high pitch. For example, it is difficult, except in careftiUy 
performed experiments, to make a straight rod vibrate "longi- 
tudinally" without setting up a "lateral vibration" which tends 
to become predominant. 

The conclusion with regard to extensional vibrations of a 
circular wire is that somewhat extreme conditions would be 
necessary in order to set them up. For example, purely radial 
vibrations of a complete circular ring are possible, but any 
deviation from uniformity in the initial displacement will tend to 
introduce flexural vibrations of much lower pitch than the radial 
vibrations. 



CHAPTER XIX. 

ELEMENTARY THEORY OF THIN PLATES. 

306. In the present chapter we propose to consider a theory 
of the infinitesimal flexure of a thin elastic plate. The general 
theory of the deformation of plates is difficult, but the particular 
modes of deformation which we shall here discuss admit of 
comparatively simple treatment, and they at the same time 
include most of those which are practically important. 

Consider a thin sheet of homogeneous isotropic elastic matter 
in its natural state, bounded by parallel planes and by a cylindrical 
surface cutting them at right angles. Such a body is a thin 
plate ; the plane bounding surfaces are called the faces \ the plane 
midway between them, the middlesurface-, the cylindrical bounding 
surface, the edge\ and the line in which the edge cuts the middle- 
surface, the edge-line. 

When the plate undergoes a small deformation the particles 
originally on the middle-surface come to lie on a curved surface 
which is everywhere very nearly plane. This surface will be called 
the strained middle-surface. The problem with which we shall be 
occupied is the determination of the form of this surface when the 
plate vibrates or is deformed by given forces. 

Now in a very thin plate it is clear that it can make no sensible 
difference to the form of the strained middle-surface whether the 
forces that produce bending are applied as tension or pressure to- 
its faces or as bodily force acting on a small volume, and we shall 
found the theory on the principle that the external forces applied 
to an element of the plate bounded by a slender prism normal ta 
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its faces are sufficiently represented by their force- and couple- 
resultants^ The same applies to the stress across a section 
normal to the middle-surface, and to the applied forces on an 
element of the boundary. 

307. Stress-system. 

Suppose now that the plate is slightly deformed. Let us take 
a system of axes of x, y, z, of which z is the normal to the middle- 
surface before strain, and suppose that the plane faces are given 
by -s^ = ± A, so that 2A is the thickness of the plate, and consider 
the stress across a normal section. 

Let P, Q, jB, S, T, U be the six components of stress at any 
point. We have to reduce the stress across normal sections 
perpendicular to the axes of x and y to force- and couple- 
resultants. 

Across an element of a normal section perpendicular to x of 
length dy and breadth 2A the stress-resultants are such quantities 
as 



dy I Pdz parallel to x, 

J —h 



dyj" - 



and the stress-couples are such quantities as 

h 

— zUdz about x\ 

h 

all these quantities contain dy as a factor, and the other factors 
represent the stress-resultants and stress-couples per unit length 
of the trace of the normal section on the middle-surface. 

If we write 

rh rh rh 

Pdz = P,, Qdz = P,, Sdz = T,, 

J -h J ^h J ^h 

f* Tdz = T,, f"^ Udz=U, (1), 

J -h J -h 

and 

f Pzdz=Q,, r ^Qzdz = 0,, 1^' -Uzdz = H„.(2X 

J -h J "h J -h 

then Pi, J7i, 2\ are the stress-resultants parallel to the axes on the 
face a? = const., Uj, Pa, T^ are the stress-resultants on the face 

A Cf. art. 249. See also Lamb *0n the Flexure of an Elastic Plate'. Proc, 
Lond, Math, Soc, zxi. 1S90. 
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y = const., H and 0^ are the stress-couples about the axes of 
X and y on the face x = const., and Q^ and — U are the stress- 
couples about the axes of x and y on the £au)e y= const, and each 
of these is estimated per unit length of the trace on the middle- 
surface of the plane across which it acts. 

308. Equations of Equilibrium. 

Consider the equilibrium of an element of the plate bounded 
by its faces and by four planes x, x + dx, y, y + dy, which is 
subject to the action of forces normal to the middle-surface and 
couples about axes parallel to the middle-surface. 




Ui 




uTs+dJ^ 



T, + rfT, i* 




>Pi+dPt 



u,+afu, 



P« + rfPa 



Fig. 60. 



Let the external forces applied to the element be reduced to a 
force at (x, y, 0) of amount 2Zhdxdy parallel to the axis z, and 
couples 2Lhd^dy, 2Mhdxdy about the axes x and y. 

We can put down the components (parallel to the axes of 
X, y, z) of the stress-resultants on the four faces. 

On the face x we have 

-P,dy, ^U4y. -T,dy (3), 

parallel to the axes, and on the face x + dxy^e have 



P,dy + g{P4y)dx, 



U4y + g^ ( UT,dy) dx. 



T4y+giT4y)dx ....(4). 
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(5), 



On the face y we have 

-J7ida?, -PjAp, -T^x 

and on the face y + dy we have 

Uidx + ^ ( Uidx) dy, P^dx H- ^ (P^) dy, 

T4x^^{T4so)dy (6). 

Adding together all the forces parallel to x, y, or z^ and equating 
the sum in each case to zero, we obtain the three equations of 
resolution 



dx dy ' 



\ 



dx dy 



= 0, 



>• 



+ ^' + 24^=0 



.(7). 



3a? dy 

In like manner we can put down the couples about axes 
parallel to the axes of x and y that act on the four faces. 




/ \G.««-(fG. 



Fig. 61. 

On the face x we have 

- Hdy, - (?idy, 
and on the face x + dx^Q have 

Hdy + j^ (Hdy) dx, Q,dy + ^ {0,dy) dx. 
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On the face y we have 

and on the face y-\- dy we have 

G^ + ^ (0^) dy, — Hdx — ^ (JjTda?) dy. 

Also the systems (4) and (6) give us moments 

T^dy^ — Tidxdy, 

about axes parallel to the axes of x and y drawn through the 
point (a?, y, 0). 

Hence the equations of moments about the axes of os and y are 

fl-^'-T. + lkX-o' 

doc ay 

The equations (7) and (8) are the general equations of equi- 
librium of the plate when slightly deformed by normal forces and 
couples. 

The equations for Pj, P3, Ui and those for Ti, T^, Qu O2* S 
are quite independent, and the latter are the equations on which 
the flexure of the plate depends. If we eliminate T^ and T^ from 
equations (8) and the third of equations (7), we obtain the 
equation 

which is the general equation for the equilibrium of a bent plate. 

309. Internal Strain \ 

Consider a state of strain in the plate characterised by the 
following properties : 

(a) the middle-surface is unextended, 

(6) line-elements of the plate initially normal to the middle- 
surface remain straight and normal to the middle-surface after 
strain, 

(c) there is no normal traction across planes parallel to the 
middle-surface. 

^ Of. Lamb, Proc, Lond, Math, Soc, xxi. 1890, and Saint-Venant's ' Annotated 
Glebsch * note du § 73. 
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Let w be the deflexion at any point of the plate, i,e. w is to 
denote the displacement parallel to the axis z of any particle of 
the plate initially on the middle-surface. The condition (a) will 
be satisfied if the displacement of the particle parallel to the 
middle-surface be zero, and if w be so small that we may neglect 
its square. 

If X, y, z be the coordinates of a particle of the plate before 
strain, and x\ y', z the coordinates of the same particle after strain, 
we shall be able to satisfy the condition (b) by taking 

, 9w , 3w 

and then x —x, y' — y are the component displacements of the 
particle parallel to the axes of x and y. Of the six strains e,/, g, 
a, by c, three, viz. c,/, c are given by 

a«w . a^w ^ a^w ,^.. 

The condition (c) is that the stress ii = 0. This enables us to 
obtain the component of strain g in terms of e and / For 
isotropic matter with the constants X and fi of I. art. 27, we have 

(X + 2/A)5r + X(e+/) = 0. 

The state of strain above described gives a state of stress of 
which the component stresses P, Q, 22, U are known, viz. we have 

^ X + 2/. ^^^""J^' «- X + 2/. ^''^^•^^' ...(11), 

where a is Poisson's ratio JX/(X + fi\ and c,/, c are given by (9). 
This state of stress gives rise to stress-couples 

3^w 3^w^ 






0,= C 



3*w 
H = G(l-<r) 



y (12). 



dxdy 

where C is the constant ^/juh^ (X -h /a)/(X + 2/a). This constant will 
be called the cylindrical rigidity. Expressed in terms of the 
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Young's modulus E and the Poisson's ratio a of the material 
we have 

C=fMV(l-<r") (13). 

Now we shall assume that when the plate is bent the state of 
strain above described is a first approximation to the state of strain 
that actually exists in any element of the plate; and from this 
assumption it follows that the above values of the stress-couples 
are, to a sufficient approximation, correct values. The assumption 
will be hereafter verified in the development of the general 
theory. 

The general equation (9) for the flexure of a plate becomes 

310. Transformation of StresB-resultants. 

For the expression of the boundary-conditions it is necessary 
to obtain formulae for the stress-resultants and stress-couples 
across any plane initially normal to the middle-surface. For this 
purpose we observe that the stress-resultants Pj, Pav being the 
integrals of the stress-components P,... with respect to z will be 
transformed by the same substitutions as the P,... while the 
stress-couples being the integrals with respect to z of the products 
of z and certain stress-components will be transformed by the 
same substitutions as these components. In fact ©i, G^ and H are 
transformed by the same substitutions as P, — Q and — Z7. 

Consider a plane perpendicular to the middle-surface the 
normal to which drawn on the middle-surface at any point makes 
with the axis x an angle 6, and regard this normal as the x axis 
of a new temporary system of coordinates (a/, y', z*) connected 
with the X, y, z system by the scheme 





X 


y 


z^ 


x' 


cosd 


sin^ 





/ 


— sin ^ 


<x»B 





/ 








11 



r . 
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To transform the stresses to the new system we may use the for- 
mulae of I. art. 16 ; and, selecting those that we require, we have 

F =Pcos«e+ Qsin«^+ C^sin2^,^ 

Cr' = isin2^(Q-P)+Crcos2^, i (16). 

r =iSfsin^+rcos^ J 

These formulae express the component stresses per unit area across 
the plane in question in terms of the component stresses per unit 
area across the planes x and y, viz. P\ U\ T are the stresses per 
unit ai*ea of this plane in directions respectively normal to the 
plane, parallel to the trace of the plane on the middle-surface, and 
normal to the middle-surface. 

The force- and couple-resultants across the same plane can 
now be written down. We take the components of the stress- 
resultant per unit length of the trace of the plane on the middle- 
surface to be P/, i7i', T^ in the directions of the normal to the 
plane, the trace of the plane on the middle-surface, and the normal 
to the middle-surface ; also we take the components of the stress- 
couple per unit length of the same line to be H* and (?/ about 
the normal to the plane and the trace of the plane on the middle- 
surfece ; then we have 

P/=PaCos«^ + Pjsin«^+ I7isin2^, \ 
Cri' = isin2^(Pj-P0+C7'iCos2^, 

T/ =2\cos^-hTasin^, I (16). 

0^ = Gicos^^- Gasin'^ -ffsin 26, 
H' =^8m20{Gi + G2) + Hco820 ) 

These formulae express the stress-resultants and stress-couples 
across the plane in question per unit length of the trace of this 
plane on the middle-surface, in terms of the stress-resultants and 
stress-couples across the planes perpendicular to the axes of 
X and y, per unit length of the traces of those planes on the 
middle-surface. 

311. Boundary-ConditionB^ 

The boundary-conditions express the statical equivalence of 
the system of forces directly applied to the edge, and the 

1 Thomson and Tait, Nat. Phil Part n., art. 646. 
L. II. ]3 
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P\> Ux,...H' system arising from eUstic reactions, the plane con* 
sidered in the previous article being the plane normal to the 
middle-snrfiice through the edge-line. 



T,' iH'-dH' 




If ^ be any point on the edge-lioe, we may take p for the 
centre of an elementary rectangle whose dimensions are of the 
same order as the thickness, and reduce the system of forces acting 
on the rectangle to their force- and couple-resultants with p for 
origin. 

The force-system -has components per unit length of the edge- 
line which, in the notation of the last article, are P^' normal to 
the plane, tT"/ parallel to the edge-line, and T^ in the plane and 
perpendicular to the edge-line. 

The couple-system has components per unit length of the 
edge-line which are ff,' about the edge-line, and H' in the plane of 
the edge. 

The system P/, 0^ arising from forces normal to the edge 
admits of no further reduction. 

The system JJi, Tj, H' consists entirely of forces acting in the 
plane of the rectangle. The couple H'ds on any element may be 
regarded as consisting of two forces each H', acting at points on 
the edge-line distant ds and in direction normal to the middle- 
surface. If p, p' be the centres of two consecutive elementary 
rectangles, these couples are equivalent to forces —dH' in the 
direction of the normal to the middle-snr^e at such points as the 
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point midway between p and p\ The distribution of couple H' is 

therefore equivalent ta a distribution of force — ^ in the direc- 
tion of the normal to the middle-surface. The system J7/, T/, H' 
is therefore reducible to two forces ZT"/ along the edge-line, and 

Ti — J — in the direction of the normal to the middle-surface, 
as 

each estimated per unit length of the edge-line. 

Now let the forces ^, 5tt, 'ST, and the couples €5, f^ per unit 
length of the edge-line be directly applied to the edge in the 
directions of the forces P/, IT/, T/, and about the axes of (?/ and 
n\ These will be in like manner equivalent to a tension ^, a 
flexural couple 65, a tangential force Wi parallel to the edge-line, 

and a force 'ST — -^ normal to the middle-sur&ce, each estimated 

08 

per unit length of the edge-line. 

The equivalence of the two systems is expressed by the 
equations 



0^ = iS,, T^J^^1S,JM 



(17). 



9^ ds 

According to the above if |^ were increased by f, and ® 
diminished by d^/ds, no change would be produced in the 
boundary-conditions ; and therefore such a system of forces being 
applied to the edge of a plate produces no sensible deformation. 
This result is a case of M. Boussinesq's theory of " local perturba- 
tions ". We have just seen that such a system is an equilibrating 
system on each rectangular element of the boundary. When the 
plate has a very small finite thickness the application of such a 
system of forces will produce strains which are negligible at a very 
little distance from the edge of the plate. 

The account just given of the boundary-conditions holds equally 
well whether the middle-surface is unextended or the extensions 
that lines of it undergo are of the order of strains in an elastic 
solid. 

In the case of infinitesimal flexure unaccompanied by extension, 
which we are at present considering, the boundary-conditions are 
the last two of equations (17), and these are 

13—2 
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- cosV^ (?i + sin« ^ Gj + sin 2^ J?= - ffi, 
- sin ^U— + -^4- cos ^(^-^5- ^ 
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dy) 



"^{8ia0cos0(Q^ + O^) + Hcoa20} 



d8 



+ 2A(Jf cos ^-isin ^) = ® - 



m 

ds 



Expressed in terms of w these equations become 



4-"(S^'9 






a»w a'wN 



+«^"n'' 3^ + 97)+ «"^2^(i-''>a-^J=-®' 

Fsin ^ ^ ( W) + cos ^ ^ (V«w) 



-...(18). 



+<i-'')a-. 



-2A(Jfcos^-Zsin^) = -f®--^) 



If dw be the element of the normal to the edge-line drawn 
outwards, and p' the radius of curvature of this line, the above 
equations can be expressed in the forms 



^ ra^w /a»w 1 dw\\ ^ 



a[^(v.)^a-,)|(^)] 



X..(19). 



-2h(McoB0-Leme) = -(^-^'j 



This transformation is given in Lord Bayleigh's Theory of 
Sound, voL L, art. 216. 

I 

312. Transverae vibrations of Plates. 

The equation of transverse vibration is obtained from the 
equation (14) by omitting the couples L and M, and replacing the 

force Z hy — p-^ , where p is the density of the material of the 

plate. The differential equation is therefore 
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When the plate is vibrating freely, the conditions that hold at 
the edge are (19) of the last article in which- the right-h?ind 
members are put equal to zero. When the edge of the plate is 
simply supported the couple CEr must vanish, but the other con- 
dition is that w = at the edge ; when the edge is built-in w and 

^ v»i,h .t tte edge. 

In the case of a circular plate ^ the differential equation 
becomes 

[dr^^rdr r^dff'JKdr^ rdr r^dff")" C dt^ ' 

where r and are ordinary polar coordinates measured from the 
centre of the plate. 

Taking w proportional to e*P*, so that p/itr is the frequency, 
the right-hand member becomes 

and the differential equation becomes 

W'^ rdr'^r*d0» )W rdr r'd0' V^""' 

To satisfy this we take w to vary as cos (n0 + a), and then the 
general form for the displacement when any normal vibration is 
being executed is 

W = [AnJn (/cr) + BnJn {t'/cr)] COS (n0 + o) ^P^ (21), 

where An and Bn are constants, and Jn is Bessers function of 
order n. If the plate be not complete up to the centre terms 
containing Bessel's functions of the second kind will have to be 
added. 

For a circular plate of radius a vibrating freely the boundary- 
conditions are 

3»w /I 3V 1 3w\ ^ 



a_/3»w law id^\ 






when r==a. 



1 The solution is due to Eirchhoff. (OreUe, xl., 1S50.) The vibrations .of 
elliptio plates have been discussed by Mathieu in Liouville's Journal^ zir., 1869, 
and by Burth^toy in the Mimoires de VAcadimie de TotUotue, ix., 1877. 
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The ratio o{ An^Bn, giving the type, and the equation for the 
frequency are easily deduced. We find 

Bn yi' (1 — a) [xaJn {tea) — Jn (fca)} + K^a^ Jn (fca) 
An n^ (1 — a) {iKaJn(ifca) — Jn (tfca)} — i/c^a* Jn (i/ca) 

_ (1 — <r) {ku Jn (fca) — n^ Jn (fca)} + fc^a^ Jn (fca) 
(1 — cr) {ixa Jn (tfca) — n' Jn (t/ca)} — H^a^ Jn (cxa) ' 

For the discussion of the results, and the comparison with 
experiment, the reader is referred to Lord Rayleigh's Theory of 
Son/nd, vol. L ch. x. 

313. Equilibrium of Plates. 

(a) Suppose a circular plate of radius a supports a load Z' per 
unit area symmetrically distributed^ 

The equation of equilibrium (14) becomes 



4S-^^^5y]=^' •■•« 



W 



and as the load is symmetrical, w will be a function of r the 
distance from the centre. Hence this equation may be replaced by 

C-—[r—l- — (r—]y\ ^Z' 
rdr\_ dr\rdr\ dr))_ 

The complete primitive of this equation is 

As particular examples we may note the following^ : — 

(1®) A circular plate supported at its edge r = a and strained 
by a uniform load. The conditions at the edge are 

w = 0, and ^^-^ + "- ^r- = when r = a, 
&ir r or 

and we find the deflexion at any point given by the equation 

'-ftf(«'-'-)('r^<.'-^). 

1 Poisaon, M4m, Acad, Paris, vm., 1829, and Thomson and Tait, NaU Phil, Part 
n. art. 649. 

' The results only are stated and the work is left to the reader. 
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(2®) When the edge r = a is built-in the deflexion is given 
by the equation 

(13) In the case of an elliptic plate ^ whose boundary 
{a^/a^ + y^lb^ = l) is built-in, the deflexion produced by uniform 
load Z' per unit area can be easily shewn to be 



w 






and the deflexion produced by a load Z^x can be easily shewn 
to be 

We can hence write down the expression for the deflexion of 
an elliptic plate whose edge is built-in when immersed in liquid, 
for in this case the load per unit area can be expressed in the form 
Z'-^-Z^x^Z^. 

(7) Taking the case of a rectangular plate' of sides a, 6 supported 
at the edges, and taking axes of x and y through one comer of the 
plate, the differential equation for the displacement produced by a 
load Z' per unit area is (22), and the boundary-conditions are that 

d^w 3'w 

^ . +0-^=0 when a? = or a? = a, 

8*w 9'w 

ay^'^a^"^ ^^^"^ y^^ or y = 6, 

and w = at all points of the boundary. 

The solution is of the form 

. mirx . mry 
sm sm - 



^•^ m=l «=1 



U" by 

4t f^ f^ . mirx . niry Z' j 
where Amn = ^ I j ^in -^ sm -^ -^ dxdy. 



' I am indebted to Mr Bryan for these solutions. 
' Saint 'Tenant's 'Annotated Clebsoh*, note du § 73. 
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(1*) For a uniform load 

A = J^- 

if m and n be both odd. In other cases il«« vanishes. 



(2*) For an isolated load W at the centre of the rectangle 

- 4i W . rmr . mr 

'^mn — T~Ft Sin -jr- sm -5- , 
* ab C 2 2 

and this vanishes unless m and n be both odd. 

314. Examples on fhe Bonndaiy-CSoncUtloiis. 

As further examples illustrating the application of the bound- 
ary-conditions we consider the following problems : 

(!•) A rectangular plate bent into a circular cylinder whose 
generators are parallel to two edges of the plate. 

We may take as the formula for the displacement 

where k is small ; and then it is clear that at the edges y = const., 
which become generators of the plate, we require fiexural couples 
Oi^C/c, and at the edges ^ = const., which become circular 
sections, we require flexural couples Gi = — Ocr/c. 

If the couples Oi at the circular edges be not applied, there 
will be a tendency to anticlastic curvature of the middle-surfiwse. 
The problem of a plate bent into a cylinder of finite curvature has 
been considered by Prof Lamb. (See below, art. 355.) 

(2^) A rectangular plate bent into the anticlastic surface 

where r is small, and the axes of x and y are parallel to the 
edges^ 

The torsional couples H,^H are constant, so that except at 
the comers no force need be applied to hold the plate. The forces 
at the comers reduce to two contrary pairs of equal forces 
(1 — a) Or at the extremities of the two diagonals acting in the 
direction of the normal to the plate. 

> Lamh, Proe. Lond. Math. 8oe. zzx.» 1890. 



CHAPTEK XX. 

GENERAL THEORY OF THIN PLATES. 

316. Preliminary. The Curvature of SurfJEtces. 

Before commencing the general theory of elastic plates it is 
necessary to pay some attention to the theory of the curvature of 
surfaces. The deformation of a plate depends largely on the 
curvature of its middle-surfece. The theory of curvature may be 
presented in two ways depending respectively on measurements 
made in space about the surface and on measurements made on 
the surface. The results obtained by the diflFerent methods explain 
and illustrate each other. 

Taking first the ordinary theory of the indicatrix, principal 
curvatures, and lines of curvature, we observe that the equation of 
the part of a surface in the neighbourhood of any point, referred to 
the point as origin with the normal at the point as axis of z, and 
two rectangular lines in the tangent plane as axes of x and y, may 
be written 

z^^^K^sd' + K^^Ji-irayy) (1); 

and the nature of the surface as regards curvature is completely 
expressed when the three quantities tc^ k^, t are known. The 
normals at two points near together do not in general intersect, 
but if we pass from a given point to a neighbouring point in one 
or other of two definite directions at right angles to ea^^h other the 
normals do intersect. These two directions are the principal 
tangents, or tangents to the lines of curvature, and, if they be 
chosen as axes of x and y, the term in xy will be missing from the 
equation (1). The quantities Ki and k^ are the curvatures of the 
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normal sections through the axes of x and y, and the quantity t 
depends on the angle through which these axes must be turned in 
order to coincide with the principal tangents. In fact this angle 
is J tan~^ 2t/(/Ci — k^. 

The equation giving the two principal radii of curvature is 

p^(/ti/ta-T«)-p(/ti-f-/C2)-f-l=0 (2), 

and the equation of the directions of the lines of curvature is 

T(y^-aj«)-(/^2-^i)^ = (3). 

Thus the quantities k^, k^^t are related in a definite way to the 
principal curvatures and the directions of the lines of curvature. 

316. GkiU88'8 method. 

A different standpoint is taken in the theory propounded by 
Gauss, and we shall give an accoimt of a modification of this 
theory. The surface is regarded as given, and we suppose two 
systems of curves traced upon it so as to form a network. The 
curves of the two systems are supposed to be distinguished by 
assigning different values to two parameters a and )8, one for each 
system of curves. Then any point on the surface is determined by 
the values of the a and the ^ of the curves that pass through it. 
The length of the element of arc of the curve ^ = const, between 
two curves a and a + da is some multiple of da, and we shall take 
it to be Ada, In like manner the element of the curve a = const, 
between the two curves and ^ + d^ is taken to be BdjS, The 
quantities A and B are some functions of a and 0. If the angle 
between the cui*ves 13 = const, and a = const, at the point (a, 13) 
be Xf *^® square of the length ds of the line joining (a, fi) to 
(a + da, /8 + d)8) is given by the equation 

d8^ = A^da:' + &dfi^-{-2ABdadffco8x W, 

in which A, B, and x are supposed to be given functions of a and fi. 

Now suppose a system of moving axes of x, y, ^ to be 
constructed so that its origin is at the point (a, )3), the axis z 
is the normal to the surface there, the axis x is the tangent to the 
line )3 = const., and the axis y is in the tangent plane at right 
angles to the axis x. The axes constructed in the same way at 
(a + da, ^'\- dff) will be obtained from those at a, 13 by translations 
Ada + Bdp cos x^ and Bd^ sin x parallel to the axes of x and y at 
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(a, /8), and by infinitesimal rotations about the axes a?, y, z at 
(a, )8) which can be expressed in the forms 

Pida 4- jpad^, jida + jjd^, nda + rad)8 (5). 

We may state the following relations connecting the quantities 
jp, 5, r, and A.B.x- 

3pi 3p2 



da 



= np.-ni>i. 



3iS 



3^ _i ra4_ aB"| 



r,= 



(6). 



1 fas 3^1 

-^g2 = jB[jPi8in;)^-giC08xl ; 

The equation giving the principal radii of curvature is 

P' (2>i92 - i^stfi) + P [-B ( jPi cos X + ?i sin x) - ^i>a] 

-h^5sinx = (7), 

and the differential equation of the lines of curvature is 

5(^2 cos ;f + 92 sin x) d/S* + -^.pida'' 

+ [5 ( 2>i cos X "f- 9i sin %) + ^i>a] ^^'^fi = . . .(8). 
Proofs of all these formulae are given by Darboux in his 
lAqons 8ur la Thdorie g6n4rale des Surfaces, Paris, 1889. We shall 
give proofe in a note at the end of this volume. 

317. KinematicB of Plates. 

We consider an elastic plate as a very thin solid body bounded 
in its natural state by two plane faces very close together and by 
a cylindrical surface cutting them at right angles. It is supposed 
that the distance between the two planes (the thickness of the 
plate) is very small in comparison with any linear dimension of 
the curve cut out upon either of them by the cylindrical boundary. 
The plane midway between the two plane faces is called the 
middle-surface, the cylindrical boundary is called the edge, and the 
curve in which the middle-surfece cuts the edge is called the 
edge-line. The strain of the plate depends largely on the deforma- 
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tion of the middle-surface, and this may be such that lines on the 
surface initially straight become finitely curved. In this case the 
plate is said to be finitely bent, and we must throughout the 
general theory contemplate this possibility. 

The kinematical theory of the flexure of the plate is a geo- 
metrical theory of the curvature of its middle-surface after strain. 
We suppose that in the natural state two series of Straight lines at 
right angles to each other are marked on the middle-surface so as 
to divide this surface into infinitesimal squares. Taking one 
comer of one square as origin, and the lines that meet there as 
axes of Cartesian rectangular coordinates (a, 13), any point on the 
middle-surface will be given by its a and 13, When the plate is 
strained, so that the middle-surface becomes a curved surface, the 
particle that was at a given point (a, 13) on the unstrained middle- 
surface will occupy some position on the curved surface referred 
to; and we may regard a and 13 as parameters defining the position 
of a point on this surface. We suppose P to be any point of the 
middle-surface and that three rectangular line-elements (1, 2, 3) 
of the plate proceed from P,^ of which (1) is parallel to the 
axis a, (2) to the axis fi, and (3) normal to the middle-surface. 
After strain these three line-elements do not remain rectangular, 
but by means of them we can construct a system of moving 
rectangular axes of x, y, z. We take the origin of this system at 
the strained position of P, the axis x along the line-element (1), 
the axis y in the tangent plane to the strained middle-surface and 
perpendicular to (1), and the axis z along the normal to the 
strained middle-surface. Then this is the same system of axes as 
that considered in the geometrical theory of art. 316. 

If the plate undergo only ordinary strains the line-elements (1) 
and (2) will be very slightly extended, and the angle between 
them will differ very little from a right angle. The initial lengths 
of these elements are da and dfi, and we shall suppose their 
lengths after strain to be da{l + €i), and dfi(l + €^)y so that €i 
and €2 are the extensions of these lines. Also we shall suppose 
that vr is the cosine of the angle between them after strain, so 
that, with the notation of art. 316, 

-4 = 1 + 61, 5 = 14-62, cosx = 'o^ (9), 

^ Eirohhoff, Vorlesungen ilher MccthematUche Physik, Meehanik, 
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while X differs very little from a right angle, and, if the square of 
« be neglected, we have further 

^ = ^TT-tsr (10). 

The quantity w is the shear of the two rectangular line-elements 
(1) and (2). 

The system of axes of Xy y, z drawn at any point (a, /8) of the 
strained middle-surface can be transformed into the corresponding 
system drawn at a neighbouring point (a 4- c?a, ^ + d^) by moving 
the origin through small distances (1 4- 6i) cfot + (1 4- 63) d/8 cos ;^, 
and (1 + 62)c2^sin;^ parallel to the axes of ^ and y, and by a 
rotation whose components about the axes of a?, y, z will be taken 
to be pida+p^fi, qida + q^djS, Vida + r^ff. In the case of or- 
dinary strains the translations must be reduced to (1 + ei) da + tsrd0, 
and (1 + 62) dfi. 

With the values of A, B, x ^^ equations (9) and (10), the last 
three of equations (6) become 

_3cr d€i _d€2 ' 

'''"di'dfi' "^'"di'i (11); 

ga (1 + 6i) + i>i (1 + €2) - Jitsr = 0^ 

so that the quantities ^1,^3, and ?2 + Pi ar^ small of the order of 
the extension of the middle-surface. The product piqs —p^i is, by 
the first of (6), small of the same order, and thus by (7) the 
measure of curvature is small of the same order. To a first 
approximation, when the extension is neglected, the middle-surface 
of the plate when finitely bent is a developable surface. 

If now we suppose that some of the quantities jpi,p2v are 
finite we may reject the terms in €1, 62, «r, and write 

n = 0, ra = 0, 92 = -i>i, 

and then the equations (7) and (8) giving the principal radii of 
curvature and the lines of curvature become 

P'(-Mi -2>i') - P (l>2 - ?i) + 1 = 0, 
and pi (d^ - da^) -(Pi + gO dadfi = 0. 

Comparing these with equations (2) and (3) we see that 
we have 

/C3=Pi, fCi = -qi, 2>i = T. 
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These ore the equations connecting the Eulerian elements of 
curvature k^ k^, t with the rotations of the two (p, q, r) systems. 
They are ultimately exact for finite bending accompanied by only 
infinitesimal extension. 

Generally rj, ra, and q^ +pi differ from zero, and —qi,Pi, and pi 
diflFer from Kiy tc^y and t by quantities of the order of the extension 
of the middle-sur&ce. 

318. BOnematical Equations. 

We give here the analysis by which the quantities Pi, |)2, ?i. ?2> 
Vi, Vi are determined. For this purpose we have to assume a 
sj^tem of fixed axes of f , i;, f, and suppose them connected with 
the moving axes of x, y, z by the scheme of 9 direction-cosines 



X, 



»2» 



m 



2) 



1*2 



rrh^ 



n 



>8 ' 



(12). 



The rotations executed by the system of axes of x, y, z about 
themselves as we pass from the point (a, ^) to the point (a + da, 
/8 + d^) are pida + p^fi, . ., where 

Pida +Pffil0 = W^2 + rn^rrii -f n^n^A 

qida+ qd^ — lidlz + midrns + nidrii, > (13), 

Vida + r^dfi = l^filli + rryimi + n^dui ] 

in which any differential as dZj means (dli/da) da + (9^/9^) d^. 

Since the ratio da : d^ may be any real number we find 

\ 

-U m^ ^ — -^ 4- -w- - — ? 

da 






, Bit , dnif , drii 



da 



da 'da 



da 
9% 



y 






(14), 



and p2> ?2, ^2 are obtained from these by writing /9 for ex. 

It is to be noticed that 4> ^> ^2 are not the direction-cosines 
of the line-element (2) after strain. These direction-cosines are 
Za', Wa', ih\ where 

k' = k + li^> ma' = iWa + mi«r, 712' = n2 + n^'Gr..,(15) 
to the first order in m. 



319] APPLICATION OF KIECHHOFF'S METHOD. 207 

Now if f , 97, 5" be the coordinates of a point P of the middle- 
surface after strain, and f + df, ^ + ^17, ^+d^ those of a neigh- 
bouring point P\ we have 



Z,(l + 60 = |, m,(l + 60 = |, 7^(l+60 = g; 



...(16). 



Also the direction-cosines l^, mj, Ws of the normal to the middle- 
surface after strain are given by such equations as 

ls = min2 — mjini (17). 

The formulae given in this article enable us to determine the 
p% q'Sy and r*s in terms of differential coefficients of f , rj, ^ with 
respect to a, 0. 

319. General Theory of Plates. 

Entering now upon Gehring's theory of thin elastic plates, we 
revert in the first place to the principle explained in art. 249, 
according to which the plate may be regarded as made up of very 
small prisms each of which has all its linear dimensions of the 
same order of magnitude as the thickness of the plate. The 
general elastic equations apply not to the plate but to one of these 
prisms, and the strain in such a prism may be investigated on the 
supposition that no bodily forces act upon it. We shall apply the 
principles explained in art. 249 to find the stress-couples that act 
ijpon an element. The steps of the process are as follows : — We 
first investigate certain differential identities connecting the 
displacements of any point in a prism with the quantities that 
define the extension and curvature of the middle-surface. We 
next, in accordance with a method of approximation to be explained 
hereafter, reduce these identities to a simpler form. From the 
differential equations so obtained, values of the strain-components 
and corresponding stresses can be deduced involving arbitrary 
functions. The arbitrary functions are determined by means of 
the equations of equilibrium and the boundary-conditions at the 
surfaces of the element that initially coincided with the plane 
faces of the plate. The stresses are thus found approximately, and 
the stress-couples are easily deduced. 
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As there has been so much controversy on the subject it may 
be as well to point out which parts of the theory are fully 
established. The differential identities in their first form are 
rigorously proved. The approximate equations that replace them 
have no pretence to rigour, and they have been objected to as not 
being sufficiently approximated They carry with them the re- 
mainder of the theory including the expressions for the stress- 
couples. It is noteworthy that the writers who reject them obtain 
the same results including the values of these couples. It is hoped 
that the method of approximation to be given presently will tend 
to remove the objection. 

320. Differential IdentltleB. 

In the notation of art. 317 we suppose P to be a point on the 
middle-surface of the plate, and take P for the centre of an 
elementary prism whose dimensions are all of the same order of 
magnitude as the thickness. The boundaries of the prism are the 
two plane surfaces of the plate and pairs of planes perpendicular to 
the axes of a and ^ drawn as in art. 317. 

Let Q be the position of any particle of the plate near to P ; 
and let the coordinates of Q referred to the line-elements at P 
before strain be x^y, z\ after strain, referred to the axes of a?, y, z 
let them be a? + ^, y + v, -sr + «^. Then w, v, w are the displacements 
of Q, and if a, fi be the coordinates of P before strain referred to 
the axes of a, /8, u, v, and w are functions of x, y, z, a and /8. 

Suppose P' is a point on the middle-surface near to P, then 
we might refer Q to P' instead of P. The coordinates of Q before 
strain referred to P' are x — da,y — dfi, z, where da and dl3 are the 
coordinates of P' referred to P before strain. To obtain the valueS 
of the displacements of Q referred to P' we must in the expressions 
for u, V, w replace a and ^ by a + cia and fi + d/8, and replace x and 
y hy x^da and y — dff. Hence the coordinates of Q referred to 
P' after strain are 



,dWj ,dw jr. dw J dw jr, 
, +^+-da + ^d^-^da-^dff 

1 Cf. p. 93, footnote (2). 



(18). 
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Now since the axes of a?, y, ^ at P' after strain are obtained 
from those at P by translations (1 + ej) da -f wd^S, (1 + e^ d/S 
parallel to the axes of x and y, and by rotations 

Pida-hpffilfi, qida + q^fiy rida + r^/3 

about the axes of x, y, and z, the coordinates of Q referred to P' 
after strain are 

oo + u+(y + v){rida + r^/S) -{z + w) (qida+q^0) 

— (1 + €i) da — vrdff, 

y + v +{z + w) (pida+p^fi) --(x + u) {r^da + r^^) 

z + w + ix + u) (qida + q^fi) -(y + v) (pida + p^fi) 

Comparing the two expressions (18) and (19) for the co- 
ordinates of Q referred to P\ and observing that the ratio da : d^ 
may be any real number, we see that we may equate coefficients 
of da and (2)3, and obtain six equations, viz. : 



H...(19). 



and 



du du . . . V 
9^=9^-n(y + t^) + ?i(^+w) + €i, 

dv dv , V . / V 

g^= g^-f>l(^ + W) + n(a? + w), 

dw dw / . X / X 



du du / . X / X . 

3^=9^-»'2(y + v) + ?a(^ + «^)+is^, 

dv dv / . X / . \ . 

dw dw , . , ^ 

-^=9jg-?3(^ + ^)+i'2(y + t^) 



y 



(20), 



(21). 



321. Method of Approximation. 

We proceed to indicate a method of successive approximation 
whereby forms for the displacements u, v, w can be determined 
from the identities (20) and (21). The method depends on the 
facts that x, y, z are everywhere small, and u, v, w are small in 
comparison with a?, y, ^,. while ej, €a, «r are small of the order of 
strains in an elastic solid at most. 

There are three classes of cases to be considered. In the first 
some at least of the quantities pi, p^y* defining the curvature 

L. II. 14 
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Dwr be finite or xhe fisiie is fixirurlj be&t. In Has case we may 
reject t}>e vavas m €3, c^. v a£ small ouopared whh xerms of tlie 
crder /^. vhere /> is oik; of the p, 9, r wiiicfa is finite. There will 
exist iiKides of infiidtesiiDal defonnaliogi oonxiniKnB with these for 
which the /^'s are infinitesiiDal, while e:. c^. v are 90 small as t» be 
negligible in ocMnparison with terms of the order p x (thickneaB of 
jiaie). In the fseccmd daas of cases quantities of the order pr are 
negligible in crimparisMi with Ci, ^, v. These oarreqKnd to 
ample extension of the plate without flexure. In the third daas 
of cases quantities €jf the <xder pr are comparable with quantities 
of the order c,. It is clear that if we retain in all cases quantities 
of the order pz and quantities €jf the order ei we shall be at liberty 
to reject at the end those terms whidi may be small in con- 
sequence nf the case under discuasicm fidling into the first or 
neocmd class. 

Now we may sujqpoae that «, r, w are capable of expansion in 
integral powers o{x,y, z with coefficients some functions of a, iS. 
Since x^ y, z are eveiywhae small, quantities such as Sw Bjt are 
great compsred with quantities of the order u, while quantities 
sudb as cu.cn Bie of the same <Hder as ti '. We may therefore (or 
a first approximation reject the differential coefficients of u, v, w 
with respect to a and fi. But without making the supposition 
that u, V, w are capable of such expansion we can still see that 
these terms sure to be rejected. For du'ba is the limit of a fiaction 
whose denominator is the distance between the centres of con- 
tiguous elementary prisms which lie on a line ^= const., and 
whose numerator is the difference of the values of tiie displace- 
ments of homologous points of these prisms refened to their 
centres ; and this fraction must be small in comparison with dufdx; 
far the latter is the limit of a fraction whose denominator is tiie 
distance between two points of tiie same prism, and whose 
numerator is the difference of the values of the displacements 
of these points referred to the centre of the same prism. 

Since u, v, w are small compared with x, y, z, such terms as 
PiW are to be rejected in comparison with such terms as p^. 

The equations (20) and (21) are reduced by the omission of 
such terms as du/da and such terms as piW to the forms 

^ Beally u-i- (the unit of laagth). 
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du ^ du 



dv 


9^ 

9,. = -1^2^+ ^2^ +^2, 


dw 


dw 



^...(22). 



These equations ore incompatible unless 

^1 = ^2 = 0, and Pi+q2 — 0, 

.Now we have already seen in art. 317 that Vi, r^, and pi + q^ 
are quantities of the same order of magnitude as 6i, 63, «r,^ and, in 
the first part of the present article, that any terms known to be of 
the order €iZ are to be rejected. It follows that we are at liberty 
still further to simplify our equations by omitting terms in Vi and 
/•a and putting —pi for q^. Also we have seen in art. 317 that the 
quantities — Ji, p^, and pi diflFer from the Eulerian elements of 
curvature Ki, K^y r by quantities of the same order of magnitude 
as €1, €2, «r, and we may therefore in equations (22) write t (or pi, 
K^ for jJa, — Ki for yi, and — t for q^. 

Suppose the approximate equations that replace (20) and (21) 
written down in accordance with the principles just explained, and 
suppose that a solution of them has been found involving arbitrary 
functions. The arbitrary functions can be determined by means 
of the general elastic equations and the boundary-conditions at 
the feces of the plate, and the general equations may for this pur- 
pose be simplified by omitting bodily forces and kinetic reactions 
since we are dealing with an elementary prism, (see art. 249.) The 
results obtained constitute a first approximation to the displace- 
ments, strains, and stresses in such a prism. A second approxi- 
mation can then be found by substituting in equations (20) and 
(21) the values found in the first approximation and solving again. 
Arbitrary functions will have again to be introduced, and might be 
found as before by recourse to the diflFerential equations and the 
boundary-conditions, and it will be necessary in this second 
approximation to retain the bodily forces and kinetic reactions. 
The process might be continued indefinitely but it is quite 
unnecessary to carry out more than the first approximation. The 
formulation of the method is however valuable. 

^ BeaUy e^-h (the unit of length), .... 

14—2 
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322. First Approximation. Internal Strain. 

According to the method explained we can now reduce equa- 
tions (20) and (21) to 



du 



= - T^ -f «r, 



= -T2r, 



dv 

dx 

dw 



du 
dy 



dv 



> 



dw 
dy 



= TO? + K^ 



(23) 



du 



by omitting terms containing such quantities as w, ^ , and re- 
placing the p, q, r system by the Ki, k^, t system. 
Integrating these equations we find 

V =Vo-rzx-K^y + €^, > (24), 

w=Wo-h^(Kia!^ + K^^+2rxy) ) 

in which Uq, Vq, Wq are functions of z. 

From these we deduce the strain-components in the forms 

dvo 



C — 6i ^ fCiZf 



a — 



/= €2 -K^y 6 = 



dz' 

du^ 



dwo 



dz' 
Qs^xj — 2tz 



(25). 



and we notice that, to the order of approximation to which the 
work has been carried, the strains, and therefore also the stresses, 
are independent of x and y. The order of approximation in 
question is such that the strains are of the first order in the small 
quantities a?, y, z. 



The equations of equilibrium become 

^=0 ^=0 ^-^=0 

dz "' dz ' dz " 



(26), 



in which bodily forces and kinetic reactions are omitted for the 
reason explained in art. 249. 
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The boundary-conditions that hold at the surfaces which were 
initially plane faces of the plate, when no eccternobl surface-tractions 
are applied to these faces, are 

r=0, /Sf = 0, iJ = (27). 

From the equations (26) and the conditions (27) it follows 
that, to the order of approximation to which the work has been 
carried, the stresses R, S, T vanish at all points of any elementary 
prism of the plate. 

When external surface-tractions are applied to the initially 
plane faces, the same result may be assumed to hold good. The 
tractions in question are to be replaced by bodily forces and 
couples acting directly upon the element of volume of the plate 
bounded by two pairs of normal sections and the plane faces, and 
the equations of equilibrium formed in accordance with the 
principle enunciated in art. 306. 

It is important to observe that if a further approximation 
were made the stresses JB, S, T would not vanish, and although, 
as we shall see, it is unnecessary to make the second approxima- 
tion the stresses 8 and T nevertheless play a very important part. 

323. First Approximation to the Stress-components. 

Supposing the material of the plate isotropic, we have the 
expressions of the stresses in terms of the strains by means of 
the equations 

P = (\ + 2/A)e + X(/+5^), ... /S = /Aa,... 

Since J2, /S, T all vanish we find equations (25) taking the 
form 

e = €i — KxZy a = 0, 

/=€3-#Ca^, 6 = 0, 



g^- XHh^ { ^1 + ^2 "" ('^i + '^a) -^K c = isr - 2 T^ 



...(28). 



This gives the six strains as far as terms in z. 

In like manner as far as quadratic terms in x, y, z the dis- 
placements are 

w = — Kxzx — Tzy + €iic + wy, \ 

V =-T^a7- K^y + €^. k29). 

^ =""\:f^ K^l + €2) -8^- i (fCi+Ki)z^]+^(KiOlf'+K^^+ 2TXy) I 



214 GENERAL THEORY OF PLATES. [324 

As far as terms in z the stresses are 



3C \ 

^= 2A» ^^' ■*■ ^^' " ^'^^ "^ ^*^^ ^^' iJ = 0, 

3(7 



> (30), 



4A^ 

where C = f /iaA» (\ + m)/(X + 2/ii) as in art. 309, 

and <r = J \/(\ + A*). 

With these values the potential energy per unit vohime, of 
which the general expression is \ {Pe + Qf-{- Rg + Sa-\-Tb + Uc\ 
becomes 

3(7 

4^, [(€i - K^zY + {e^-K^f + 2^(€i-iti2r)(€a- K^)+ i(l -cr)(isr-2T^)^]. 

Multiplying this expression by dzy and integrating between 
the limits — h and h for ^, we have the potential energy per unit 
area in the form 

i(7[(/Ci + >c0^-2(l-^)(>c,it2-T0] 
+ f2[(^i + ^«)^-2(l~cr)(€,€,-itirO] (31). 

The first line of this is the potential energy due to bending, 
and the second line is that due to stretching of the middle- 
surface. 

324. StresB-resultaiits and Stress-couples. 

For the purpose of forming the equations of equilibrium or 
small motion of an element of the plate bounded by normal 
sections through two pairs of lines a = const, and ^ = const, near 
together we have to reduce the stresses on the faces of such an 
element to force- and couple-resultants. These will be estimated 
per unit length of the lines in which the feces in question cut 
the middle-surface. 

On the element of the face a = const, whose trace on the 
middle-surface is d)8 there act the forces of the P, CT, T system. 
These reduce to a force at (a, ^) whose components parallel to the 
axes of X, y, z will be taken to be 

Pid/3, J7id/3, T^dfi 
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respectively, and a couple whose componeuts about the axes of x 
and y will be taken to be 

In like manner, on the element of the face fi = const, whose 
trace on the middle-surface is da there act the forces of the U, Q, 8 
system. These reduce to a force at (a, 0) whose components 
parallel to the axes of x, y, z will be taken to be 

respectively, and a couple whose components about the axes of x 
and y will be taken to be 

The quantities Pi, Pa, JTi, J7a, Z^, T^ will be called stress- 
resultants and the quantities Oi, (?a, ITj, and JETa, stress-couples. 
Pi and Pa are tensions per unit length of the traces on the 
middle-surface of the faces across which they act ; Ui and JT], are 
tangential stresses in the middle-surface ; and Z\ and T^ tangential 
stresses directed along the normal to the middle-surface. Gi and 
(?2 are flexural couples about the traces on the middle-surface of 
the faces across which they act ; Hi and fla are torsional couples 
in the faces across which they act. 

The stress-resultants are given by the equations 
Pi= (^ Pdz, Pa= r Qdz, J7;=[ra= f* Udz,' 

J -h J -h J -A 

Ti= r Tdz, T,= (^ Sdz 

J-h J-h 

The stress-couples are given the equations 

(?i= f Pzdz, 0,^1 -Qzdz, 

'^-^ -^"^ y (33). 

h 



...(32). 



Hi = ''H^ = j -- Uzdz =: H asiy 



With the approximate values of the stresses given in (30) we 
hence find 



P 3a, . X p 30, ^ , .. ^ 30(1-0-) \ 

Pi = ^ (€i + <r€a), Pa = -^(62 + creO, Ui= [/a= g^a '^^ 

2\=ra = 0, 

0^ = -C (/»!+ cr/^a), &a = (fc^ + <rKi\ JEr= C (1 - <r) t 



(34). 



Hi ^DfntML, TSMXF *Ti¥ HAZB^ [335 



— ^^ ^.. ^ tf^ "jut psrsa^ ^iSijr^niiia^ !»e&aai£9 visn. reapeet to 
i£, «^. r \i liui: irs: ine ic 'itt -tx^rtaansL 31 5ir ^^ pQiksnsal 
*ni*rg7 4zuf •an?: -rijKSk zTT^ea 5:r P^ . P^. C ipt lie parasJ^ £3a-. 

fc "Till Vi ««i »i^w TOtic laii T'bini's jf P-. Pjj. C^ ri- aad 
71: 7. ^^Cij '^tilj V/ TOii ^afie -jC ->Tvnw:n -it irus: ^aat, and die 



T-:» Our '-^riir if *por:if2iasii:iL v- Trnfrti 1111* -vcm ham been 
caurjifi *bfs^ ^a^ zr* rmsdzaacz ssr^suss pgraTt*? !•> iht axs x The 



If ft %e<xoi apfcoifsiasi-vc. were maiie die ^cresEES P^Q^S^S^ 
T U migLii dffer ^^m die -atpresBL-cs g^-^i fix* iceni in equadooB 
/30» hj A^riA *yjz:ziiininz die aecufui ami hiziier powers of die 
^»ri2Mts<^ jr. y, z, or ib^ difckneas i. Tltese w-xiji give rise to 
x^mv^-resnlzatixTj^ irfiirfL =0 {»r ** 4 2? OjCcemetL w-xlH be rf die 
third or iotae feigfeer order in iL Tbese zecms may be of any 
ori^ of nuhgiiicade: in comporisoik widi dboee Si-cod in iMv ^nd 
th«7 win h&Te to be retained ^jt rgec^ed according as the case 
fxtAfiT fhjf^nsssfjn fikll* into one or an*>dL€r t^f the dasses described 
in art, 321. The Ojnectioos to the raloes of the stress-eoaples 
savojkff trrAXi the corrections to the Tahies ai the stresses will be of 
the foarth or a higher oid^* in k and they may in all cases be 
disregarded. 

In the first and third classes of cases, i>. whenever there is 
Hexaie, the stress-cowiides are determined in terms of it by die 
tonauhb of the last article, bat the stre9&-resaltantB are not 
efficiently determined. In the second daas of cases, ile. when 
there i» exXeusifm and no flexore, the stress-resoltants are deter- 
mined in terms of the extension by the formuhe (34> of the last 
article, and the stress-cooples are animpcwtant. 

When there is flexure it is nnneeessary to proceed to a second 
approximation in order to determine the stress-resoltantSL They 
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may be introduced as unknowns into the equations of equilibrium 
or small motion of the plate and determined or rather eliminated 
by a direct process. 

326. General Equations of Equilibrium. Small dis- 
placements^. 

Now suppose a thin plane plate is slightly deformed and held 
in its new position by applied forces and couples. Let a system of 
moving axes of x, y, z be constructed as in art. 317. The dis- 
placements being supposed so small that their squares may be 
neglected, we shall arrive at sufficiently exact results if we neglect 
the changes of direction of these axes that accompany changes of 
their origin (a, ^). Consider the equilibrium of an element of the 
plate contained by the naturally plane faces and by the four normal 
sections which in the natural state cut out on the middle-surface 
a rectangle bounded by the lines a, )8, a + dd, and fi 4- dfi. Let 
the external forces applied to this element be reduced to a force at 
the corner (a, )8), whose components parallel to the axes of x, y, z 
drawn through that point are 2Xhdad$, 2Yhdad^j 2Zhdad^, and 
a couple, whose moments about the axes of x and y are ^Lhdad^y 
and 2Mhdad^, Let the part of the plate on the side of the 
normal section through the bounding line a = const, remote from 
the element act upon the part on the other side with a resultant 
force and couple such that the components of the force per unit 
length of the curve a = const, at the point (a, yS) are —Pi, — Ui, 
— Ti parallel to the axes of x, y, z, and the components of the 
couple per unit length of the same line are — H and — Qi about the 
axes of a? and y. Also let the part of the plate on the side of the 
bounding curve = const, remote from the element act upon the 
part on the other side with a resultant force and couple such 
that the components of the force per unit length of the curve 
13 = const, at the point (a, /8) are — CTi, — Pa, — Ta parallel to the 
axes of X, y, z, and the components of the couple per unit length 
of the same line are — Gj and H about the axes of x and y. 

The forces P^ P^y,.. are the stress-resultants, and the couples 
(?i, Q2, IT are the stress-couples per unit length of the bounding 
lines of the section of the element by the middle-surface of the 
plate. In the case of pure extension the couples vanish, and we 

^ The equations for a plate finitely bent will be given in art. 341. 
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know a sufficient approximation to the stress-resaltanta When 
there is flexure we know a sufficient approximation to the stress- 
couples, but the stress-resultants are unknown. 

Exactly as in art. 308 we can obtain the equations of equi- 
librium in the form : — three equations of resolution 

and two equations of moments 

^ J- (36). 

^-— -T+2Aif = 

The boundary-conditions have already been given in art. 311, 
equations (17). 

327. Flexure and Extension of plate. 

The equations that determine the small displacements of the 
plate can be found by using the analysis developed in art. 318. It 
is easy to shew that if u^ v, w be the displacements parallel to the 
axes of a and fi and normal to the middle-surface the extension is 
defined by the equations 

_3u _9v _3v9u 

and the curvature of the strained middle-surface is defined by the 
equations 

_3^v _dy _ yw 

'''"da^' '''"d^' '^^dadfi' 

When there is flexure unaccompanied by extension u and v 
vanish and we have the theory of ch. xix. 

When there is extension unaccompanied by flexure, w vanishes, 
and the equations to determine u and v are the first two of (35), in 
which Pi, Pa, Ui are given in terms of ei, €2, «r by the first three 
of (34). 
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As an example we may consider the equations of extensional 
vibration. Replacing X and F by — pd^/dt^, and - pd^/dt^, where 
p is the density of the material of the plate, the equations are 

3^ 






%2 



The boundary-conditions at a free edge whose normal makes 
an angle with the axis a are 

The solution. of this system of equations for a circular boundary 
has been considered by Clebsch, {Theorie der Elastidtdt fester 
Korper, § 74,) the matter is however of little physical interest. 

The problem of the equilibrium of a plate under thrusts in its 
plane will occupy us later in connexion with the stability of the 
plane form. 
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The kind of bodr called a ' thin shell "* mav be deacribed as a 
sort of thin plate which in its natural state is finitely carved. It 
may be accurately defined in terms of a certain sor&ce to be 
called the mtddle-mirface, and a certain length K the half-thii^- 
nese, which is small compared with the onit of length. Thna^ 
taking any snrface for middle-snr&ce, and drawing a line from 
each point of it of very short length 2A to be bisected by the 
surface and to coincide in directicm with the normal at the point, 
we obtain two sor&ces near to the middle-sorfiice. If the space 
between these be sopposed to be filled with elastic solid matter in 
its natural state the body arrived at is a thin shelL In the most 
general case the half-thickness A may be a fdnction of the position 
of the point on the middle-sui&ce from which the line of length 
2h ifl drawn, and the material may be of any aeolotropic and hetero- 
geneons qnality. We shall confine oar attention to the case of 
constant thickness and homogeneoas isotropic elastic matter. 

When the shell is anstrained sappose the lines of carvatore on 
its middle-sur&ce drawn, and let these be the carves a = const 
and = const Any point in the middle-sarfiskce is given by its 
(a, fi), and we shall sappose the length ds of the line joining two 
points (a, fi) and (a + da, fi-h dfi) near together to be given by 
the equation 

cfo» = ^»da» + S»d)8» (IX 
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Then A and B are some functions of a and /3. If a system of 
axes be constructed at any point (a, fi) so that two of the axes 
touch the curves /8= const, and a = const, and the third is in 
the normal to the surface, and if the infinitesimal rotations of 
these axes about themselves as we pass from a point (a, 0) to 
a neighbouring point (a + da, ff+d/S) be 

Pida+pid^, qida + q^dp, r^da + r^d^ (2), 

we shall have the relations of art. 316 in which x '^ P^^ equal to 
Jtt, and we shall have the further condition that the curves 
^ = const, and a = const, are lines of curvature. 

Now equation (8) of that article shews that in order that the 
curves in question may be lines of curvature we must have 

2a = 0, ih = 0, 

and then equation (7) of the same article shews that the principal 
curvatures Ijp^ and Ijp^ are ^ 

Vfh = - ?iM » 1/Pa = P2IB. 

Observing that p^dfi is the angle between the normals to the 
surface at the extremities of the arc Bdfi of the line of curvature 
a = const., we see that p^ is the radius of curvature in the normal 
section through /8 = const., and pa is the radius of curvature in the 
normal section through a = const. 

The quantities rj, r^ are directly given by the fourth and fifth 
of equations (6) of art. 316, so that we have 

. A lU \ 

p,= 0, 2, = --, n — sw 

B ^ 135 

The sixth of the equations referred to is identically satisfied, 
and the first three give us 

da \pj ~ /J, aa ' 3/3 \pj ~ /»» 3^8 ' 
Pip, ~ ao U 9a/ 3/3 \B djs) 



,(3). 



.(4). 



^ The radii of curvature are estimated as the z coordinates of the centres of 
curvature. 
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329. KinematicB of thin Shells. 

When the shell is strained the particles that were originally on 
the middle-surface come to lie on a new surface which we shall 
call the strained middlesurfdcey and the particles originally in a 
line of curvature of the middle-surface come to lie in a line on the 
strained middle-surface which is not in general one of its lines of 
curvature. The position of each particle can however be determined 
by means of its a and ^, and in this view a and ^ are parameters 
defining the position of a point on the strained middle-surface, but 
the curves a = const, and ^ = const, do not cut at right angles. 

Suppose the strained length ds' of the line joining the points 
(a, /8) and (a + da, /8 + djS) to be given by the equation 

ds'^^A'Ha^ + B'^dp' + iA'Edad^co^X (5), 

then A' da is the strained length of the line-element of the curve 
/8 = const., BfdP is the strained length of the line-element of the 
curve a = const., and % is the angle between the directions of these 
line-elements after strain. 

If we regard only ordinary strains, and take ei, eg for the 
extensions of these line-elements and cr for the shear of their 
plane, ei, €3, and cr will be quantities whose squares may be 
neglected, and we shall have 

^' = ^(l+eO, 5' = 5(H-e3), cosx=t!r, X = i7r- t!r...(6). 
Now let a system of rectangular axes of x, y, z be constructed 
so that when its origin is at any point P of the strained middle- 
surface the axis x coincides with the line-element ^= const, 
through P, the axis y is in the tangent plane and perpendicular 
to Xy and the axis z is normal to the surface; also let the 
infinitesimal rotations executed by this system of axes about 
themselves as we pass from the point (a, fi) to the point (a + da, 
/8 + d^) on the strained middle-surface be 

p^da + p^dp, qida + q^'djS, r^da + r^d^ (7), 

then the theory of art. 316 applies to this system. 

Now the last three of equations (6) of the article referred to give us 

^' Bd(i'^Bd/:i Bdfi^^^'^'^Bda'^da 

,__ IdB €,dB 1 a ,z> V '^dA 
''^" Adoi^Ada'^Ada^^'')''Ad^' 

Aq^ +Bpi = - A€iq2 - Be^pi' + BrsTq^ 



L..(8); 
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so that r( and ri differ fi'om r^ and r^, and q^jB+pljA differs 
from zero, by quantities of the order of the extension of the 
middle-surface. 

Now, rejecting small quantities of the order 61, 62, «r, the 
equation (7) of art. 316 giving the principal curvatures becomes 

p' p{B a) [BA'^A')"'^' 

while the third of equations (6) of the same article shews that to 
the same order of approximation the last term is identical with 

""aR v^""^)' ^^^^^ gives the same value for the measure of 
curvature as that before strain. This is merely the well-known 
result that if a surface be deformed without extension the measure 
of cu^ature at any point is unaltered. 

If terms of the order €1, €2, rsr he retained, but squares and 
products of them rejected, the equation giving the principal curva- 
tures becomes^ 

+ [-^S'(l-..-..)-$(l-2..) + 2^]-0...(9). 

To the same order of approximation the equation giving the 
directions of the lines of curvature of the strained middle-surface 
at (a, fi) can be shewn to be 

330. Kinematical Equations. 

The values of the rotations p/da, ... can be determined in 
particular cases by the use of the following analysis: — 

Suppose a system of fixed axes of f , rj, f, and that the system 
of moving axes of x, y, z at any point (a, ^) is connected with this 
system of fixed axes by the scheme of 9 direction-cosines 

X, Zi, mi, rii 
y, I2, ma, n^ 



.(11). 



1 The student is advised to verify this and the following statement. 
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Then, just as in art. 318, 

ai + '^aa 

da 



, J w^t drru dn^ /, dli . drrii . 



da 



da 



). 



V...(12), 



9^ . drrii 



drii 



n' = Z,g^ + »n,-g^' + n,g^ 



and p2, qii r^ can be obtained from these by writing ^ for a. 

If I2, m^, n^ be the direction-cosines after strain of the line- 
element which before strain coincided with the line of curvature 
a = const., we shall have 



^Z,(l + 60 = |f, ^mi(l+60=g-^, 



^/h(l+eO = |,v .(13), 



while the direction-cosines l^, m^, n^ oi the normal to the strained 
middle-surface are given by such equations as 

^3 = 7/11^2 — rn^rh (l^)* 

The above equations give us 



<'-)'4.[(i)'-(D'-(D'].l 



(l+Cs 



y....(15). 



(i+O(i + «0^-2.^Lasa^+a^ai8+aia;8j; 

331. Small Displacements. The Extension. 

We shall now suppose that the thin shell is very slightly 
deformed so that any particle P initially on the middle-surface 
undergoes displacements u, v, w in the directions of the lines of 
curvature and the normal through its equilibrium position, u being 
parallel to the tangent to the line of curvature ^ = const., and v 
to the line of curvature a = const. The lines of curvature and the 
normal through any point are the lines of reference for u, v, w. 
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Through the point occupied by any particle P of the middle- 
surface before strain draw a system of fixed axes of f, 17, f 
coinciding with the lines of reference for u, v, w at P, (a, )8). The 
lines of reference for u, v, w at a neighbouring point P' (a + da, 
fi + dfi) are. to be obtained by translations of the origin through 
Ada, Bd^ parallel to the axes of ^, t), and a rotation whose compo- 
nents about the axes of f , 97, f are 

Bd^ _ Ada 

'^da A 



dAda dBdJ 

dfi B ^- ^ ^ ^' 



Pa pi 

Le* i?» V> (T be the coordinates of P after strain, and ^+d^, 
V-^^Vt ?+^? those of P'; then f, rj, f are identical with u, v, w, 
but df, dff, df are not identical with du, dv, dw, since u, v, w are 
referred to moving axes. In fact we have such formulae as 






Ada\ 



V ~Pir 



in which any diflferential as du means (3u/3a) da + {dn/djS) d/S. 

Writing these formulae down, and equating coefficients of da, 
djSf we find 



3? . dxi vdA . w 

^=A-{-;r- +riW7.-'A- 



da ^ ' da ' Bd/S 

dv _ 9v u dA 
aa"" da'Bd^' 

dt 3w . u 

da da pi 



Pi 



dfi Ada' 

9^_D.3vu^aB_^w 
9/8"" 3/3 "^"^ aa - ' 



P2 



M17). 



Si8 



aw ^ V 



From equations (15) of art. 330 we now find, on rejecting 
squares of small quantities, the following values for the quantities 
€1, €2, xsr defining the extension of the middle-surface : 

\ 



_ 1 au V a-4 w 

^'^Adi'^ABd^"'^,' 



1 av 
€2 = ^^+ 



u a-B w 



Bdfi AB da p^' 



> 



=l?z 1?^_ 



u a^ V a5 



(isy. 



Ada' Bd/S AB a/S AB aa / 

^ Expressions equivalent to these were given in my paper {PhiL Trans. A. 
1888). Another method of arriving at them has been given by Prof. Lamb in Proc. 
Lond, Math. Soc. xxi. 1890. The expressions found below for the quantities that 
define the changes of curvature of the middle-surface have a similar history. 

L. II. 15 
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u, 


V, 


W 


X, 


Xi, 


/^i» 


Vi 


y^ 


Xa, 


Ma> 


V2 


z, 


Xs, 


/^> 


Vs. 



(19), 



332. FormulflB for the changes of curvature. 

We have next to calculate the quantities p/, 5/, r/, p2, g/, r/ 
deiSned by equations (12) of art. 330. We shall suppose that the 
moving axes of a?, y, z introduced in art. 329, when referred to the 
lines of reference for u, v, w, are given by the scheme of 9 direction- 
cosines 

while, referred to the axes of f , 7;, f they are given by the scheme 

X, li, ruif Ui 
y, Za, ma, Th 

Z, (3, 77^8* ^8 / 

Then \.,. coincide with Zj..., but dXi... differ from d^... because 
\i... are referred to moving axes. 

From equations (13) of art. 330 we find Zj... in terms of the 
coordinates f, rf, f, i.e. we find \,,. in terms of the displacements 
u, V, w. Using (18) we obtain the results 



(20). 



X, = l, 



_ 1 9v u dA 



_ 1 3v u 9^ 
_ ^ 1 3w u 



law 

^^" 59/8 



1 9w u 
Ada pi: 

1 9w v , ,^^^ 



£9^8 



V 



1^3=1 



Now, since at (a, fi) \i, . . . are identical with Zi, . . ., and since the 
axes of reference for \i, ... at a neighbouring point are obtained fi-om 
the axes at a, fi by the rotations (16) we have such formulae as 

Ada\ 
Pi 



„ ,, , 9-4 da . dB d/S 



f)-'(-'f)- 



We can hence write down the partial differential coefiicients 
of Zi, ... with respect to a, ^. But as we only require certain 
expressions involving them, and, as in these expressions we shall 
reject all terms which contain products of u, v, w or their differ- 
ential coefficients, it is shorter to pick out the terms that arise 
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without writing down all the formulae. We can in this way 
calculate the quantities jpi', ... from equations (12) of art. 330. 

We have for example 

In this formula l^ is of the first order in u, v, w; we need therefore 
only retain the terms, if any, of dl^ldct that are independent of 
u, V, w ; also we have 

,, ^ ( dAda ^ dB d^\ . / Ada\ 

dh = dK'^.[-^^+Y^^) + v.[-—), 

in which dX, and va are linear in u, v, w, and the only term which 
need be retained is the term in /uj. Proceeding in this way we 
find 

5 9)8 U 3a pj da \B 3/3 ■*" pj 



K=- 



+ ^/'_l?y+JLL^\ 



Pi\ Ada' AB 3/3; ' 

*' ~ B 3/3 \Bd^'^ pJ 3aU da '^ pJ p,' 

, _ 3_ /J. 3y _ n__dA\ A (Idw v\ _ldA 
^' ~da [a da AB dfi) ^ p, \B 3/3 ■*■ pJ B 3^ 

and 

j^asnaw u\ a_/iaw vx 5 

P' A da \A da^pJ^dfi\Bd^^pJ^p2' 
^' "Ada \B 3/3 "^ pJ dl3 [a da "^ p,. 



> (22), 



_B fldv u_ dA\ 

pAAda ABddJ' 



(23). 



,_^ /J. 9y_ u_a£v 5/j^aw u\ IdB 
^' "dl3 \A da ABd^J p2\A Ba "^ pJ '^ A da 

The results here obtained admit of certain verifications^ as 
follows : 

1^ With the values for €i, e^, xsr given in equations (18) of 
art. 331 the equations (8) of art. 329 are identically satisfied, 
squares of u, v, w being neglected. 

^ The student is recommended to work these out. 

15—2 
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2^ The surface r = a + bPn, in which P^ is Legendre's nth 
coefficient and 6 is small, being supposed to be derived from a 
sphere of radius a by the normal displacement bPn, the expressions 
for the sum of the curvatures and the measure of curvature given 
by equation (9) of art. 329 will be found to coincide with the 
known expressions, viz. we have 

^ + 7 = -!-^»<"-^)(« + 2)P„, . 

Pi />2 ^ ^ 



Pi/>2 cb a" 

the argument of P„ being the sine of the latitude of a point on the 
undeformed sphere. 

It will hereafter be found that for determining the strain in an 
element of the shell the quantities of greatest importance are 
ei, €2, 'BT which define the stretching of the middle-surface, and 
three quantities /Cj, /Cg, t defined by the equations 

^' A pi' ''' B p,' ^^A ^'^^^• 

These quantities /Ci, /Cj, t are sufficient in the case of bending of 
the middle-surface accompanied by very slight stretching to define 
the bending. We shall refer to them as the changes of curvature. 

According to equations (22) and (23) we have for /Cj, /Cg, t in 
terms of the displacements of a point on the middle-surface 

"^^ Ada \A da) '^ A&d/S d^'^ A da [pj '^ ABp, 9/3 ' 



K2 — 



B dl3 \B d^J ^ BA' dada^B d/3 [pJ ^ ABp^ da ' p-V^^> 

'^ AdaKB 3/3/ A^B dff da'^ A da \pj Ap^ aa 

333. Extension of Kirchhoff's Theory to Thin Shells. 

We have in the next place to give a theory for determining to 
a sufficient order of approximation the stress-resultants and stress- 
couples that act upon any element of the shell. We cannot as in 
the corresponding case of naturally curved wires obtain these by a 
process of superposition. When a curved wire is bent and twisted 
into a new curved form we may suppose the operation conducted 
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by first straightening and untwisting the wire into a straight 
prismatic rod, and then bending and twisting it into the new 
shape; but it is dififerent with a thin shell. Unless its middle- 
surface be a developable it cannot be unbent into a plane plate 
without producing more than ordinary strains, and we may not 
therefore suppose that the thin shell is first strained into a plane 
plate and then strained again into its new form. 

We shall adapt the process of arts. 319 sq. to obtain the theory 
of which we are in search, and the first step in this process is the 
investigation of certain difierential identities expressing the 
conditions that after strain the elements of the shell continue 
to form a continuous shell. 

We take P to be a point on the middle-surface, and suppose 
that three line-elements (1, 2, 3) of the shell proceed from P, of 
which (1) and (2) lie along the lines of curvature of the unstrained 
middle-surface, /8 = const, and a = const., while (3) lies along the 
normal. After strain these are not in general rectangular, but by 
means of them we construct, as in art. 329, a system of rectangular 
axes of X, y, z to which we can refer points in the neighbourhood 
of P; viz. the new position of P is to be the origin, the new 
position of the line-element (1) the axis on, and the new plane of 
the line-elements (1) and (2) the plane of {x, y). 

334. Differential IdentitieB. 

We have to consider the strain in an element of the shell 
bounded by normal sections through two pairs of lines of curvature 
whose distances are comparable with the thickness of the shell. 
We shall suppose P to be the centre of such an element, and we 
may refer to the element as the prism whose centre is P. After 
the deformation we can suppose this prism moved back without 
strain so that the axes of Xy y, z come to lie along the initial 
positions of the line-elements (1, 2, 3). 

Now let Q be a point of the shell near to P, and before the 
deformation let a?, y, z be the coordinates of Q referred to the 
line-elements at P. After strain let a? + 1^, y + v, z + w be the 
coordinates of Q referred to the axes x, y, z] then u, v, w are the 
displacements of the point Q relative to P, and they are functions 
o{x,y,z,a,^. 



?...(26), 
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Suppose P' is a point on the middle-surface near to P, then 
we might refer Q to the line-elements at P', coinciding with the 
lines of curvature and the normal at P, instead of to the line- 
elements at P. The coordinates of Q before strain referred to P' 
are x •\-hx, y + hj, z + hz, where 

Sa: = — Ada + y {r^da + r^P) — z (q^da + g'jd/S) 

= - AdoL + y (vida + r^d^) + Azda/fh, 
gy == — Bdff + z (pida +p^/3) — x {i\da + rjd/8) 

Sz== X (q^da + q^/S) - y (pida +p^l3) 

= — Axda/pi — Byd^/pi 

since the line-elements at P' are obtained from those at P by 
infinitesimal translations Ada, Bdfi and infinitesimal rotations 
Pida+p^^, ..., in which the p's, ... are given by (3). To obtain 
the values of the coordinates of Q referred to P' we must in the 
expressions for u, v, w replace a and /8 by a + da and ^ -f- d^, and 
replace x^yy zhy x + Sx, y ^Sy, z + Sz, where &c, Sy, 8z are given 
by the equations (26). Thus we find for the coordinates of Q 
referred to P' such expressions as 

in which &c, By, Bz are linear functions of da, d/8 given by (26). 

Again the axes of x, y, z a.t P' after strain are obtained from 
those at P by translations 

A (1 + €^) da + Brsrd/3, B{l + €^)d/3 

parallel to the axes of x, y at P, and by rotations 

Pi'da + p^d^, qida + q%dfi, r^da + Vid/S 

about the axes of x, y, z. Hence the coordinates of Q referred to 
P' after strain are 

x + u + (y-^v) {vida + r^dfi) -{z + w) {q^da + q^dfi) 

-A{l + €i)da-Brffdfi, 
y + v + {z + w){p^da+p^dP)- {x + u) (r/da + r^'d/3) \ . ..(28). 

-£(l + €,)d^, 
z + W'\'{x + u) (q^da + q^'d/S) -(y + v) {p^da -^p^d^) i 
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Comparing the expressions (27) and (28) for the coordinates of 
Q referred to P\ and using the values of Bo), Sy, Bz given in (26), 
we see that we shall obtain three equations linear in da, d^, which 
must be satisfied for all values of the ratio da : d^. We may 
therefore equate coefficients of da and d^, and we thus obtain six 
equations, viz. : 

^ { A (1 - zjp,) ^r,y\+~^r,x + ^ Ax/p, 



dx 



dz 



nil 

= g^ -{(n'-n)y+n'v}+ [{q^+Alp^)z^ q^w] + Ae^, 
dv , J ., , ^ , dv dv 



9^ {-4 (1 - z/fh) - ny\ + ^r,a> + ^^ Axjp, 
= 9^ - K (-3^ + ^) + {(^i' -ri)x + r^'u}, 

and 



-...(29), 



dx 



9^ 
= ^- {(r^' -n)y +ri'v} -^-q^' {z + w) -h B'tsr, 



-^'^^^Ty^^^^-'^lp^^-^'^^^^^.^ylp^ 



dx 



dz 



dv 



= go- [W -BIp^)z+p^w] + {(r; ''r^)x-\-r^'u] ^Be^, 



dw 



dw 



dw 



"'a^^^'*"a^^^^^^'^/^'^'^''^^'^a^^/^^ 



dw 



...(30). 



= 9^ - ?2' (a? + w) + {(pa' - B/pi) y +p^' v} 
For a plane plate these reduce to (20) and (21) of art. 320. 



336. First Approximation. 

We have precisely the same classification of the modes of defor- 
mation of thin shells as of those of thin plates, and we may treat 
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the equations just obtained in precisely the same way as the 
corresponding equations of art. 320 were treated. For the first 

approximation we leave out terms like -4 — ^ as being of the 

same order as u, we leave out terms like ^ , and we leave out 

dot. 

terms like qiW ; also we leave out terms like (r/ — rj) y, because 
(r/ — Vi) is of the same order as the extension of the middle- 
surface, and we replace qs/B by —pi/A because the diflference of 
these two quantities is small of the same order. 

The approximate equations which replace (29) and (30) are 
therefore 



du /Qi l\ du pi 



^..(31). 



dx~^'^ d'^pj^' dy A 

dv __ pi dv fp2 1 \ 

dx" U^/>J ^^' dy A^^U pJ^^ 

If now we write, as in (25) of art. 332, 

"' U^pa/' *' U pj' A 

we have precisely the same system of equations for the displace- 
ments within an element as in the corresponding case of a plane 
plate, and they lead to precisely the same conclusions as regards 
the strain and stress within an element of the shell. 

As far as terms in z we find accordingly that the strains are 

6 = €1 — K^z^ a = 0, 

f^e^ — K^y 6 = 0, 

^ ^ N..(32). 

g = - ^ . 2 {^1 + ^2 - ('^i + 1^) ^]> C = isr - 2tz 

As far as quadratic terms in x, y, z the displacements are 

u = — KiZX — Tzy + e^x + «ry, 

V = — rzx — K^y + €oV, 

^ h..(33). 
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In obtaining these the equations of equilibrium or small 
motion are simplified by omitting bodily forces and kinetic re- 
actions for the reason explained in art. 249. 

The above is a suflBcient approximation for the purpose of 
finding the values of the stress-couples, but it is generally 
insuflBcient for the purpose of finding the values of the stress- 
resultants. 

When a second approximation is made the complete forms of 
the differential equations of equilibrium or small motion including 
bodily forces and kinetic reactions will have to be used for the 
determination of the arbitrary functions or constants introduced 
by integration. Now the second approximations to e, f, c are 
found directly by substituting the approximations already found 
in the terms of equations (29) and (30) previously rejected, so 
that the values of e, /, c do not depend on the equations of 
equilibrium. This observation shews that a second approximation 
to the strains e,/, c and the stress U can be found without having 
recourse to these equations, but the other stresses cannot be found 
in the same way. 

336. Second Approximation. 

It is necessary to go through the second approximation so far 
as to find expressions for the strains e,/, c which can be obtained 
without having recourse to the equations of equilibrium. Certain 
simplifications are however possible. The resultant stresses which 
we have to find may be calculated for an indefinitely narrow strip 
of the normal section along the line a? = 0, y = 0, and we may 
therefore confine our attention to the values of the strains when 
X and y vanish but z is variable. The expressions we have already 
found giv.e the first two terms of an expansion of these strains in 
powers of z, and we propose to find the terms in z^ in the same 
expansions. Now from the classification of cases in art. 321, 
it appears that different cases are discriminated by the varying 
relative importance of such quantities as ei and such quantities as 
K-i^Zy K-^z^y .... When ej is great compared with k^z, only the first 
terms of the expansion (those independent of z) need for any 
purpose be retained. When ei is of the same order as iCiZ, only 
the first two terms need be retained. The second .approximation 
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therefore refers only to cases in which €i is small compared with 
KiZ, In making the second approximation we are at liberty to 
reject all such terms as CiZ, €^, tsrZy CiZ^, ... as well as all terms that 
contain x or y. Further, since our second approximation will 
only be applied to small displacements of the middle-surface we 
may reject all terms which involve products of /Cj, tc^, r. 

Looking at the system of equations (29) and (30) we see that 

of the terms at first rejected ^, ^ , ^, ^ may still be omitted, 

for our purpose, because every term of each of them contains a 
factor X or y. Picking out at first all the terms that do not vanish 
with X and y we have such equations as 



dx 1 — z/pi 1 — z/pi [\A pj 



- 5 13^ K^i + €2) ^ - H'^i + >^2) ^'}1 . 



and, in accordance with the principles above explained, these may 
be simplified to 



ox Pi ^ Pi 1 — <r 

/ = o" = ^2-'^*sr ^^'L.-JL — (/ifi + zca) 



9 

3y P2 ^^2 

Also in the same way we find 



(34). 



SO that 



3i; TZ* 

-- = ^ TZ 

OX Pi 

du TZ^ 

^r- =zm ^ rz 

9y p2 



oJ'+^^ = ^^2rz-^rz^(^^^) (35). 

ox dy \pi pJ 

The above equations give the strains e,f, c correct to terms in 
^, when a? = 0, y = and the extension of the middle-surface is 
small compared with the products of the changes of curvature and 
the thickness, while the displacement of any point of the middle- 
surface is small enough for its square to be neglected. In ob- 
taining them we have used equations (24) and written <r/(l — <r) 
for V(^ + 2/x). 
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337. Stress-components. 

We now consider the stress-system. As far as terms in z we 
have by the method of art. 323 

3(7 

i^ = 2^8 {€i + treo -z{tc^-V o-zca)}, i2 = 0, 

3(7 
Q = ^M'^''^^^^^^^-^'^^^\> ^5 = 04 (36), 

where (7 is the cylindrical rigidity ^ /aA' .-— r_ ^ 

We cannot obtain the terms in z^, except in CT, without having 
recourse to the equations of equilibrium, but we can give a form 
for the results as far as P and Q are concerned. 

Suppose the term in jR that contains z^ is jRo^^, then 



so that 
Hence 



^=-.-^(«+/)+ ^ 



\+2/i 



\ + 2/i* 



So Q = g{/+..-4-i^-.j. 

Thus we find from equations (34) 

■•l-o- \pi pt/ M- J' 

and from equation (35) 



\ 



V...(37). 






/ 
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338. Potential Energy of strained Shell. 

From the approximate values of the strains in art. 335 we 
may deduce an expression for the potential energy. Just as in 
art. 323 it appears that the potential energy per unit area of the 
strained shell is 

^C[(k, + K,y - 2 (1 - <7) {k,k, - T^)] 

+ 1^, [(fi + «.)'- 2 (1 - «r) (6,6, - i«r>)] (38). 

The second term of this expression contains A as a factor, and 
the first term contains M If more exact values of the strains 
were found there would be additional terms in h^ depending on 
products of such quantities as €i and Ki. When the middle-surface 
undergoes extension as well as flexure the second line is the most 
important. When the extension is small in such a way that the 
quantities €i, €a, -bt are of the same order of magnitude as kJi, kJi, 
rh, the two lines must be retained. When €i, 62, w are of the 
order Kih\ kJi\ rh^ or of any higher order the first line is the most 
important. In each class of cases the expression above written 
includes all the terms that need to be retained (and generally 
some terms that ought to be rejected) for the purpose of estimat- 
ing the potential energy. It is necessary to observe that the 
equations of equilibrium or small motion cannot be deduced from 
the above expression by the method of variation ^ because the 
terms in h^ that are neglected therein may on variation give rise 
to terms of the same order of magnitude as those that arise from 
the terms retained. For instance, from the variation of a term in 
h^Ki€i there would proceed a term h^XiBcj as well as a term h%B/Ci, 
and the former would give us terms in AVi in the equations of 
equilibrium or small motion which are of the same order as those 
that come from the variation of h^Ki^ We shall obtain the general 
equations without using the method of variation. 

^ This was the method employed in my paper, (Phil. Trans, A. 1888,) its 
inexactness was pointed out by Mr Basset {Phil. Trans. A. 1890). If the general 
equations of my paper be compared with those of any of the problems solved below 
it will be found that terms are omitted which ought to have been retained. These 
terms depend on the second approximations to the stresses considered in the last 
article. Lord Bayleigh has also pointed out that when extension of the middle- 
surface takes place there does not exist a function depending on the deformation of 
the middle-surface alone which represents the potential energy correct to terms in 
hK (*0n the Uniform Deformation... of a Cylindrical Shell...' Proc. Land. Math, 
Soc. XX. 1889.) 
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339. Stress-resultants and Stress-couples. 

For the purpose of forming the equations of equilibrium of an 
element of the shell bounded by normal sections through two 
pairs of consecutive lines of curvature we seek to reduce the 
stresses on the faces of the element to force- and couple-result- 
ants. Each of these will be estimated per unit of length of the 
trace on the middle-surface of the face across which it acts. 

On the element of the face a = const, whose trace on the 
middle-surface is of length Bdfi there act forces of the P, U, T 
system. These reduce to a force at (a, ^), whose components 
parallel to the axes of x, y, and z will be taken to be 

P^Bd^, U^Bdfi, T.Bdfi 

respectively, and a couple whose components about the axes of x 
and y will be taken to be 

H^Bdfi, GiBd/3. 

On the element of the face fi = const, whose trace on the 
middle-surface is of length Ada there act forces of the U, Q, S 
system. These reduce to a force at (a, /3), whose components 
parallel to the axes of x, y, and z will be taken to be 

U^Ada, PzAdUy T^Ada 

respectively, and a couple whose components about the axes of x 
and y will be taken to be 

O^Ada, H^AdoL 

In finding the values of these quantities in terms of the 
displacements we have to remember that the line-elements I I 
Ada and Bd^ have finite curvature, so that in the normal Up 
plane through Ada for example the element of area on 
which such a stress as Q acts is the product of dz and 
Ada{\ —z/p^) as shewn in the annexed figure. 

The couples can be calculated as far as h^, and we find 
H,Bdl3=l -UzBd0(l-zlp,)dz 

J -h 

and . H^Ada = I Uz Ada (1 — zjp^ dz. 

J —h 

From which, to a sufficient approximation, 

H, = -H, = C{l^a)T = H ssiy (39). 



238 THEORY OF THIN SHELLS. [339 

Also Gi Bdp = \ Pz Bd^ (1 - zjp^) dz, 

G^Ada =1 —Qz Ada (1 — zjp^) dz. 

From which to a sufficient approximation 

(?i = - (7 (/c, + o-zca), G^2=(7(/tf2 + cr/Ci) (40); 

in these expressions such quantities as e^jp^ have been rejected as 
small compared with such quantities as Ki, 

Again we can calculate Ui and f^j as far as A' ; we have ^ 

rh rh 



U,= [ U{l^z/p,)dz,U^=j U{l-zlp,)dz. 

J -h J -h 



Hence 



...(41). 



fr,.^<^(i^„.<7(,-,)i-4C(i-.)(I + l)V 

Further in terms of the unknown Rq we can calculate Pi and 
Pa as fiax as A^ ; we have 

Pi=f P(l-z/p,)dz, P,==f Q{l-zlp,)dz. 

J -h J -h 

^ Sufficiently exact values for the stress-couples are given by the first approxi- 
mation. The necessity for determining the terms of the stress-resultants that contain 
C as weU as those that contain Cfh^ was first noticed by Mr Basset in the particular 
cases of cylindrical and spherical shells (Phil, Trans. R, S, A. 1890). Mr Basset's 
investigation proceeds on entirely different lines from the present, and he retains 
terms in Ce^ as well as terms in Ck^. The values for U^, U^ above, (his If^, If,,) 
are in substantial agreement with those given by him, the additional terms which 
he obtains being of the order which is here neglected. These terms could be 
obtained by the present process. The values found for P^, P^ above do not agree 
with those found by Mr Basset for the same stress-resultants (called by him T^ and 
Tg), though the difference P1-P2 is in substantial agreement with his difference 
Tj- Tj. The discrepancy in the two accounts of the stress-system is in regard to 
the quantity Rq . By equating coefficients in two forms of the expression for the 
virtual work of a small displacement Mr Basset appears to have evaluated P^ and P, 
completely in terms of displacements. We shall be able hereafter in discussing the 
two-dimensional vibrations of a complete circular cylindrical shell of infinite length 
to bring the matter to a test. It will appear that P^ and Pj can be found in that 
problem from the equations of small motion, and that the values which can thus be 
deduced are not identical with Mr Basset's values in terms of displacements. 



340] 



QENEBAL EQUATIONS. 



239 



Hence 






-il («.+ «s) (-+-+* 



...(42). 



^ l-<7 ^Vpi Pa/ /A J 

Finally T^ and Tj cannot be calculated by this method. 

340. General Equations of Equilibrium. 

We have now to consider the equilibrium of an element of the 
shell bounded by normal sections through a, /3, a + da, ^ + dl3, 
when subject to the action of forces 2XhABdadfi, 2YhABdadl3, 
2Zh ABdad/3 parallel to the axes of x, y, z at (a, /8), and couples 
2Lh ABdid^y 2Mh ABdadfi about the axes of w and y. 

In forming the equations of equilibrium of an element bounded 
by normal sections through lines of curvature we have to re- 
member that the axes of reference undergo rotations as we pass 
from point to point of the surface. The rotations^ executed by 
the axes of x, y, z about themselves as we pass from the face a to 
the face a-\-da are pida, qida, r^da ; those executed as we pass 
from the face to the face ^ + d^ are p^dff, q^d^, r^d/S. 

We can now put down the forces parallel to the axes that act 
on the four faces of the element. 

On the face a we have 

— PiBdfi parallel to ar, 

— UiBd^ parallel to y, 

— T^Bd/S parallel to z ; 
on the face a + cfoc we have 



P.Bd^ + da 3-^ (P.Bd^) - U.Bd^.nda+T,Bd^.,.da, \ 



U,Bd^ + da^( U,Bd^) - T^Bd^.p^da+P, Bd^.r^da, 



> 



...(43), 



T.Bdfi + da^ {T^Bdfi) - P^Bd^.q,da+ U^Bd^.p^da 
parallel to the same axes. 

^ In the calculations here given the displacement is supposed small ; we shall 
presently examine the modification for finite displacements. 
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On the face P we have 

— U^Ada parallel to x, 

— P^Ada parallel to y, 

— T^Ada parallel to ^ ; 

on the fi»ce fi+dff we have 
U^Ada'^dfi^(U^Ada)-P^Ada.r^dfi-^T^Ada.qidfi, \ 

P^Ada + dfi ^(P^Ada)-T^Ada.p^fi+U^Ada.r4/3, 

T^Ada + d$^(T^Ada)-U^Ada.q^dfi + P^Ada.p^dfi 

parallel to the same axes. 

Bemembering the values o{ pi, ji, ... given in art 328, and 
equating to zero the sum of all the forces parallel to a:, or y, or z 
that act on the element we obtain the three equations of reso- 
lution 



V . . .(44), 



1 rdjP^B) d(U,A) dA dBl T. \ 

AB\_-^r ^"dT^ 'M~ 'Toi\--^,^^^ = ^' 



W46). 



In order to form the equations of moments about the axes of x 
and y we write down the couples that act on the four faces. 

On the face a we have 

— HBd^ about x, 

— GiBdfi about y; 
on the face a + da we have 

HBd^ -^da- (HBdfi) - G.Bdfi . r,da, 
G,Bd0 + da I- ( G.Bdfi) + HBd^ . nda, 

OOL 

about the same axes. 

On the face ^ we have 

— G^2-4da about x, 
HAda about y ; 



h (46), 
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on the face -hclfi we have 

GiAda + d/3 30 ( GiAda) + HAda, r^dp, 

- HAdoL -d^^ (HAda) + G.Ada . r.dfi, 

about the same axes. 

The systems (43) and (44) give rise to moments 

T.ABdad/3 and -T^ABdadfi 
about the same axes. 

Hence the equations of moments are 

where we have substituted for r^, r. their values from (4) of 
art. 328. 

Equations (45) and (46) are the general equations of equili- 
brium ^ when the displacements are small. 

341. Equations for Finite Displacements. We shall 
hereafter, in connexion with the stability of certain configurations 
of equilibrium, find it important to have equations determining 
the stress-couples and the equations of equilibrium of a thin 
plate or shell held finitely deformed. For the general case of a 
thin shell deformed in such a way that the strained middle- 
surface is finitely different from, but applicable upon, the un- 
strained middle-surface we notice: 

V, That the lines a = const, and = const, which were lines 
of curvature do not in general remain lines of curvature, so that in 
general Ki, K^y r are all finite. 

2®. That the stress-couples are (?i = — (/^i 4- (tk^, . . . just as in 
the case of infinitesimal bending, but nothing has been proved as 
to the values of the stress-resultants. This result follows from the 
work in arts. 333 — 335, since in obtaining the expressions for the 
couples it is nowhere assumed that the displacement is infini- 
tesimal. 

^ Except for the notation these equations are identical with those given by Prof. 
Lamb in Proc, Lond. Math. Soc. xxi. 1890. For cylindrical and spherical shells equi- 
valent equations have been obtained by Mr Basset in Phil, Trans, R, S, (A), 1890. 
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3^ That the general equations of equilibrium can be obtained 
by the method of the preceding article, by writing in all such 
expressions as (43) pi', g/, r/, ^2', ••• in place of pi, ... i,e. by re- 
ferring to the strained surface instead of the unstrained surface. 

We shall now shew how to write down the equations in two 
particular cases of great importance. The first of these is the case 
where the lines of curvature remain lines of curvature. The 
quantities r^, r^ are unaltered by the strain; the quantities pi,?2 
vanish after strain as well as before strain ; and thus r vanishes, 
and Ki and le^ are l//?/ — l/pi and Ijp^ — l/p2, where p^y p^ are the 
principal radii of curvature of the strained middle-surface. The 
equations of equilibrium are to be obtained by writing pi and p^ 
in place of pi and p^ in (45), and by putting 

G, =.- C [(IK - 1/pO + a (IK - l/p.)l ] 

G,= 0[(l/p/-l/p2) + <r(lK-l/pO], 

H= 

in (46). 

The second particular case is that of a naturally plane plate 
referred to lines a = const, and jS = const., which in the unstrained 
state are parallel to Cartesian rectangular axes drawn on the 
middle-surface. These lines do not in general become . lines of 
curvature of the strained middle-surface. The latter surface is a 
developable, and in the applications that we shall have to make it 
may be treated as given, so that k^, k^ and r may be supposed 
given. The stress-couples are 

(?i = - (/Ci -h O-ZCa), (za = (7 (/^a + <7/Ci), H = Ct, 

and the equations of equilibrium are 

and ~+^-^ + T,+ 2hL = 0, 

da op 

We shall not at present make any further investigation of 
finite deformations. 
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342. Boundary-conditions. 



Let Pi, Ui\ Ti be the stress-resultants at any point of the 
edge-line, Pi being along the normal to the edge-line drawn on 
the middle-surfiice, Ui along the tangent to the edge-line, and T/ 
along the normal to the middle-surface. Also let H\ 0' be the 
stress-couples on an element of the edge, H' being the torsional 
couple in the plane of the edge, and (?' the flexural couple about 
the tangent to the edge-line. All these are estimated per unit of 
length of the edge-line. 




H'^dW 



Fig. 54. 



This system has to be replaced by a simpler statically equi- 
valent system by replacing the couple H'ds by forces in the plane 
of the edge. 

Let p' be the radius of curvature of the normal section through 
the tangent to the edge-line. Then it is clear from the figure that 
the equivalent distribution of force gives us a force — dH'jds to be 
added to T/, and a force H'jp' to be added to CT/.^ 

Hence if ^, 5K, ®, €Er, |^ are the applied forces and couples 
the boundary-conditions are 

Pi' = ^. U^ + H'Ip' = 39 + ^Ip', 

3^'^^_3g \ (*7). 

ds ds 



G'^aS, T,'--^ = '^- 



> Thi8 was remarked by Prof. Lamb and Mr Basset in the papers qnoted on 
p. 241. 

16—2 
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ryyiTuiary of •he *tiKll "tlI be 3i:cipr.eed ot' aomal §ecs&jius niiroagii 
linfti of 'MrT!kSiir%. WieiL ihi 2* ite rase ire -zat ivKeed w> fbrm 
zbii eiprsaiH^Ba 5:ir -P^ .-- Trhnj^ir: dificanr. If itoweTer die normal 
v> die ^eda^'Iine make azi ;uijrLe tf vidi diie Lme €ii cur\at*ire 
;? ss cocflft, ^piosier care is re»riied in die evalnadoiL »rf die stress- 
T*iifmkaaiZA P\,„ J^^sc as in art. 310 diis mav be dcrae bv first 
ezpriej>ftiz^ die in:>^rLaI scnsaBes i^... acrris an elemenr of area of 
nhe <;^igi&. Y/ipakdoti& 1 15 > of dias anfde b^Ld widiiXL^ QQcdificadoii, 
.v> thac we hare 

P' = Pec*- tf-Qsn-^-^ TsinM 

of which the hkgt is Ti = Ticos -r T^wk 0, since S and T contain 
no X^TXtA of a lower Qrder than thoee in 2r. 

The couples in like manner are given by the equations 

B'=\^ -U'z(\''zp')dz, 

(?'=j* P'z{\-'zp')dz. 

To complete the formulae we have only to add Euler's formula 

\'p — sin' 0^'pi + co^ d'pi, 

which expresses the curvature of the normal section through the 
^Mige-line in terms of the curvatures of the normal sections through 
the lines of curvature. 



CHAPTEK XXII. 

APPLICATIONS OF THE THEORY OF THIN SHELLS. 

343. We shall consider in the first place the form of the 
equations of small motion of a thin shell, and we shall see that 
from the form alone some very important conclusions can be 
drawn. We shall then proceed, by way of illustration of the 
general theory, to consider the equilibrium and small vibrations of 
thin cylindrical and spherical shells. 

344. Equations of free vibration. 

The general equations of small vibration are deduced from the 
equations of equilibrium (45) and (46) of art. 340 by replacing the 
forces and couples X, F, Z^ and i, M by the kinetic reactions 
against acceleration. If we reject "rotatory inertia" the couples 
i, M vanish, and the forces X, F, Z have to be replaced by 

3^ gay g2^ 

^ P'^* " P'^* " P'?^ ' where u, v, w are the displacements of 

a point of the middle-surface in the directions of the tangents to 
the lines of curvature ^ = const., a = const., and the normal, and p 
is the density of the material. 

The equations of moments (46) of art. 340 give us 



„_ 1 [ d(G,B) d(HA) dA dBl 
'~ ABl da 9/3 9(9"^ 'aaj 



...(1); 






5»- ; '- j-i. 



*,^^ 

Ti*t ^r^'i^i^m'^s*^miraarJ^ I". J'^ T-, T^ wad. 



Ivnuvid^ ^^ v^ uri 35"^ ant X n: 



«3ii^;jt v^n^iflftt V? ^»v jmr-*- "Ti*: irm jan 2 -ait lEwns ic CSr 
4r/^^:wu'/U( jvf 0, <fj, /T ^ja::j£3^ h. iit TiiiBnTi^ lit •srs^&aasil 

h't^A^, iff b^ xhnA atUT i^jroAl ribraskn is l»e°Dg executed 
ttt^0 u, y, w wiil }^ the pir4tiess of a anaJl oooaaoi oocfficiait 
4^$0i$ffj( %tt^. ^iifAh'Mk fA the ribraokn, a simple hafmonic fimctkn 
//f il^p ii#/M;^ arid e«!^rtairj foiKtvws of a, i?. In general ve Gumoi 
fr^fff$ ar«aljrtkal er^ind^itatioiui predict that any of the quantities 
^f> *tf ^f ^tf fhf '^ viH be nnall in compeLnaoa with any erf' the 
^Atu^m, Yr*nf$ analytical coniiideiatums alc«ie we should thoefixe 
^rxp^^^i tfiat tb/; Utrttm in C/k* which depend on extension are to be 
n^fn^i, whiU*. the terrriii in C which depend upon flexnre are to be 

* Hti^mnUt Umnd in mnM pMlicoktr cmm bj tolotiion oi the equations ol Wbn- 
li^/»/ WhMi ih« i^rfMi of vibrftlloD i« eomplelelj detennined J^ will be known. 
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345. Are the vibrations eztensional? 

Let us develope briefly the consequences of this position. It 
is in the first place contrary to the prevalent impression that the 
vibrations of a bell depend upon bending — an impression which 
in the early stages of the subject was regarded as a guiding axiom. 
Bending accompanies the deformation, and is of the same order of 
magnitude as the extension by which the deformation is character- 
ised, but the stresses that depend upon such bending are indefi- 
nitely small in comparison with those that depend upon the com- 
parable stretching of the middle-surface. If it could be shewn that 
the equations could be satisfied by displacements u, v, w involving 
stretching to the extent suggested, and that the modes of vibra- 
tion thence deducible included all possible modes, or all modes of 
practical importance, it would be unnecessary to proceed with the 
theory except in so far as these extensional modes are concerned. 
If however it can be shewn that any important mode of vibration is 
not included, we shall have to seek for some different theory. The 
crucial test of the theory will be found in the way in which the 
thickness h enters into the expression for the frequency. 

Now the equations of extensional vibration are 



\ 



8«v_ 1 [ djU^B) d(PA) ^ rjdB dAl 



>■ 



„,a«W Pr.P, 



...(3), 



in which 



P.= ^(e. + <re,). P. = f (e, + <re.). ?7, = Z7, = ?^§^> 



■sr 



and 



1 au 

ei = T- ^5- + 



dA 



(4), 



w 



Ada^ AB 9/3 />, ' 

u 35 w 
B d^ '^ AB da ~ p,' '■ 



1 dv 



«r 



A da [bJ "^ £ 3/3 \a) 



•(5); 



and the conditions that hold at a free edge a — const, are Pi = 
and ITi = or €i + ae^ = 0, w = 0. 
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rh 

k 

rh 

■h 

From which to a sufficient approximation 

(?i = - C (/Ci + o-zca), G^2 = (7(/C2+cr/Ci) (40); 



Also G,Bd^ = [ Pz Bdfi (1 - z/p,) dz, 

rh 
G^Ada =1 —QzAdail— z/pj) dz, 

t J —h 



...(41). 



in these expressions such quantities as ej/pa have been rejected as 
small compared with such quantities as k^. 

Again we can calculate TJi and iZj as far as A^ ; we have ^ 
[r,= f U{l-zlp,)dz,U,= f^ U(l-z/p^)dz. 

J -h J -h 

Hence 

r..»«(^„.o(i-.)-^-ic(i-.)(i+i)x; 

^..??0^)„+c(i-.)^-iC(i-„(i.i). 

Further in terms of the unknown Rq we can calculate Pi and 
Pa as far as h^ ; we have 

P,= ['' P(l-Zlp,)dz, Pa=f Q{l-Zlp,)dz. 
J -h J -h 

^ Sufficiently exact values for the stress-couples are given by the first approxi- 
mation. The necessity for determining the terms of the stress-resultants that contain 
C as well as those that contain Cjh^ was first noticed by Mr Basset in the particular 
cases of cylindrical and spherical shells (Phil, Trans. R, S, A. 1890). Mr Basset's 
investigation proceeds on entirely different lines from the present, and he retains 
terms in Ce^ as well as terms in dc^. The values for 17^ U^ above, (his If^, itf,,) 
are in substantial agreement with those given by him, the additional terms which 
he obtains being of the order which is here neglected. These terms could be 
obtained by the present process. The values found for P^ , P^ above do not agree 
with those found by Mr Basset for the same stress-resultants (called by him T^ and 
Ta), though the difference Pi -Pa is in substantial agreement with his difference 
Tj - Ta • ^^® discrepancy in the two accounts of the stress-system is in regard to 
the quantity Rq . By equating coefficients in two forms of the expression for the 
virtual work of a small displacement Mr Basset appears to have evaluated P^andP, 
completely in terms of displacements. We shall be able hereafter in discussing the 
two-dimensional vibrations of a complete circular cylindrical shell of infinite length 
to bring the matter to a test. It will appear that P^ and Pa can be found in that 
problem from the equations of small motion, and that the values which can thus be 
deduced are not identical with Mr Basset's values in terms of displacements. 



340] 



Hence 
Pi = ^ (ei + o-e, 



GENERAL EQUATIONS. 



+ <rXj fK^ <TKi 
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Pi pi 



,) + C \^- 

1 — 0-^ ^Vpi Pa/ A* _ 

^ 1 - CT ^ Vpi Pa/ /^ J 



...(42). 



/ 



Finally Ti and Ta cannot be calculated by this method. 

340. General Equations of Equilibrium. 

We have now to consider the equilibrium of an element of the 
shell bounded by normal sections through a, ^, a + da, ^ + dj3, 
when subject to the action of forces 2XhABdad^, 2YhABdad^y 
2Zh ABdad^ parallel to the axes of x, y, z at (a, y8), and couples 
2Lh ABdid^y 2Mh ABdadfi about the axes of x and y. 

In forming the equations of equilibrium of an element bounded 
by normal sections through lines of curvature we have to re- 
member that the axes of reference undergo rotations as we pass 
from point to point of the surface. The rotations^ executed by 
the axes of x, y, z about themselves as we pass from the face a to 
the face a + da are j^ida, jida, r^da ; those executed as we pass 
from the face ^ to the face ^ + d^ are 'p^^, q^^^ r^d^. 

We can now put down the forces parallel to the axes that act 
on the four faces of the element. 

On the face a we have 

— PiBdjS parallel to x, 

— UiBd^ parallel to y, 

— TiBd/3 parallel to z ; 
on the face a + da we have 



P.Bd^ + da f^ iP.Bdfi) - U.Bd^.r.d.+T,Bd^,g.da, \ 



U,Bd0 + dai-(U,Bdfi)-T,Bd^.iHda+P,Bd0.r,da, 
da 

T^Bdfi + do I- {T,Bd0) - P,Bdfi.q,da+ TJ^Bd^.p^da 

OOL 



y 



...(43), 



parallel to the same axes. 

^ In the calculations here given the displacement is supposed small ; we shall 
presently examine the modification for finite displacements. 
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On the face ^ we have 

— U^Ada parallel to a?, 

— P^AdoL parallel to y, 

— T^AdoL parallel to £r ; 
on the face )8 + d^S we have 

U^Ada + d)9 g^ ( U^Ada) - P^Ada . r^djS + T^Ada . jad/3, ^ 



y 



...(44), 



P^Ada + d^^ {P^Ada) - T^Ada.p4^ + U^Ada . r4^, 

T^Ada + d0^ (T^Ada) - JJ^ilda . q^d^ + P^Ada.p^dfi 

parallel to the same axes. 

Remembering the values of jOi, qi, ... given in art. 328, and 
equating to zero the sum of all the forces parallel to a?, or y, or z 
that act on the element we obtain the three equations of reso- 
lution 

1 rd(P,B) d(U,A) dA dBl T, \ 

ABl-~dr + ^J~ + ^'ajs^' 8^J ~7x ' 

1 [djim HP^AJ dB_ dA-\_T, I 

da d/3 J pi p2 

In order to form the equations of moments about the axes of x 
and y we write down the couples that act on the four faces. 

On the face a we have 

— HBdfi about x, 

— OiBdfi about y ; 
on the face a + da we have 



AB 



HBdl3 4- da ^ (HBdfi) - G^Bd^ . nda, 

oa 

ffi5d/3 + do I- ( G^ii^d/S) + HBdfi . r,da, 

OOL 

about the same axes. 

On the face yS we have 

— O^AdoL about a?, 
fi^-4da about 2/; 



(46), 
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on the face jS + d^ we have 

GaAda + d)8 ^ ( O.Ada) + HAda. r,d^, 

op 

- HAda - rf/3 ^ (HAda) + Q.Ada . r^d^S, 

about the same axes. 

The systems (43) and (44) give rise to moments 

T.ABdad/3 and -T,ABdad/3 
about the same axes. 

Hence the equations of moments are 

where we have substituted for r^, r. their values from (4) of 
art. 328. 

Equations (45) and (46) are the general equations of equili- 
brium ^ when the displacements are small. 

341. Equations for Finite Displacements. We shall 
hereafter, in connexion with the stability of certain configurations 
of equilibrium, find it important to have equations determining 
the stress-couples and the equations of equilibrium of a thin 
plate or shell held finitely deformed. For the general case of a 
thin shell deformed in such a way that the strained middle- 
surface is finitely different from, but applicable upon, the un- 
strained middle-surface we notice: 

1®. That the lines a = const, and ^ = const, which were lines 
of curvature do not in general remain lines of curvature, so that in 
general Ki, /c.y r are all finite. 

2^ That the stress-couples are (?i = — (7 (/^i + ck.), . . . just as in 
the case of infinitesimal bending, but nothing has been proved as 
to the values of the stress-resultants. This result follows from the 
work in arts. 333 — 335, since in obtaining the expressions for the 
couples it is nowhere assumed that the displacement is infini- 
tesimal. 

1 Except for the notation these equations are identical with those given by Prof. 
Lamb in Proc, Lond. Math. Soc, xxi. 1890. For cylindrical and spherical shells equi- 
valent equations have been obtained by Mr Basset in Phil, Trans, R. S, (A), 1890. 

L. II. 16 



242 THEORY OF THIN SHELLS. [341 

3^ That the general equations of equilibrium can be obtained 
by the method of the preceding article, by writing in all such 
expressions as (43) pi', g^/, r/, p^,,,, in place of j^i, ... i,e. by re- 
ferring to the strained surface instead of the unstrained surface. 

We shall now shew how to write down the equations in two 
particular cases of great importance. The first of these is the case 
where the lines of curvature remain lines of curvature. The 
quantities rj, r^ are unaltered by the strain; the quantities px^q^ 
vanish after strain as well as before strain ; and thus r vanishes, 
and Ki and k^ are Ijpi — l/pi and Ijp^ — l/pa, where p/, p^ are the 
principal radii of curvature of the strained middle-surface. The 
equations of equilibrium are to be obtained by writing p^' and p^ 
in place of pi and p^ in (45), and by putting 

0, — c [(1/p/ - 1/pO -h <T (IK - 1/p,)], \ 

G,= C [(IK - 1/p,) + a {II p,' - 1Ip,)\ 

H= 

in (46). 

The second particular case is that of a naturally plane plate 
referred to lines a = const, and fi = const., which in the unstrained 
state are parallel to Cartesian rectangular axes drawn on the 
middle-surface. These lines do not in general become . lines of 
curvature of the strained middle-surface. The latter surface is a 
developable, and in the applications that we shall have to make it 
may be treated as given, so that Ki, k^ and r may be supposed 
given. The stress-couples are 

(?i = - (7 (/Ci 4- o-z^a), (?a = C (/^a + o-/tiX S = Cr, 
and the equations of equilibrium are 



) 



dUt . aPs 



+ -^-^ - T,T - T,K, + 2hY=0, 



8a ■ 3/3 
and ^^ + ^-^ + T,+ 2hL = 0,^ 



> 



SGr_^^_T^+2hM=0. 



r 



da dfi 

We shall not at present make any further investigation of 
finite deformations. 
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342. Boundary-conditions. 



Let Pi', Z7i', r/ be the stress-resultants at any point of the 
edge-line, P/ being along the normal to the edge-line drawn on 
the middle-surfece, fT/ along the tangent to the edge-line, and T^ 
along the normal to the middle-surface. Also let JI\ 0' be the 
stress-couples on an element of the edge, H^ being the torsional 
couple in the plane of the edge, and 6?' the flexural couple about 
the tangent to the edge-line. All these are estimated per unit of 
length of the edge-line. 




H>dH' 



Fig. 64. 



This system has to be replaced by a simpler statically equi- 
valent system by replacing the couple H^ds by forces in the plane 
of the edge. 

Let p^ be the radius of curvature of the normal section through 
the tangent to the edge-line. Then it is clear from the figure that 
the equivalent distribution of force gives us a force — dH'jds to be 
added to T/, and a force H'jp' to be added to U-^,^ 

Hence if ^, 5R, 2t, ffi, |^ are the applied forces and couples 
the boundary-conditions are 



^ This was remarked by Prof. Lamb and Mr Basset in the papers quoted on 
p. 241. 
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In all the particular cases that we shall investigate the 
boundary of the shell will be composed of normal sections through 
lines of curvature. When this is the case we can proceed to form 
the expressions for P/. . . without difficulty. If however the normal 
to the edge-line make an angle with the line of curvature 
)8 = const., greater care is required in the evaluation of the stress- 
resultants P/.... Just as in art. 310 this may be done by first 
expressing the internal stresses P* .,, across an element of area of 
the edge. Equations (15) of that article hold without modification, 
so that we have 

P' = Poos' ^ + Qsin' ^+ fTsin 2tf, 

17' = sin ^ cos^ (Q - P) + I7cos 2^, 

T = 8^m0-\-Tco%0. 
Also 

P/ = f * P- (1 - zip') dz, U,'=r U'il- zip') dz, 

J — h J — h 

h 



T^^i (S8hi0 + Tco30){l'-zlp')dz, 
J — h 



of which the last is T/ = Ti cos ^ + Ta sin 0, since S and T contain 
no terms of a lower grder than those in z^. 

The couples in like manner are given by the equations 

J7'=[* -U'z(l-z/p')dz, 

0'=r P'z(l^z/p')dz. 

J —h 

To complete the formulae we have only to add Euler's formula 

1/p = sin' 0/pi + cos' 0Ip^, 

which expresses the curvature of the normal section through the 
edge-line in terms of the curvatures of the normal sections through 
the lines of curvature. 



CHAPTER XXII. 

APPLICATIONS OF THE THEORY OF THIN SHELLS. 

343. We shall consider in the first place the form of the 
equations of small motion of a thin shell, and we shall see that 
from the form alone some very important conclusions can be 
drawn. We shall then proceed, by way of illustration of the 
general theory, to consider the equilibrium and small vibrations of 
thin cylindrical and spherical shells. 

344. Equations of free vibration. 

The general equations of small vibration are deduced from the 

equations of equilibrium (45) and (46) of art. 340 by replacing the 

forces and couples X, F, Z, and Z, M by the kinetic reactions 

against acceleration. If we reject " rotatory inertia " the couples 

Ly M vanish, and the forces X, F, Z have to be replaced by 

3^u 9^v 8*w 

""P"^' ""P^' ^ P '^ * where u, v, w are the displacements of 

a point of the middle-surface in the directions of the tangents to 
the lines of curvature ^ = const., a = const., and the normal, and p 
is the density of the material. 

The equations of moments (46) of art. 340 give us 



_ 1 [ d(HB) d{G,A) . rrdB dAl 
^'-~AbI da + ~p~ ■" -" 3a "^ ^' 3^ J ' 

„_ 1 p (G,B) d(HA) dA dBl 



...(1); 



) 
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and the equations of resolution (45) of the same article give us 

^ , a^u 1 \ ^{T,B) . 3(tr,^) . rr a^ p asi t, . 

a^w_ 1 p(r,^) 3(gu) i Pi P» 
^^^a^-ZeL^a^"^ a^ J pi /^ 

If we substitute for T^ and Tj from (1) in (2) we shall have the 
general equations. 

The stress-resultants Pi, Pa, ?7i, JJ^ and the stress-couples 
(?i, (?3, fl" are connected with the quantities €i, ej, ot, that define 
the extension, and /Ci, /Ca, t, that define the flexure by the formulae 
(39), (40), (41) and (42) of art. 339, while the quantities e^, 62, w 
and ATi, /Kg, T are given in terms of the displacements by the 
formulae (18) of art. 331 and (25) of art. 332. 

Now an inspection of these formulae shews that Pj, Pg, ITi, JJ^ 
each consists of two parts. The first part is the product of Cjl? 
and a linear function of ei, e,, ot; the second is the product of G 
and a linear function of /Ci, /Ca, t, and an additional quantity B^ 
whose expression in terms of the displacements is unknown ^ The 
expressions for (?i, G^yH contain in like manner the cylindrical 
rigidity C and linear functions of k^, atj, t. When the shell is 
indefinitely thin the two parts of the expressions for the stress- 
resultants may be expected to be of different orders of magnitude, 
and we may expect that one or other of them ought to be 
rejected. 

Suppose in fact that any normal vibration is being executed, 
then u, V, w will be the products of a small constant coefl&cient 
defining the amplitude of the vibration, a simple harmonic function 
of the time, and certain functions of a, yS. In general we cannot 
from analytical considerations predict that any of the quantities 
€\i €2* '^i fCii ATa, T will be small in comparison with any of the 
others. From analjrtical considerations alone we should therefore 
expect that the terms in Cjh^ which depend on extension are to be 
retained, while the terms in G which depend upon flexure are to be 
rejected, 

^ i^o can be found in some particular cases by solution of the equations of vibra- 
tion. When the type of vibration is completely determined i^o will be known. 
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346. Are the vibrations eztensional ? 

Let us develope briefly the consequences of this position. It 
is in the first place contrary to the prevalent impression that the 
vibrations of a bell depend upon bending — an impression which 
in the early stages of the subject was regarded as a guiding axiom. 
Bending accompanies the deformation, and is of the same order of 
magnitude as the extension by which the deformation is character- 
ised, but the stresses that depend upon such bending are indefi- 
nitely small in comparison with those that depend upon the com- 
parable stretching of the middle-surface. If it could be shewn that 
the equations could be satisfied by displacements u, v, w involving 
stretching to the extent suggested, and that the modes of vibra- 
tion thence deducible included all possible modes, or all modes of 
practical importance, it would be unnecessary to proceed with the 
theory except in so far as these extensional modes are concerned. 
If however it can be shewn that any important mode of vibration is 
not included, we shall have to seek for some dififerent theory. The 
crucial test of the theory will be found in the way in which the 
thickness h enters into the expression for the frequency. 

Now the equations of extensional vibration are 



aha_ 1 \d(P,B) d(U^) 



a<» AB\_ da ' d^ 






dB 

da 






^f^^WABl da 
a>w _P,,P, 



+ 



9/3 



4-f7, 



as 

da 






> 



...(3), 



in which 
■Pi = -Tf (e, + o-ea), -Pj = -p (ea + <re^, 



and 



1 au 

6l = T ^ + 



dA 



"(4). 



w 



A da ^AB 3/3 p, ' 



1 dv 



u 3J5 w 
B d^ '^ AB da ~ p^' '' 



9 



A da \B) '^Bdfi \a) 



(5); 



/ 



and the conditions that hold at a free edge a = const, are Pi = 
and ?7i = or ei + crej = 0, «r = 0. 
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If we substitute for Pj, P,, Ui, U^ in (3) their values in terms 
of displacements, and suppose u, v, w proportional to e^, so that 
pj2nr is the frequency of the vibration, we shall obtain equations 
which can be written in the form 

2pAp*u = C/A* X (a function of u, v, w). 

These equations can be solved^ and the boundary-conditions 
can be satisfied, and there will be an equation giving pp^h^jC in 
terms of quantities independent of h. Since C is 

this equation gives values of p^ independent of h, so that the 
frequency is independent of the thickness of the shell. 

346. Necessary ezistence of modes mainly non-exten- 
sional. 

We may now see, by means of general dynamical principles, 
that the extensional modes do not include all the modes of 
vibration of the thin shells We have given in art. 338 an ex- 
pression for the potential energy of the strained shell, and we may 
write down an expression for the kinetic energy per unit area in 
the form 



'4©' -(I)'-©' 



(6), 



rotatory inertia being neglected. If we assume any forms what- 
ever for u, V, w, and substitute in the kinetic and potential 
energies, we shall be able to obtain an expression for the frequency 
of the shell when constrained to vibrate according to the assumed 
type ; and it is a general dynamical principle that the frequency 
obtained by assuming the type cannot be less than the least 
frequency natural to the system^ The principle is independent of 
any approximation of the assumed to a possible type. 

In particular we may assume that the type is such that no line 
on the middle-surface is altered in length*, or that the middle- 

^ Partionlar cases will be worked out below. 

3 See Lord Bayleigh *0n the Bending and Vibrations of thin Elastic Shells 
especially of Cylindrical Form'. Proc. R, S, xlv. 1889. 

* See Lord Rayleigh's Theory of Sounds vol. i. art. 89. 

^ If any other assumption be made the assumed type is extensional and the 
frequency is independent of the thickness. 
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surface moves so as always to be applicable upon itself. In this 
case the potential energy per unit area is 

where k^, k^^t are definite linear functions of u, v, w and their 
differential coefficients given by (25) of art. 332. The conditions 
that no line on the middle-surface is altered in length are that 
€i, €a, and tsT are zero, or by (18) of art. 331, 

13u V 3^^w_^x 



j^ 3v ja_ dB w _ ^ 



\ (8). 



AdaKBJ^BdffKAJ^^ ^ 
From the first two of these equations we obtain 

A [da'^ Bd/3)'^B\d^'^A di, 

which, with the third of the same set of equations, forms a system 
of two simultaneous linear partial differential equations of the first 
order for the determination of u, v. When u, v are found from 
these equations w is determined, and thus we see that the con- 
ditions of inextensibility lead to certain forms for u, v, w. 

There exist therefore systems of displacements which satisfy 
the condition that no line on the middle-surface is altered in length. 
When these are substituted in the kinetic and potential energies, 
and the frequency deduced, we find a relation of the form 

p^ X C/h X h\ 

so that the frequency is proportional to the thickness. By taking 
the shell sufficiently thin we may make the frequency corre- 
sponding to the assumed type as small as we please in comparison 
with that corresponding to any extensional mode. We must 
therefore conclude that there are modes of vibration much graver 
than the extensional ones. 

The above argument is quite independent of any physical 
considerations as to the ease with which a shell can be bent as 
compared with the difficulty of producing extension, but such 
considerations shew the importance of the non-extensional modes 
proved to exist. 
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347. Are the Tibrations purely non-eztensioiial ? 

Let us now consider how it maj be possible to satisfy the 
general equations when the terms in C cannot be rejected in 
comparison with those in C'h*, When this is the case it is clear 
that, in order that the equations may hold, €i, €,, «r must be small 
of the order kJi* at least, %.€. the extension must be of the order of 
the square of the thickness multiplied by the change of curvature, 
or it may be small of a higher order. In either case an approxi- 
mation to the solution of the problem will be found by supposing 
the quantities defining the extension to vanish identically. Thus, 
whether the equations can be satisfied by displacements involving 
no extension of the middle-surface or not, such displacements 
always constitute a close approximation to the actual displace- 
ments in any of the graver modes of vibration. 

This conclusion is very important. From the assumed type we 
learnt only a superior limit to the order of magnitude of the 
frequencies of the gravest tones. We now infer that the assumed 
type is a close approximation to the actual type, and we know^ 
that the correction to the period for the depai-ture of the actual 
from the assumed type of motion is always a small quantity of the 
second order when the correction to the value of any displacement 
is regarded as of the first order. Thus the type is approximately 
defined by the kinematical conditions of inextensibility, and the 
period is actually deducible from them. 

It is an important question whether the actual type can 
coincide with the assumed, in other words whether free vibrations 
of the shell can take place in which no line on the middle-surface 
is altered in length. A simple enumeration of the equations and 
the unknowns is sufficient to shew that in general this is not the 
case. Let us suppose that the displacements u, v, w satisfy not 
only the general equations obtained from (2) by substituting for 
Ti and T^ from (1) but also the conditions of inextensibility (8). 
We shall have really four quantities u, v, w, R^ connected by six 
equations. We could in two ways eliminate u, v, w, U©, and we 
should obtain two values for p^ generally diflferent from each other 
and from the value obtained by the energy method. But if we 
had substituted in the equations of small motion a set of values 

1 Lord Rayleigh's Theory of Sound, vol. i. art. 90. 
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for the displacements which are possible normal functions, the 
equations would have been compatible^ and would have led to the 
same value for ^^. We must expect then that in ordinary circum- 
stances the equations of small motion cannot be satisfied exactly 
by displacements for which the middle-surface is unextended, but 
that there may be exceptional circumstances in which they can be 
so satisfied. We shall examine later cases of both kinds. 

348. Subsidiary displacements required to satisfy the 
differential equations. 

Now seeing that the middle-surface cannot remain accurately 
unextended, and that the extension that occurs must be small of 
the order (square of thickness) x (change of curvature), we shall 
find the following method of approximate solution : — 

We seek first the general forms of u, v, w which satisfy the 
equations (8) of inextensibility, then we substitute in the kinetic 
and potential energies, and determine the approximate forms of 
the normal functions and the period. Let Uo, Vo, w© be a set of 
values of u, v, w which correspond to a normal type of vibration 
when every line on the middle-surface is unaltered in length, and 
p/2'7r the corresponding frequency. We know that p is propor- 
tional to the thickness h. 

Let the actual displacements be given by the equations 

u = Uo + A^u', V = Vo + h^y\ w = Wo + hW (9), 

where u', v', w' are functions of a, fi to be determined, and are 
comparable with Uo, Vo, Wo. Then in the terms of Pj, P2>-. which 
contain C/h^ we may omit Uo, Vo, Wq since they contribute 
nothing to 6i, eg, and ot, and in the terms which contain C or p^we 
may omit A^u', h^v\ A^w'. Remembering that C is proportional to 
A', and that p is proportional to A, the quantity A will be seen to 
disappear from the equations, and we shall have three differential 
equations to determine four quantities u', v', w' and Rq. From 

^ For example consider the vibrations of a string. The displacement y satisfies 
the equation dhfjdt^^a^dJhfjdx^, If we substitute for y a value proportional to 
sin no; we shall obtain the correct value for the frequency 2>/2ir, viz. : we find p^=v?a^. 
Generally, if possible normal functions be substituted in the equations of small 
motion of any system, those equations determine the period without reference to the 
boundary-conditions. 
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1 ?H • llOt 

With t^*^ rediuirtiofH made ai) abore in the dij3r€naktial equadons 
\% trill b^ f/>*irid that P;, P,, U-^, and IT* are all det^amiiuise finom 
%hh difff^fititial equations and the first two boaiidarT-coDditii[xi& 

If we HnypfA^ that the specification (9; holds right up to the 
>;^/rifi/lary then the third condition (?i = is C(cx + <rcj> = 0, and 
we ^hall find orj examining particular cases that this cannot be 
HHiintifjd }jy the values of /r, , /r^ deduced frmn the expressions u«, v.. 
w^ ft^ displac^;frients. We must therefore conclude that near the 
hfUuthiry either the subsidiary displacements which must be super- 
f>^;s*;d H]tfm n^, y^, Wt, or some of their differential coe£Scient8 which 
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occur in Ki, k^ and t, cease to be of the same order of magnitude 
as A^Uo, A^Vo, A*Wo and their corresponding difiFerential coefficients. 

Generally we ought not to expect that the condition Gi = 

could be satisfied by non-extensional displacements; for such 

displacements are determined independently of any such condition. 

Even if the equation (ti = were satisfied at the edge, there would 

1 7)TJ 
remain the condition 2\ — -75 ri>^=0, and from the form of the 

n op 

equations of inextensibility it is clear that two boundary-conditions 
could not in general be satisfied^ From what we have said it 
appears that without some modification the solutions of the 
equations that express the condition that no line on the middle- 
surface is altered in length are incapable by themselves of satis- 
fjdng either the difiFerential equations of free vibration or the 
boundary-conditions at a free edge. The discrepancy thus arising 
can only be explained by taking account of the extension of the 
middle-surface. 

The difficulty of the analysis seems to preclude the possibility 
of a verification by the complete investigation of any particular 
case of vibrations, but the solution of a certain statical problem* 
gives an idea of the way in which subsidiary displacements may be 
found which give rise to terms of the order required. 

Suppose a is a finite linear dimension of the shell {e.g, the 
radius when the shell is cylindrical), and consider a displacement 
to be added to w© which is comparable with 

Wo - e~^<"«-*> 
a 

where Oq is the value of a at the free edge, and q is comparable 
with ^(a/hX and suppose the parameter a to diminish as we pass 
inwards along the shell from the edge. Since €1 contains a term 

1 This is the argument upon which I proceeded in my paper {Phil, Trans. A. 
1S88). Lord Bayleigh in his paper {Proc. R, S, xlv. 18S9) contends that the 
boundary-conditions are satisfied by the non-extensional solutions. Referring to 
one of my equations (virtually the same as Pj=0), he notices that the terms in it 
which contain h as a factor are linear in e^ and e,, and the remaining terms 
contain h^ as a factor, and he holds that, in consequence of the smallness of 
hy such an equation is sufficiently satisfied by the vanishing of c^ and e,. This 
argument does not apply to an equation like G^ = 0, all whose terms contain the 
same power of h. 

* Given by Prof. Lamb, Proc, Lond. Math. Soc. xxi. 1890. 
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— w/pi, such a displacement gives rise to extensional strains which, 

near the free edge, are comparable with the non-extensional strains 

Aati, Aato, At calculated from Uo, Vq, Wq, and at a little distance from 

the free edge are quite insensible. At the same time, since ic^ 

1 3'w 
contains a term -j-^ ^-^ , such a displacement gives rise to changes 

of curvature which, near the free edge, are comparable with those 
arising from u©, Vq, w©. Terms of this kind are therefore adapted 
for satisfying at the same time such boundary-conditions as Pj = 
and such boundary-conditions as (?i = 0. 

We conclude that for the complete satisfaction of the diflFerential 
equations and boundary-conditions there are required two sets of 
subsidiary displacements. The first set are everywhere of the 
order h^Wo/a^, and they enable us to satisfy the dififerential equa- 
tions ; the second set diminish in geometric progression as we pass 
inwards from a free edge, but close to the edges they rise in im- 
portance so as to secure the satisfaction of the boundary-conditions. 
The extensional strains proved to exist are practically confined to 
a narrow region near the free edges; they give rise to stress- 
resultants which in general are of the same order as those on 
which the bending depends but near the edges tend to become 
very much greater ; the stress-couples to which they give rise are 
of importance only in the neighbourhood of the edges. 

Note, It is worthy of notice that the difficulties encountered 
in the theory of thin shells, and explained by taking account of 
the extension, do not occur in the corresponding theory of thin 
wires. In the latter theory the equations of vibration, the condi- 
tion of inextensibility, and the terminal conditions form a system 
of equations which can be satisfied. 
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CYLINDRICAL SHELLS. 

350. General equations. 

We shall proceed to consider the case of a thin shell whose 
middle-surface when unstrained is a circular cylinder of radius a. 

Let P be any point of the middle-surface, and let x be the 
distance of P from a fixed circular section measured along the 
generator through P, and let <f> be the angle which the plane 
through P and the axis makes with a fixed plane through the 
axis ; then x and <f> are the parameters of the lines of curvature. 
If we take a = x and ^ = we shall have, in the notation of 
art. 328, 

A=l, 5 = a, l//)i = 0, l/pa=-l/a (liy. 

Let the displacements of P be u along the generator, v along 
the circular section, and w along the normal drawn outwards; 
then equations (18) of art. 331 become 

3u 1 3v w 3v . 1 3u ,-^. 

ox ad<l> a ox ac^ ^ ^ 

and equations (25) of art. 332 give us 

a^w 1 /92w 9v\ 1 / a^w 9v\ 



K^ = 






The general equations of equilibrium under forces X, F, Z per 
unit volume parallel to the generator, the tangent to the circular 
section, and the normal drawn outwards, are^ 



OX a 0(f) 



dx a 90 
dx \_dx 



_ira^ laG,"! 

a L 9a; a 90 J ' 



y...(i4), 



" L 9a? a 90 J ad<f)\_dx a 90 J a ^ 



^ The negative sign is taken because the radius of curvature p^ is positive when 
the centre of curvature is reached by going from the surface in the positive direction 
of the axis z of art. 329, and this direction is that of the normal drawn outwards. 

^ It may be as well to remark that P^ is a tension across the circular section 
a; = const, in the direction x increasing, Pj is a tension across the generator 
0= const, in the direction <f> increasing, Ui is a tangential stress across the circular 
section, U, a tangential stress across the generator, G^ is a flexural stress-couple 
acting across the circular section, Gg a flexural stress-couple acting across the 
generator, and H is a torsional couple. Equal torsional couples H act across the 
generators and the circular sections. 
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and the equations of small motion are derived from these by 
substituting 

- /) ^ for A, -p ^ for y, and - p -^— for Z, 



dP 



df 



d^ 



Further in the above equations 






3(7(1 -(t) 



3C7 
BC 



2A» 



«r-i(7 (1-^)1, 



'-^i^^- + i^(l-)^ 



2A^ - ^ a 

— (7 (/Ci 4- o-ATa), 0^ = (k2 + arKi)j -ff = (7(1 — <r) t ^ 



(15). 



351. Eztensioiial Vibrations. 

Unless 6i, €2, OT are all very approximately equal to zero, the 
terms that contain them are the most important, and we find 
the equations of extensional vibration in the form : 



^ ,a^ 3(7(3 rau_^cr/av^ \" 



- , .13 rSv 1 3u 



i^ri/av_|_ \ 

ad<f> [a\d<l) J 

. ,av soar au^i/av^ 



^ 



3v \ 3u" 
3<^ / 3a? 



_j / 



3u l/3v 
dx a \30 



)]} 



.(16). 



Suppose that as functions of the time u, v, w are proportional 
to e^P^, and write 

K^la^ = yh^p^jC (17)^ 



1 It is to be remembered that C=|/i^3-^'^^ = *-^. 

A + 2ft 1 - <>■ 
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then the equations become 

daf^ a^ ^^ ^ a^d(f>^ ^^ ^ adxd(f> adx 

18*v 1^ ,,, .a*v -,, . .1 a»u 1 9w ^v (18> 



1/ 9u iav\ 



^w--w--(cr^+-^) = 



/ 



Eliminating w from the first two equations by means of the 
third, we find 



4- 



ad^3<^ 
<T V 8^u 1 3«v 1 ^ 



1 a^v 



3«v . ,, .13^ 



1 (?*V , /C- , . ,, \ *^^ , 1 /I , \ 



y...(i9). 



a* 



da^ 



adxd<f> 

"^ i^-\\a dxd<t> "^ a'^3</>2j ~ > 
In the case of an infinite cylinder^ we have to take as the type 
of solution 

u = A cos {mx + x^ cos {n<f> + 0o) ^'^S 
V = 5 sin (ma? + x^ sin (w<^ + 0o) e'^* )"" 
If we substitute these values for u and v, and eliminate A and jB, 
we obtain an equation for /c', which is 



(20). 



[(^ - 1) 



2^ 



^S-^'-Ki-«^)i 



a 



a' 



[■ 



[(«" - 1) 



y — o-'m 



■] 



^ 



«-7i« 



a= 



-i(l-cr)m» 



-!^1 



cC' 



(21). 



= U(>^-l)(l+cr) + cr 

This is the general frequency-equation. 

Among particular cases ^ we may notice the following : — 
{V) Radial vibrations. 

Taking u = 0, v = 0, and w independent of x and <^, we find the 
frequency given by the equation 



% 



i)" = 



2/i 



(l-cr)a»/t)' 

^ See Lord Bayleigh*s * Note on the Free Vibrations of an infinitely long Cylin- 
drical Shell '. Proc. R. S, xlv. 1889. 

^ The results only are stated and the analysis is left to the reader. Except for 
the radial vibrations the results are due to Lord Bayleigh. 

L. n. 17 
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(2®) Vibrations in which the displacements are independent 
of a?. 

These fall into two sub-cases as follows : 
(a) We may take v and w to vanish while 

u = -4 cos (n0 + <^o) 6'^S 
then the frequency is given by the equation 

In this motion every generator moves parallel to itself through a 
distance which is a simple harmonic function of the arc of the 
circular section measured from a fixed generator. 

(6) We may take u = 0, while v and w are independent of 
X, The motion is in two dimensions, and the equation for k 
becomes 

/e^ [/e^ - (1 + w»)] = 0. 

The root /c = indicates indefinitely slow motion, and we shall 
find that there is a corresponding flexural mode ; the other root 
gives a frequency determined by the equation 

2 l + ny 
^"l-cr a» p' 

(3®) Vibrations in which the displacements are independent 
of 0. 

These fall into two sub-cases as follows : — 
(a) We may take u and w to vanish, while 

V = S sin (mx + Xq) e*^*, 
then the frequency is given by the equation 

P 
The motion is purely tangential, each circular section moving along 
itself. These vibrations correspond to the torsional vibrations of a 
thin rod (art. 264). 

(6) We may take v = 0, while u and w are independent 
of <^, then the values of /c are given by the equation 

(/r' - 1) (/e« - m»a2) - cr'm^a^ = 0. 
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When ma is small or the wave-length large oompa]:ed with the 
radius the two values of /c correspond respectively to vibrations 
which are almost purely radial with a frequency nearly equal to 



27ra\/ \ 



2p(l^ay 

and vibrations in which the displacement is almost wholly parallel 
to the axis with a frequency given by 

E 

r 

where E is the Young's modulus of the material. The latter 
correspond to the extensional vibrations of a thin rod (art. 263). 

The extensional vibrations of a cylinder of finite length are 
considered in my paper (PhU. Trans. A. 1888). Taking the case 
where v and w vanish at the end x = 0, while the end x = lis free, 
the symmetrical vibrations can be completely determined. For this 
case we have 

Aama . ^ 

w = — —siUTnxe'^, 

1^— 1 

The boundary-conditions at ^ = 2 are €i + ore, «= 0, w = 0, or 

— -4(1 + t3t) sinmZ = 0, J5co8mZ = 0. 

To satisfy these we must take either 

ml = nw, J? = 0, 
where n is an integer, and then k is given by the equation 

or else we must take 

mi = ^(2n + l)w, ^-0, 
and then tc is given by the equation 

c» = J(l - a) (2n + l)*ir'aVP. 

These correspond to the modes of vibration of an infinite 
cylinder described in (3*), (6), and (3*), (a) respectively. 

17—2 
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362. Vfon-eztensional Vibrational 

We proceed to consider the modes of deformation of the 
cylindrical shell in which no line on the middle-surface is altered 
in length. These are characterised by the equations of inextensi- 
bility 

as=0' a^+^=^' aa^+^=^ (22). 

The cylinder being complete u, v, w must be periodic in regard 
to (j) with period 27r, and therefore must consist of sums of terms 
which are simple harmonic functions of integral multiples of <^. 

Further, by difiFerentiating the third of equations (22) with 
respect to w, we find 

and hence we have to take as the most general forms for u, v, w 



u = — 2 - J5n sin (ndy + Sq), 
n 



(23), 



V= 2 (An + BnOc) COS (n<l} + (l>o\ 

w = 2n (An + Bnoo) sin {nff} + <^o) ^ 
where the summation refers to integral values for n. 
With these values we find from (13) 

Ki = 0, a^/ca = — 2 (n* — w) (An + Bnod) sin (n<^ + <^o), 

ar = 2 (n^- 1)5^ cos (n</> + </>o) (24). 

The modes of non-extensional deformation fall into two classes. 
In the first class, for which the coefficients Bn are zero, the motion 
is in two dimensions, and is analogous to the non-extensional 
deformation of a circular ring considered in art. 303 ; in the second 
class, for which the coefficients An are zero, the displacements in 
the plane of any circular section are proportional to the distance 
from a particular circular section, so that these cannot occur in an 
infinite cylinder. 

For a cylinder of length 21 bounded by two circles x = l and 
x^^—l the kinetic energy is 



2'7rphlaX A^ (1 + n^) + B^? 



2^ 



/2 fi 



(26), 

where the dot denotes dififerentiation with respect to the time. 



1 See Lord Rayleigh * On the Bending and Vibrations of thin Elastic Shells 
especially of Cylindrical Form *. Proc, R, S. xlv. 1889. 
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The potential energy for the same cylinder is 

GlaZ r^ «» (n' - !)» + ^ j"' («' - 1)' | + 2 (1 - <r)(v? - l)»aj] 

(26). 

Since both these expressions are sums of squares An and jB» 
may be treated as normal coordinates of the system. 

The frequency pj^ir for the two-dimensional vibration, in 
which An only is diflferent from zero is given by the equation 

^ *pAa* n»+l 3(\ + 2/i)pa* n^+1 '"^ ^' 

and the frequency p'j^ir for a vibration in which jB^ only is diflferent 
from zero is given by the equation 

C. nHn'-iy'"'^' "^^ (28). 

^ ^pAa* w^ + l 3a' 

■*"n2(n»+l)Z2 

Lord Rayleigh remarks that when the length of the cylinder is 
at all great compared with its diameter p'^ diflfers very little from 
p^. If, however, the length be too great the motion in Bn tends to 
become finite, and it will not be legitimate in the equations of 
inextensibility to neglect squares of the displacements. 

363. Discussioii of the two-dimensional vibrations. 

We have now to consider to what extent the equations of 
small motion are satisfied by the non-extensional solutions. 

Take first the two-dimensional deformation expressed by the 
equations 

u = 0, V = -4 cos n^ e'^*, w = nA sin mf> e^^. . .(29), 

for which ei, €2, «r all vanish, and 

/cj = 0, a?ic^ = — (ti* — 7i) -4 sin n^ e*^, t = 0. 

With these expressions for the displacements and changes of 
curvature, the stress-resultants and stress-couples are given by 
the equations 
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P^ \G 






j-^A»mn<l>e'P^ + iC 



oRq 



1 -a- a 

Ca G 

Cv a 

The equations of small motion become 



....(30). 



Zx 



= 0, 



1 op ri 

t^ + ^n^ (n2 _ 1) ^ cos 710 e'l'* = - iphp' A cos n0 c'^S V. . .(31). 
a d(p Or ' 

P C 

- fJ _ _ n8 (n2 - 1)^ sin n0 e»P« = - 2pAnj9« ^ sin n0 6*^ 

Differentiating the third with respect to 0, and adding to the 
second, we eliminate Pa and obtain the equation 

\2ph (n^ + l)p2 - _ ri2 (^2 _ 1)2 j ^ cos n4> e'^^ = 0. 

We observe that in this case the differential equations of 
vibration are satisfied by the non-extensional solution, and the 
substitution of this solution in the said equations leads to the 
correct expression for the frequency. With some set of bound- 
ary-conditions the equations (29) give us a system of normal 
functions. 

Before proceeding to the consideration of the boundary-con- 
ditions we may find the stresses Pi, Pa* and the unknown Rq, 

We have^ on substituting forp* in the third of equations (31), 



2yi«(n^~l) C 
^' n^ + 1 ~^^ 



a' 



sin TKJ) e*^*, 



^ This is the particular case referred to in art. 339 in which Pa can be determined 
and shewn to be in disagreement with Mr Basset's result {Phil. Trans. A. 1S90). On 
his p. 456 are three equations which are really the same as the second and third of 
(31) above, and the equation of (30) that gives Gi , and they would give rise to the same 
expression for Pa (Mr Basset's T^ as that obtained here. Yet the expression he 
obtains for his Ta in the second of his equations (44) on p. 450 is not satisfied by this 
value of his Ta* 
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and then from the first and second of (30), 

o-iio n(n2-l)/2-(r 4n* \ . . ^ . 

o ^n(n2-l) A , 2n2 \ 

P^ = C ^^1—^ (1 + i^ - ^^q:i j ^ sm n<f> evK 

The result is interesting as shewing that there is a tension Pj 
across the circular sections of the cylinder as well as a tension Pa 
across the generators. 

As regards the boundary-conditions it is clear that if any 
circular section be a free edge the conditions there cannot be 
satisfied. Among these conditions are Pi = 0, (?i = 0, and neither 
of these quantities vanishes at all points of any circle x = const. 

If a certain stress-system be always applied to the edge the 
motion will be possible, but otherwise it can only take place when 
the cylinder is of infinite length. There is reason, however, for 
thinking that, by means of a correction to the displacements which 
is unimportant except quite close to the edges, forms could be 
obtained by which the boundary-conditions could be satisfied 
without any sensible change being produced in the period or in 
the general character of the motion. (See art. 349.) 

• 

364 Discussioii of the three-dimensional vibrations. 

Let us consider next the deformation expressed by the equa- 
tions 

Uo = — jB sin n0 e'^*, v© — Bx cos n<f> e*^*, Wq = nBx sin n<f> 6*^*, 

and suppose that u, v, w are given by 

u = Uo + AV, v = Vo + AV, w = Wo + AV, 

where u', v', w' are at present undetermined functions of x and <f>. 
Then ei, ej, «r depend on u', v', w' and not on Uq, Vq, Wq, while 
Kiy ic^yT are given by the equations 

a ^ a \dxd<l> ox J , 
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We may omit the terms in h^ from the expressions for the 
stress-couples, and thus find 

Q. = Ca — ^ Bx sin n6 e*^*, 



0, = -C^^^-r^BxQmn<l>&P', 



a? 



> (32). 



Now in the equations of small motion (2) the quantities 
P\y Pij fTi, JJa contain unknowns Ci, e^, Rot Wy 8o that we may 
first write down equations for determining Pi, ... and afberwards 
seek the values of u', v', V. In these equations the terms arising 
from kinetic reactions may be simplified by omitting u', v', w', 
since p^ is proportional to h\ 

The equations are 

-^ + - TTT = 2pAi)^ - 5 sm rub €^^\ 
ax a d<f> ^ ^ n ^ » 

j^+-^-^^^n\n^-l)Bxcosn<f>^P*=-2php^Bxco8n<f>e'P^,y{SSl 

P C 

-*- — n«(n^- l)Bx8mn<f>e'P^ = -2php^nBx&mn^e^P* 

in which Pi, Pa, f7i, fTg contain terms arising from the terms 
}C\\\ hW, hW in the displacements. 

The third of equations (33) gives Pj. Eliminating Pa between 
the second and third we find 

Y^ = r^n» (n^ - 1)2 - 2p V (^' + 1)1 ^^ cos n<f> e'^K 

This gives 

[/"i =r i - 71^ (n^- \y - 2php'(n^ + 1)1 Ba^ cos n^ e*^<+ i Uo cos nc/) 6*?*, 

where Uo is independent of x, and the ^ and t factors are inserted 
with a view to satisfjdng conditions at a? = ± i. 

If Ho cos n0 e*P* be the value of H at either limit we have as 
one of the boundary-conditions 

nr 

J7i cos 710 e*^* = when a? = + i, 

a 
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a a- 
Now, by (15) of art. 350, 

U^-Ui = C{l-<r)Tla, 



so that 



U, = \ 



C{l-a) 



n'-l 



3 + ^" 



a 



- i r~4 n^w' - ly - 2f)Ap2 (n^ + 1)1 (Z» - a;') 5 1 cos n^e*^*. 
Hence the first of equations (33) becomes 

-^,»(n>-l){in»(n'-l)^^-(l-«r)}£ + n§]8mn^e'^. 



Hence, on integrating, we have 

n (w2 + 1) 



B 



,g^(^2,i)j^ ^^(^^-l) (j._^)^(l^^)|^Jsinn^6-^ 

+ Po sin n^ e'^*, 
where P© is independent of o). 

To make Pi vanish when a? = ± Z we must take Pq = 0, and 

W(n2-l)«Z2 



ifn = na'B 



m 



a 1. ,fl (n'+l)f'l" 
Now by (28) we have 

Hence H, = -na'B ^^^ ^ °"\ n»-l)(2w°-l), 

CI' 

and the value of £^ at a free edge is 

- 0(1 -(r)/i(2n» - 1) -(w^- l)cosn^ e*^«. 

This does not agree with the value of H given in (32), and we 
must conclude that near a free edge there exist subsidiary dis- 
placements which give rise to terms in r of the same order as 
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those given by the non-extensional solution Uq, v©, w©; these 
displacements are requii-ed to satisfy the boundary-conditions. 

Again, we have, by (15) of art. 350, 

I^a= 1^,(1 -^)t^ + i0(l-cr)^?^5cosn^6*l>^ 

and we have found a different expression for JJ^y which shews that 
VT is of the order h^Bja?, In like manner from the values of Pi 
and Pa we could shew that €i and eg are of the order h^B/a\ We 
conclude that there exist subsidiary displacements which are of 
the order hhi^ja? without which it is impossible to satisfy the 
differential equations. 

356. Effect of Aree edges. 

We shall now, following Prof. Lamb^ investigate a statical 
problem which illustrates the effect of free edges. We shall 
suppose a part of a circular cylinder of radius a bounded by two 
generators (0 = ± ^o) and two circulai* sections (a?= ± Z) to be held 
bent into a surface of revolution by forces applied along the two 
generators while the circular edges are free. The tjrpe of dis- 
placement will be expressed by assuming that 

v = c^, 

while u and w are independent of <f>. 

We have then 

«r = 0, 

T = 0. 

Each of these quantities is independent of 0. 

Of the stress-resultants and stress-couples C/i, CTj, and H 
vanish, while Pa, 0^ and 0^ are independent of 0, also no forces 
are applied to the shell except at the straight edges. Hence the 
second of equations (14) is identically satisfied and the other two 
become 



8u 


w + c 
a 


av 

""^"3^' 


c 



dx 



= 0, 



1 Proe. Land. Uath. Soc. ixi. 1890. 
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The boundary-conditions which hold at the circular edges are 
that, when a? = ± Z, 

of which the last is satisfied identically, and the third is 

We propose to solve these on the assumption that €i, €2 are of 
the order hxi, and we shall find a justification of this assumption 
a posteriori. 

With this assumption we have 

SC 3(7 

The equation -^ = 0, with the conditions that Pj = when 

/p=.± Z, gives us Pi = everywhere, and we therefore have 

€i = — <r€2. 

The equation -^ ^ = then gives us 

The solution of this is in terms of exponentials of + (1 ± C) qxja, 
where 

J-=ifv(i-.-); 

and, selecting the terms which are even functions of x, we have 

w + c = A cosh — cos — + 2)3 sinh — sin — , 

a a a a 

where A and A are arbitrary constants. 

The boundaiy-conditions, (?i = and dGi/dx = when x=±l, 

are 

8^w a;c _^ yw_ 

fix)m which we find 

J) _<TC sinh ^Z/a cos g^Z/a — cosh qlja sin gZ/a 
^ q^ sinh 25Z/a + sin 2g'Z/a ' 

y^ _ g-c sinh qlja cos gZ/a H- cosh qlja sin gZ/a 
j^ sinh 2g'Z/a -h sin 2gZ/a 
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Tfak cuiaavaua the complete wdiiiioo of die proUem, and die 
a yMierwri josdficatioD is tio be icmnd in die fivt dnt wben « is 
Dearij ecjual to ± /, c, or <w -hci a is aictn^j of die oider Ac, or 
Ac a*. 

Xo V sanoe 9 is renr great die most important terms in w are 
given by 

-h COS— -fsin^jfiin" , 
a a/ aj 

or w = — c-!-\2 — r^«'-**oo6-o</— x)a + -L 

9* r ^J 

The changes of carTatnre near the free edges are <rf die ordv 
c a^ and theT are of die same order all over die snrCioe. 

The extensions near the free edges are of the csder he a*, and 
ther rapidly diminish in value as we pass inwards frtxn die edges. 

It may be shewn that the total potential energy aiisng fitMn 
the exteumfms near the edges is of the order \f(k a) as compared 
with that arising from the changes of corvatore. 

It may also be shewn that the forces required to hold the shell 
in the form investigated reduce to uniform flexural couples along 
the bounding generatcn^ and forces whose effects are negligible at 
a very little distance from those generators. The ]KtM^ of the last 
two statements are left to the reader. 

Prof Lamb^ has given an interesting application of his analysis 
to the case of a plane plate bent into a cylinder of finite curvature. 
When the length and breadth of the plate are of the same order 
of magnitude, the plate can be held exactly in the cylindrical form 
by the application of couples at the edges. Along the straight 
edges the couple is the product of the cylindrical rigidity C and 
the curvature, along the circular edges the couple resisting the 
tendency to anticlastic curvature (art. 314) is the product of the 
Poisson's ratio a, the cylindrical rigidity C, and the curvature. 
If the circular edges be free the departure fix>m the cylindrical 
form is everywhere very slight, but near the free edges there is an 
extensional strain of the same order of magnitude as the flexural 
strain. When the plate becomes a narrow strip whose breadth is 

^ * On the Flexure of a FbU Elastic Spring'. Proe. PkiL Soe. Ifanehesta, 1890. 
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comparable with a mean proportional between the radius of 
curvature and the thickness, the extensional strain is of importance 
at all points of the strip. When the breadth of the strip is still 
further reduced it bends like a thin rod. 

366. Further examples of cylindrical shells. 

We conclude our discussion of cylindrical shells with the 
following examples^ : 

(V) An elongated cylindrical strip bounded by two generators 
cannot be bent in the plane containing the axis and the middle- 
generator. 

(2®) The form of the potential energy (26) of art. 353 suffices 
for the solution of many statical problems. Thus if a cylinder of 
length 21 be compressed along the diameter through x = Xq, = 
by equal normal forces F the normal displacement w is given by 



00 



w = 22n (-Ajjn + 3oB^ cos 2n0, 
1 



a? F 
where A^ = — 7^-^ -77 



B^n = — -^^ ; TT 



27rZCn(4n^-l)2' 
axn F 



'2n 



27rl G n {^n^ - ly [l^Sa^ + (1 - a)/2n] ' 



(3*) When a heavy cylinder of infinite length whose section 
is a semicircle is supported with its axis horizontal by uniform 
tensions applied to its straight edges, it can be shewn that the 
change of curvature at an angular distance (j) from the lowest 
point is 

-^ — {<f> sm + cos - ^tt), 
and that the strain is non-extensional. 

^ The results only are stated and the verification is left to the reader. The first 
two examples are taken from Lord Bayleigh's paper * On the Bending and Vibrations 
of Thin Elastic Shells especially of Cylindrical Form'. Proc, R, S. xlv. 1888. The 
third is from Mr Basset's paper * On the Extension and Flexure of Cylindrical and 
Spherical Thin Elastic Shells*. Phil Trans. R. S. (A), 1890. Mr Basset makes the 
strain only approximately non-extensional, the departure from a condition in which 
no line on the middle-surface is altered in length depending on the fact that the 
centre of gravity of a small element does not lie on the middle-surface. It is 
however unnecessary to tak^ this into account. 
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Uk^ yAfiixZ^ ^ebergr ^>f l«x»i=nZ' Tfai» expreaauB win be appikd 
v^ fn>i tte b^r^f^xjcirA 'A ikjit zyjcr-itTZfSBsSgXLjl TifaEmoos^ and to 
asMXi^ stUU£tfSkl y^krJiOjs^ We §£aZl iLcc. cGOEsda- the sabsidianr 
dkp&ac^^je&t« vkicL mxisc Ik snperpjeed npoa like nan-extensknal 
'ii^pLaic^Sj^A^ izk order v^ suisfr ih^ eq^atiocs di Tibfa&oQ. After 
^ik^A ve %ball pr>%^ vfih ihe erte&srjikal Tibndcwts and with 
iM/j^ itaticaJ probkms ia whidi ext^kaoii {^ts an impcrtant 
pan, 

306, Condftioiia of taeztoidrflitj^ 

Beferrujg to the Dotati<Mi of the geneial thecsT we shall take 
6 ^uA ^ for the colatitode and I<Migitade of a paint of the sj^ere, 
and we fihall take 

« = <>, )9=* (34), 

then, if the normal be soppoeed drawn oatwards we hare, 

A^a, B — asin0, fh^fh^ — o (35), 

a ixsing the radios of the unstrained spherical 6ar£Eu». 

Let u, V, w be the displacements of a point oa the middle- 

mxTtncf: along the tangent to the meridian, the tangent to the 

fjarallel, and the normal to the sphere throagh the point, then the 

c/mditUm that no line on the middle-snr&ce is altered in length is 

expresfied by the equations 

en ^ 



1 9v 
sm dip 

sm 6d<f> 00 J 



y (36). 



The8(j are derived from (18) of art. 330 by substituting for 
a, ^f Af li, Pi, Pa their values as given in (34) and (35). 

Eliminating w we arrive at two equations which can be put in 
the form : 

^ See Lord Rayleigh in Proc, Lond, Math, Soc. xm. 1882. 
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a / u 






(37), 



and these shew that u cosec and v cosec are conjugate functions 
of log (tan ^0) and ^, or, in other words, that (u + iv) cosec ^ is a 
function of log (tan ^^) -I- 1^. We shall consider especially the 
case where the shell is bounded by either one or two small circles 
d = const., but the application to other cases might be made by 
means of a transformation by conjugate functions of log (tan ^^) 
and (f>. 

For the case supposed u and v as functions of <^ must be 
capable of expansion in sines or cosines of integral multiples of ^, 
and we have the general forms^ : 



n<f>, 



r "I cos 

u = sin^2 Llntan«i^ + jB„cot«i^ 

L J -sin 

r 1 sin 

V = sin ^2 An tan» ^0 + B^ cot« ^^ v^, 

L J C08 



y.'..(38). 



w 



-[ 



(cos + n) {An tan« ^0 + B^ cot 



]cos 
-sin I 



The form of the .results shews that in order that u, v, w may be 
finite both the poles ^ = and ^ = tt cannot be included. This is 
in accordance with the well-known result that a closed surface 
cannot be bent without stretching. 

359. Potential Energy. 

We can next calculate the potential energy of bending. 
Referring to equations (25) of art. 332 we see that in the case 
of the sphere the changes of curvature are given by 

1 



a^/C2 = 



a^Ki = 



sin* d(f>^ 

8'w 3u 
Wd0' 



3% .^9w 1 9v .^^ 

+ cot ^ ;r7? — TiKT — U cot 0y 



d0 sin0d<f> 



L..(39). 



a'T 



^9/1 d\7\ 



d0 Vsin d<f)J 

1 Written out in full 

u =sin ei.[{A^ tAn^^ie+B^coV^^e) cos w0 - (-4/ tan»Jd+B,»'oot»Jd) 8inw0], 
and similarly for v and w. 
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By means of equations (36) these can be reduced to 
J _ 1 3»u .S'u 9u \ 



a _ 9*n 9u 

, ___a_/j_ 9'u \ 



y (40), 



3^ /% / J ^ \ 



Now on eliminating v from (37) we have 

sm«d|[smd^(^) 

and, by differentiating this with respect to 6 and dividing by 
sin^^, we find an equation which is 

K\ ^r ^2 ^ ^* 

We now have, on differentiating, 

["I C08 \ 

An tan^ i^ + Bn cot** 16\ n<f>, 
J -sin 

a^T = cosec^ ^2 (w* -n)\An tan** J^ + 5n cot** i0\ n<\> 

L J 008 

(42). 

The potential energy per unit area is 

i [(/., + /c,)» - 2 (1 - cr) (/cx/., - T^)] 

= 0(l-a-)(/C2^ + T^) (43). 

Hence the potential energy of the bent shell is 

0(l-a)aM d<\>\ sin Odd {k^ + r^) (44), 

where ^o and ^i are the values of 6 at the bounding-small circles. 

On integration with respect to <f> the products of different -4's 
or 5's, and of -4's with jB*s, disappear, and we find for the energy 

^Tr9Jyzfl f*'2 (n'-n)'»(^^Han^i^+jB„2cot^id)cosec»^d^ 

+ a similar term in An^ and Bn^. 

In the particular case of a hemispherical shell we must take 
5n = to avoid infinite displacements at the pole of the hemi- 
sphere, and, restoring J./, we have for the potential energy 

27r^^^^^'^X(A'+^n'')(yi'- w)« f 'tan^i^cosec'^d^ 
a* Jo 

= \^ ^%^^ S i^n + A'O (^^ - n) (2n^ - 1) (45). 
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The occurrence of (n' — n) as a factor in the nth term of iCi, /Cg, r 
and of the expression for the potential energy shews that n = and 
n = 1 correspond to modes of non-extensional deformation without 
strain, and in fact it is easily verified that the corresponding 
displacements are rigid-body displacements. 

The coefficient (1 — <r) which occurs is f/iA^, and thus the 
potential energy of bending of a spherical shell depends on 
the rigidity and not on the resistance to compression of the 
material. 

The formula for the potential energy enables us to solve 
statical problems relating to the deformation produced by given 
forces. Lord Rayleigh^ gives two examples of the application of 
this method to the equilibrium of a hemispherical bowl as 
follows : — 

1°. When the points 6 = Jtt, (f> = ^ir, and = ^tt, ^ = f tt are 
joined by a string of tension F, all the coefficients in (38) vanish 
except A2, A4, . . . A^r . . . , and 



7rC(l - a) (4r2 - l){Sr^ - 1)' 



2°. When the pole ^ = is the lowest point of the shell, and 
is supported, while a rod of weight W is laid symmetrically along 
the diameter through = iir, = ^^, the same set of coefficients 
appear as in the last example, and 



7rO(l - a) 2r{4^ - l)(Sr^ - 1)' 
the weight of the bowl being neglected. 

The verification of these results will serve as an exercise for 
the student. 



1 Froc, Lond. Math, Soc, xin. 1882. The results are here slightly corrected. 
It may he noticed here that forces which produce displacements independent of <p 
cannot he treated hy this method. For instance, a hemispherical shell supported by 
vertical forces at its rim and bent hy its own weight is a case for which the method 
fails. In this and similar problems the deformation depends on extension of the 
middle-surface and the sheU is practically rigid. 

L. II. 18 
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360. Non-exteniional Vibrattons^ 

For the free vibrations we require the kinetic energy. The 
expression for the kinetic energy per unit area is 



ph 



S)'- ©■-©■]. 



f, 



"rotatory inertia" being neglected; and, by using the formula 
(38), this is easily shewn to be 

irpa^h f '2(in' + in''){2sin«tf + (cosd + n)*}tan*»i5sintfdtf 

+ Trpa'A [ ' 2 (J?n' + Bn') {2 sin« tf + (cos tf + ny] cot«» ^sin0d0 (46), 

where the dot denotes differentiation with respect to the time. 

In the case of a hemispherical shell the ^s must be omitted, 
and the limits of integration are and ^; and, by writing 
z = l+ cos 0, we find that the integral to be evaluated is 

•2 

{2^(2-^) + (n-l+-?)«}(2-^)*r-»(fe. 

This is easily evaluated when n is given by expanding the 

binomial, and, if /(n) be the value of the integral, the kinetic 

energy is 

7rpa«A2(in' + in*)/(n). 

The kinetic and potential energies being reduced to sums of 
squares the coefficients ^n*** ^^^^ normal coordinates in the 
non-extensional vibrations. 

The frequency of the nth component vibration is p/2ir where 

^^» (n.-n)(2n>-l) 

^ ^pa* /(n) ^ ^ 

When the shell is not hemispherical but bounded by a small 
circle the formula is similar but y(n) is different. 

361. IMscussioii of non-ezteniional Tibrattons. 

We have now to enquire whether the non-extensional displace- 
ments investigated in art. 358 can satisfy the general equations of 
free vibration, and we shall consider a particular type of displace- 
ments which correspond to a normal vibration under the condition 
that no line on the middle-surface is altered in length. 

^ Lord Bayleigh, loc. eit. 
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Let us assume that 

u = J. sin ^ tan" ^6 cos n(f> 6*^*, 
V = J. sin ^ tan" ^6 sin n<f) e*^*, 
w = — ^ (cos + n)tan" ^6 cos n(f> &^ 

These displacements make €i = €a = «r = 0, and 

— /Ci = /Ca = „ -4. cosec* tf tan" \Q cos rw^ e*^*, 



(49). 



a^ 
n' — w 



,(50). 



T = 



a-* 



^ cosec^ ^ tan" J^^ sin ri^e'^*, 



The stress-couples are given by the equations 



(?, = (?,= 0(1 -0-) 



ir= (7(1-0-) 



71^ — W 

a' 



A cosec^ ^ tan" J^^ cos n^ 6*^*, 
J. cosec^ Q tan" J^^ sin ri<^ e*^* 



...(51). 



The stress-components Ti and T^ which act across the parallels 
and the meridians in the direction of the normal to the sphere are 
given by equations (1) of art. 343, and we have accordingly 

a\Jdd sm Q 0^ \ 

with the above values of (?i, Q^y and jET it is easily shewn that 2\ 
and T^ vanish identically. 

Again, from equations (42) of art. 339 we find 

P,==P^ = :^CaRo/fi, U^^ U^ = (53). 

The equations of vibration (2) of art. 343 become 

IdP, 



- 2php^ A sin 6 tan" ^0 cos n<l> e'^^ = " ■^^ 

1 dP, 



- 2php^ A sin 6 tan" ^0 sin n(f> e'^* = 



a sin d<f> ' 
2Px 



>-...(54). 



2php^ A (cos ^ -h n) tan" ^0 cos w<^ e*^* = ? 



a 



These equations are incompatible, and we conclude that the 
equations of vibration cannot be satisfied without taking account 
of the extension of the middle-surface. 

18—2 
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362. Subsidiary displacementi. 

In order to take extension into account we assume that u, v, w 
differ from the values given for them in equations (49) by terms 
which are of the order h^Aja\ These give rise to extensions of 
the middle-surface which provide values of Pi, Pj, Ux, U^ diflfering 
from those given in (53) above, but we may omit the additional 
terms which they contribute to Gi, (?j, H, The stresses T^ and T, 
then continue to vanish. We may omit also the changes produced 
by the subsidiary displacements in the terms arising from the 
inertia of the shell, since p^ is proportional to h\ We thus obtain 
the equations 

- 2php^A sin tan** ^6 cos ruf) e^^ 

iR^i /7> r»x ./I 1 9^21 

= aLa#-^(^-^»>^^^^-^s-S^a^J' 

- 2php^A sin tan~ ^0 sin n<f> &^ 

a\^d0 ^ ^ sm5 3^ J , 

2php'A (cos ^ + w) tan~ ^0 cos n<l>e'P^ = - 1 (P^ + p^) 

tv 

In these equations (see art. 339), 



^ • . .(00^. 



2A= 



(56); 



where Rq is unknown, but 



^^2 = znr-A ^n + 11 cot a + w. 



atsT = 



sin d<l> 
1 



;^ + ?r7i — V cot 



>. 



.(57). 




sin 0d<l> d0 
Now we shall put 

Pi = Z cos n<l> e^\ P^ = M cos n<^ e'P*. U^=U^ = Nain n<l> &p^ . . .(58), 

K^2phafA (59). 



and write 
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Then the above equations (55) become 

au sin a 

L + M= - ir(co8 e-^n) tan** ^0 

Eliminating M we find 

Jjr 

sin^^+2icos^+wiV+ir[sin«^+cos^(co8^+w)]tan«J^=0, 

8m0-jg+2Nco8e+nL+K[ain^0-hn(cos0+n)]ta.u^0=O 
By adding and subtracting these equations we find 

(8in^^ + 2cos^+w)(i + iV) 

+ Z (1 + 2n cos ^ + n* + sin^ 0) tan** \0 = 0, 

^8in^^+2cos^-w)(i-iV) + ir(co8«^-n2)tan«i^ = 0. 

These are linear diflferential equations of the first order, and their 
integrating factors are respectively sin ^ tan** J^ and sin ^ cot** J^, 
so that we have 



Y (61). 



(i + JV^)8in»^tan**i^ 

+ Kj{\ + 2n cos ^ + w2 + sin« 0) sin tan»* \0d0 = const., \. (62). 



a 

(i - N) sin^ cot** \0 + ir/(co8» - n^) sin 0d0 ^ const. 



Taking, as in art. 360, the case where the pole ^ = is included 
and the pole ^ = tt is excluded from the shell, the constants are to 
be determined by the facts that L-\-N does not become infinite 
when ^ = 0, and that L vanishes at the free edge. Thus L and N 
and consequently Pi, Pa, and U^ may be regarded as completely 
known. 



Now equations (56) give us 



(ei-6a) = gp^^_^^(Pi-Pa), 
"^"SOa-cr)^^ 



(63). 
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those given by the non-extensional solution u©, Vq, w©; these 
displacements are requii'ed to satisfy the boundary-conditions. 

Again, we have, by (15) of art. 350, 

C^2 = 1^, (1 - <r) tiT + iC(l - cr) ^?^5 cos n0 e*i>«, 

and we have found a different expression for CTa, which shews that 
Tsr is of the order h^B/aK In like manner from the values of Pi 
and Pj we could shew that ei and 62 are of the order h^B/a\ We 
Qonclude that there exist subsidiary displacements which are of 
the order h^ja? without which it is impossible to satisfy the 
differential equations. 

366. Effect of Aree edges. 

We shall now, following Prof Lamb^ investigate a statical 
problem which illustrates the effect of free edges. We shall 
suppose a part of a circular cylinder of radius a bounded by two 
generators (^ = ± ^o) and two circular sections (a? = ± Z) to be held 
bent into a surface of revolution by forces applied along the two 
generators while the circular edges are free. The type of dis- 
placement will be expressed by assuming that 

v = c<^, 

while u and w are independent of ^. 

We have then 

3u w -h c ^ 

*' = a^' '^' = -0'- ''=^- 

Each of these quantities is independent of 0. 

Of the stress-resultants and stress-couples J7i, Z7a, and H 
vanish, while Pj, Gx, and 0^ are independent of 0, also no forces 
are applied to the shell except at the straight edges. Hence the 
second of equations (14) is identically satisfied and the other two 
become 



dx 



= 0, 



da? a~ ' 

^ Proc, Lond, Math, 80c, xxi. 1890. 
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The boundary-conditions which hold at the circular edges are 
that, when a? = ± i, 

of which the last is satisfied identically, and the third is 

3-^ = 

We propose to solve these on the assumption that ej, €2 are of 
the order Hki, and we shall find a justification of this assumption 
a posteriori. 

With this assumption we have 

3(7 3(7 

The equation -^ = 0, with the conditions that Pi = when 

^=.± ^, gives us Pi = everywhere, and we therefore have 

€1 = — crej. 

The equation -^ ^ = then gives us 

The solution of this is in terms of exponentials of + (1 ± i) qx/a, 
where 

and, selecting the terms which are even functions of x, we have 

w + c = A cosh — cos — + D2 sinh — sin i- , 

a a a a 

where A aiid A are arbitrary constants. 

The boundary-conditions, G^i = and dOJdx = when x=±l, 

are 

3*w __ ^c _ ^ 3*w __ 

from which we find 

y. _ crc sinh ^Z/a cos ql/a — cosh jZ/a sin ql/a 
g* sinh 2 j?/a + sin 25i/a ' 

^ _ crc sinh jZ/a cos ^Z/a + cosh ql\a sin ^Z/a 
(^ sinh 2 jZ/a + sin 2 jZ/a 



w 
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This constitutes the complete solution of the problem, and the 
a posteriori justification is to be found in the fajct that when x is 
nearly equal to + /, e, or (w + c)la is actually of the order hc^ ix 
Ac/a*. 

Now since q is very great the most important terms in w are 
given by 

if W a a) a 

+ (cos — + sin— lain — , 

\ a a) a\ 

or w = -c + V2^e-^<'-^'/«cos|g(i-a:)/a + ^i. 

The changes of curvature near the free edges are of the order 
cja^y and they are of the same order all over the surface. 

The extensions near the fi^e edges are of the order Ac/a*, and 
they rapidly diminish in value as we pass inwards from the edges. 

It may be shewn that the total potential energy arising from 
the extensions near the edges is of the order 'i/(h/a) as compared 
with that arising from the changes of curvature. 

It may also be shewn that the forces required to hold the shell 
in the form investigated reduce to uniform flexural couples along 
the bounding generators and forces whose effects are negligible at 
a very little distance from those generators. The proofe of the last 
two statements are left to the reader. 

Prof Lamb^ has given an interesting application of his analysis 
to the case of a plane plate bent into a cylinder of finite curvature. 
When the length and breadth of the plate are of the same order 
of magnitude, the plate can be held exactly in the cylindrical form 
by the application of couples at the edges. Along the straight 
edges the couple is the product of the cylindrical rigidity C and 
the curvature, along the circular edges the couple resisting the 
tendency to anticlastic curvature (art. 314) is the product of the 
Poisson's ratio cr, the cylindrical rigidity (7, and the curvature. 
If the circular edges be free the departure from the cylindrical 
form is everywhere very slight, but near the free edges there is an 
extensional strain of the same order of magnitude as the flexural 
strain. When the plate becomes a narrow strip whose breadth is 

1 • On the Flexure of a Flat Elastic Spring '. Proc. Phil, Soc. Manchester, 1890. 
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comparable with a mean proportional between the radius of 
curvature and the thickness, the extensional strain is of importance 
at all points of the strip. When the breadth of the strip is still 
further reduced it bends like a thin rod, 

366. Further examples of cylindrical shells. 

We conclude our discussion of cylindrical shells with the 
following examples^ : 

(1®) An elongated cylindrical strip bounded by two generators 
cannot be bent in the plane containing the axis and the middle- 
generator. 

(2«) The form of the potential energy (26) of art. 353 suffices 
for the solution of many statical problems. Thus if a cylinder of 
length 21 be compressed along the diameter through x = Xq, <f> = 
by equal normal forces F the normal displacement w is given by 

w = X2n(A^ + xB^) cos 2w0, 

a^ F 1 

where A^ = — ;r-^ t^ 






27rZ G n (4n3 - l)^ ' 
axQ F 



'2n 



27rl G n (4^^ - 1)^ {l^Sa' + (1 - a)/2n] ' 



(3®) When a heavy cylinder of infinite length whose section 
is a semicircle is supported with its axis horizontal by uniform 
tensions applied to its straight edges, it can be shewn that the 
change of curvature at an angular distance <f> from the lowest 
point is 

-^ — (0 sm <f> -h cos <f> — ^tt), 
and that the strain is non-extensional. 

^ The results only are stated and the verification is left to the reader. The first 
two examples are taken from Lord Bayleigh's paper * On the Bending and Vibrations 
of Thin Elastic Shells especially of Cylindrical Form'. Proc, R, S, xlv. 1888. The 
third is from Mr Basset's paper * On the Extension and Flexure of Cylindrical and 
Spherical Thin Elastic Shells'. Phil. Trans. R. S, (A), 1S90, Mr Basset makes the 
strain only approximately non-extensional, the departure from a condition in which 
no line on the middle-surface is altered in length depending on the fact that the 
centre of gravity of a small element does not lie on the middle-surface. It is 
however unnecessary to take this into account. 
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367. We shall now consider the case of a shell whose 
middle-sur£Eu:e when unstrained is spherical We shall first in- 
vestigate expressions for the displacements when no line on the 
middle-surface is altered in length, and deduce an expression for 
the potential energy of bending. This expression will be applied 
to find the firequencies of the non-extensional vibrations, and to 
some statical problems. We shall then consider the subsidiary 
displacements which must be superposed upon the non-extensional 
displacements in order to satisfy the equations of vibration. After 
that we shall proceed with the extensional vibrations and with 
some statical problems in which extension plays an important 
part. 

358. Conditions of ineztensibility^ 

Referring to the notation of the general theory we shall take 
6 and <^ for the colatitude and longitude of a point of the sphere, 
and we shall take 

a=^, /3=<^ (34), 

then, if the normal be supposed drawn outwards we have, 

-4 =a, -B = asin Q, ^j = ^j = — a (35), 

a being the radius of the unstrained spherical surface. 

Let u, V, w be the displacements of a point on the middle- 
surface along the tangent to the meridian, the tangent to the 
parallel, and the normal to the sphere through the point, then the 
condition that no line on the middle-surface is altered in length is 

expressed by the equations 

9u 



1 3v 

-. — ^ 5-r -h U cot ^ + W = 0, 

sm ^ 09 

+ 7T7T — V cot ^ = 



\ (36). 



sin 0d<t> d0 

These are derived from (18) of art. 330 by substituting for 
a, fi, A, By pi, p^ their values as given in (34) and (35). 

Eliminating w we arrive at two equations which can be put in 
the form : 

^ See Lord Kayleigh in Proc, Lond, Math, Soc, xiu. 18S2. 
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Hs-^^-^'U^h'] 



^"^f^)-"] 



(37), 



d<t> 

and these shew that u cosec and v eosec are conjugate functions 
of log (tan ^0) and ^, or, in other words, that (u 4- ^v) cosec ^ is a 
function of log(tan J^) + 4^. We shall consider especially the 
case where the shell is bounded by either one or two small circles 
d = const., but the application to other cases might be made by 
means of a transformation by conjugate functions of log (tan i^) 
and <f>. 

For the case supposed u and v as functions of <f> must be 
capable of expansion in sines or cosines of integral multiples of <f>, 
and we have the general forms^ : 

Llntan~i^ + £nCot~ie n<l>, 



u = sin 01, 



sin 



y.-..(38). 



V = sin ^2 \An tan» ^0 + Bn cot~ Jd | n<f>, 

L J 008 

r 1 COS 

w = - 2 (cos 0'\-n) (An tan~ie+ ^ncot^i^) n(f> 

L J -sin / 

The form of the .results shews that in order that u, v, w may be 
finite both the poles ^ = and = 7r cannot be included. This is 
in accordance with the well-known result that a closed surface 
cannot be bent without stretching. 

369. Potential Energy. 

We can next calculate the potential energy of bending. 
Referring to equations (25) of art. 332 we see that in the case 
of the sphere the changes of curvature are given by 

1 9«w .aw 1 



a*#C2 = 



sin* d<f>^ 
2 _3V 8u 



9*w ^ /i9w 

+ cot ^ ;r7^ 



d0 sin 0d<t> 



— U cot 0y 



^...(39). 



aV 



= 1Y 



1 aw 



dd Vsin d<t> 



) 



^ Written ont in full 

u =8in 0I.[(A^ tan*id+B^cot*i^) CO8«0 - (A^' tan*Jd + B^'oot*ld) sin w0], 
and similarly for v and w. 
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By means of equations (36) these can be reduced to 



y (40), 



, _ 3^ 3u 

"'^~ de\^0d0d<i>) 

Now on eliminating v from (37) we have 

-•4[™«^(3^«)]+^-« ;•■■•<«>• 

and, by differentiating this with respect to 6 and dividing by 
sin*^, we find an equation which is 

#Ci + If, = 0, 
We now have, on differentiating, 

["I 008 \ 

An tan~ i^ + Bn cot» ^0\ n<^, 
J -sin 

a»T = cosec^ 61 (n» - ») Lin tan~ J^ + Bn cot" ^61 n<l> 

^42). 

The potential energy per unit area is 

= a(l-<7)(/.,« + T^) (43). 

Hence the potential energy of the bent shell is 

/•2ir r$i 

(7(l-o-)aM d<l>\ sm0dd(K^ + T') (44), 

Jo J$o 

where 0o and 0i are the values of at the bounding-small circles. 

On integration with respect to ^ the products of different A*s 
or B% and of -4*8 with B% disappear, and we find for the energy 

27r ^^^7"^^ r 2 (^' - ^y (^n tan^ ^0 + Bn' cot^ i 0) cosec» 0d0 

+ a similar term in An^ and Bn\ 

In the particular case of a hemispherical shell we must take 
Bn = to avoid infinite displacements at the pole of the hemi- 
sphere, and, restoring An, we have for the potential energy 

27r ^O'-f^) 2 (^^2 ^ ^^/2) (^8 - n)2 [ ' tan^ A cosec^0d0 
d Jo 

= i'T ^^^7*"^ 2 (4„» + 4„'0 (n' - n) (2n> - 1) (45). 

Cv 
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The occurrence of (n^ — n) as a factor in the nth term of k^, k^, t 
and of the expression for the potential energy shews that n = and 
n = 1 correspond to modes of non-extensional deformation without 
strain, and in fact it is easily verified that the corresponding 
displacements are rigid-body displacements. 

The coefficient C(l— o-) which occurs is ^fih^, and thus the 
potential energy of bending of a spherical shell depends on 
the rigidity and not on the resistance to compression of the 
material. 

The formula for the potential energy enables us to solve 
statical problems relating to the deformation produced by given 
forces. Lord Kayleigh^ gives two examples of the application of 
this method to the equilibrium of a hemispherical bowl as 
follows : — 

1°. When the points d = ^tt, <f> = Jtt, and 6 = ^tt, (f> = |7r are 
joined by a string of tension Fy all the coefficients in (38) vanish 
except A^y A^y . . . A^ . . . , and 

"^ irC(l - a) (4r2 - l)(Sr^ - 1)* 

2°. When the pole ^ = is the lowest point of the shell, and 
is supported, while a rod of weight W is laid symmetrically along 
the diameter through = ^^, <^ = i7r, the same set of coefficients 
appear as in the last example, and 

. _ (-)^^a^F 

^ "■ ^(7 (1 - (7) 2r (4r2 - 1) (8r» - 1) ' 

the weight of the bowl being neglected. 

The verification of these results will serve as an exercise for 
the student. 



^ Proc, Lond, Math, Soc. xni. 1882. The resnlts are here slightly corrected. 
It may be noticed here that forces which produce displacements independent of ^ 
cannot be treated by this method. For instance, a hemispherical shell supported by 
vertical forces at its rim and bent by its own weight is a case for which the method 
fails. In this and similar problems the deformation depends on extension of the 
middle-surface and the shell is practically rigid. 

L. II. 18 
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360. Non-extensional Vibrations \ 

For the free vibrations we require the kinetic energy. The 
expression for the kinetic energy per unit area is 



^»[©"^(i)'^©i' 



"rotatory inertia" being neglected; and, by using the formulae 
(38), this is easily shewn to be 

7rpa% f ' 2 {An^ + in ') {2 sin^ 6 + (cos + rif] tan^ i^O sin Odd 

J 6^ 



6, 



+ Trpd'h [ ' 2 (J?n« + Bn^) {2 sin« d + (cos d + ny] cot«» ^dsinOde (46), 



/; 



where the dot denotes dififerentiation with respect to the time. 

In the case of a hemispherical shell the J?*s must be omitted, 
and the limits of integration are and ^tt; and, by writing 
z = l-\- cos 0, we find that the integral to be evaluated is 

•2 

{2z{2-z) + (?i - 1 + zY] {2-zY2r^dz. 
1 

This is easily evaluated when n is given by expanding the 

binomial, and, ii f{n) be the value of the integral, the kinetic 

energy is 

Trpa?ht{An^-itAn^)f{n). 

The kinetic and potential energies being reduced to sums of 
squares the coeflBcients -4n... are normal coordinates in the 
non-extensional vibrations. 

The frequency of the nth component vibration is pj2Tr where 

M' (n'-«)(2n'-l) 

When the shell is not hemispherical but bounded by a small 
circle the formula is similar but/(n) is dififerent. 

361. Discussion of non-extensional vibrations. 

We have now to enquire whether the non-extensional displace- 
ments investigated in art. 358 can satisfy the general equations of 
free vibration, and we shall consider a particular type of displace- 
ments which correspond to a normal vibration under the condition 
that no line on the middle-surface is altered in length. 

^ Lord Bayleigh, loe, cit. 
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Let us assume that 

u = -4 sin ^ tan~ ^0 cos n<f> e*^*, 
V = J. sin ^ tan~ ^0 sin n^ e*^*, 
w = — J. (cos + n)tan^ ^0 cos n<f> e^^ 

These displacements make €i = €2 = «r = 0, and 

— /Ci = /Cg = ,, A cosec^ ^ tan** \0 cos n<^ e*^*, 



(49). 






,(50). 



T = 



(£' 



A cosec^ ^ tan^ \0 sin w^e'^*, 



The stress-couples are given by the equations 

G, = Gj = (1 - 0-) -3;^ il cosec« e tan~ \0 cos n</> e*^*, 



S^=a(l-(7) 



a- 



...(51). 



J. cosec^ ^ tan** ^^ sin n^ e^^ 



The stress-components T^ and Tg which act across the parallels 
and the meridians in the direction of the normal to the sphere are 
given by equations (1) of art. 343, and we have accordingly 

with the above values of Gi, G^a, and jEf it is easily shewn that T^ 
and Ta vanish identically. 

Again, from equations (42) of art. 339 we find 

P,=:P, = ^CaRolfi, C/i= C/a = (53). 

The equations of vibration (2) of art. 343 become 



1 f)P 

- 2php'^ A sin tan** ^0 cos mf) e'P^ = - -^^ 

1 aPi 

a sin d^ ' 
2Px 



- 2php^ A sin ^ tan~ ^0 sin w<^ e'^* = 



V...(54). 



2php^ A (cos + 71) tan** J^ cos w<^ e'^* = - 



a 



These equations are incompatible, and we conclude that the 
equations of vibration cannot be satisfied without taking account 
of the extension of the middle-surface. 

18—2 
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362. Subsidiary displacements. 

In order to take extension into account we assume that u, v, w 
dififer from the values given for them in equations (49) by terms 
which are of the order h^A/a\ These give rise to extensions of 
the middle-surface which provide values of Pi, Pg, C/i, C/g diflfering 
from those given in (63) above, but we may omit the additional 
terms which they contribute to Gi, O^, H. The stresses T^ and T^ 
then continue to vanish. We may omit also the changes produced 
by the subsidiary displacements in the terms arising from the 
inertia of the shell, since p^ is proportional to h\ We thus obtain 
the equations 

- 2ph]fA sin tan** ^0 cos n^ e*^* 

- 2php^A sin tan^ ^0 sin n<l> e^^ 

2phfA (cos ^ + n) tan» \0 cos 7i0e*^« = - 1 (P, + P^) 



^ . • .( Do ). 



In these equations (see art. 339), 

30 



a 



Ro 



■Pl = Ti-(€i+ff€0 + iOo--^, 



-P. = ^(e,+ o-€a) + i(7o- 



h? 






3(7 



^i=^7-, = ir,(l-«^)«^ 



2A» 



(56); 



where Rq is unknown, but 



a€i = g^ + w. 



aeo = 



1 3v 



sin ^ 9<^ 



+ u cot ^ + w, 



y 



1 8u 3v '^ 

Ct'or = — — :; ;rT + ?wi — V COt 



.(57). 



sin 0d<l> d0 
Now we shall put 
P, = L cos n<f> e^\ Pj = Jlf COS n^ e-T^K U^=U^^ i^T sin n<^ e^i'* . . .(58), 
and write K = 2phap'A (59). 
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Then the above equations (65) become 

^ + (L-M)cot0+J^N '^-Kainet&n^id, 
da sin ^ ■* 

^+2JVcot^-^JIf=-irsin^tan»i^, l-...(60). 

da sin^ •* 

L + M^^-Kicosd + n) tan" ^6 
EUminating M we find 

JT 

sin^-^+2icos^+niV+^[sin*^+co8^(cos5+ri)]tan'»J^=0, 

8m0j^ + 2Ncos0'hnL'\-K[sin^0+n(co8d'\'n)]tB.ii^0^O 
By adding and subtracting these equations we find 
(sin^^ + 2cose + n)(Z + i^) 



(61). 



+ K{l + 2ncos0 + n^'h sin« 0) tan~ ^0 = 0, 



Uin0^'\-2co80-n\{L-N) + K(coa^0-n^)tSiji^^0:=O. 

These are linear dififerential equations of the first order, and their 
integrating factors are respectively sin ^ tan** ^^ and sin ^ cot" ^d, 
so that we have 



(i + JV)8in2^tan"ie 

+ KJ{1 + 2w cos + 71'' + sin« 0) sin tan^ \0d0 = const., 
(i - N) sin^ cot« ^0 + KJ(co8^ - n^) sin 0d0 ^ const. 



(62). 



Taking, as in art. 360, the case where the pole ^ = is included 
and the pole ^ = tt is excluded fi"om the shell, the constants are to 
be determined by the facts that L + N does not become infinite 
when ^ = 0, and that L vanishes at the firee edge. Thus L and N 
and consequently Pj, Pj, and Ui may be regarded as completely 
known. 



Now equations (56) give us 



(€i - ea) = 



tj = 



3C(l-(7) 

2^^ 
3C (1 - a) 



(A - P.), 



U, 



(63). 
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By (57) these become two equations for the determination of 
u and V, viz. we have 






..(64). 



d<l> Vsin 0J SCa (1 - cr) 

The solutions of these equations consist of complementary 
functions of the same form as (49) of art. 361 and particular 
integrals. To find the latter we take 

u = E7 cos n^ e*^*, V = F sin n^ e'P*, 
then 



sin-^ + CTcos^ — nF= ^^. ^ ^ (Z — if)sing, 

Sm^ j7r+ FCOS^ — TIC/ =^777= : iV Sm ^ 

d0 3C (1 — a) 



...(65). 



From these U and V may be determined in the same way as L 
and N were found from equations (61). 

The subsidiary displacements U cos n<^ e*^*, V sin n<f> e*^* are 
those required for the satisfaction of the dififerential equations of 
free vibration. No determination has been made of w, and no 
subsidiary displacement in the direction of the normal to the 
sphere is required. On the other hand the known values of Pi 
and Pa being substituted in equations (56) it is seen that any 
small value of w is associated with a certain small value of R^. 

It may be remarked that since i, M, N contain 2phap^A as a 
factor the expressions for U, V found from (65) will contain as a 

factor J/r/^ — ^ , and with the value of p^ given in art. 360 this 
oO (1 — c) 

will be i — ^^ T^-T -A, where f(n) is a certain rational 

^ a^ f{n) "^ ^ ^ 

function of n ; so that the subsidiary displacements required to 

satisfy the dififerential equations are in fact of the order of the 

product of the non-extensional displacements and the square of 

the ratio (thickness : diameter). 

In regard to the boundary-conditions it follows from the 
forms of Gi, -ff, Ti given in art. 361 that the non-extensional 
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solutions are incapable by themselves of satisfying the boundary- 
conditions 

G =0 T ^ - 

a sin u o<p 

which hold at any small circle, nor will the subsidiary displace- 
ments just investigated enable us to satisfy these conditions. 
There can however be little doubt that by means of additional 
subsidiary displacements of the kind indicated in art. 349 these as 
well as the remaining conditions 

can be satisfied. 

363. Extensional Vibrations. 

We proceed now to consider the extensional vibrations of the 
spherical shell. 

According to art. 346 we have the equations of vibration in 
the form 

^ ,a^u 1 [dP, ,p px ./, . 1 9f^i1 \ 



^^'^af =a[-a^+2cr,cote-f^j^g^J, 



y...(66), 



^^^'5="-^^^^^J 



where 



and €i, eg, and tj are given by (57). 

Regarding especially the case of a complete sphere or a 
segment bounded by a small circle 6 = const, we shall take u, v, w 
to be proportional to e'^*, and u and w proportional to cos 50, while 
V is proportional to sin s<^. Thus we write 

u = Z7 cos 8if> e^\ V = F sin s^ e^\ w = IF cos 8(j> e*^* . . . (68), 

where s is an integer and Z7, F, W are functions of only. Also 
we shall write 

,.^^t?m.& (69). 

^(7(1 — <r) /A ^ ^ 



/ 
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Making these substitutions, the equations of vibration reduce to 

+ i«'(l-o-)ir=0, 
i(l-<r)l[sin^^(Jg)-^] 

-(1+0-) f |^+ Ucot0+^g+2w'\ +i«»(l-<r) F=0 

(70). 

If now we write 

^=T^- J' ''' ^(l + <^) = ic(l-«r)-i(l + «r)...(71), 
the third of the above equations is 

-*7^+[f+^-*^+8-£]=« <^2). 

Substituting for W in the first and second of (70), we find that 
J (1 — 0-) is a factor that may be removed from both equations, and 
we obtain 

^ + coteg^ + [2 + /c«-(l+50cosec»e]Z7 

r-r-3- F+c^Uz-+ C7cot5+-7— ^ =0...(73), 

and 

92F 9F 

^ + cote|~ + [2 + /c»-{l+5»(l + c)}cosec»d]F 

.^ .5Cos^^ sc dU ^ .^.. 
-(2 + c)-r-r^ f7--^-^^5 = 0...(74). 
^ '^ sm' sm ^ 9a ^ • 

Diflferentiating (72) with respect to 0, and subtracting from 
(73), we have 

^ ^ sm'^ sm^ 9^ ^ V c/ 9a 

.....(75). 
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364. Solution in Spherical Harmonics \ . 

Equations (72), (74), and (75) are the equations to be satisfied 
by Uy F, W. To solve them we take 

x^U^ine, y=Fsin^ (76); 

we first eliminate x by means of equation (75) which is 

X ^ \ 0' .8; 9^ (77), 

and arrive at two equations containing y and W. It will be found 
that these equations contain the same function of y which is 

[(2 + ^0sin^«-^][||-cote| + {(2 + /^)sin«d-^}^-^^ 

-25»coteg|, 

so that it is easy to eliminate y, and the resulting equation for W 
turns out to be 

_ + eote^+(^-^-^-j^)Tr = (78). 

Again, writing (72) in the form 

sy = |Tr8m»^-8m^^ (79), 

we can easily eliminate y firom (74), and thus obtain an equation 
which turns out to be 



84(«^^^S)-*-sE^K2-*-'^^>^-^^-^] 



+ i/^sine(^-2cosey) = (80). 



Equation (78) determines TT, equation (80) determines x when 
W is known, and equation (79) determines y when x and W are 
known. 



^ Only the leading steps of the Analysis are given. The process was suggested 
by M. Mathiea's work in the Jowmal de VEcole Polytechn,, Cahier 61, 18S8. 
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v.. .(81). 



Writmg /A for cos 0, these eqomdiMis become 

The equation fcK* IT is the equation <^ teasenJ harmonics of 
argoment ^ rank «. and index a, wfaoe 



a(a + l> = (2 + r>(l + c). 



.(82). 



The solution of the equatioQ for x oonsistB of two partSw The 
first part is a particalar integral depending on W and it can be 
shewn without difficoltr that 



if 

is soch a parcknlar integral The secMid part is a ccMnjdementaiy 
fnncticHi which satisfies the equation derired from the second of 
(81 \ by putting ir= 0. and this function is a teaseral harmonic of 
argument il, rank «. and index m where 



■i^M^U = 2 + C^. 



.(83> 



We hare thus the complete soluticos £»- a shell including the 
pole fi = 1 in the foraks : 






I 



sfii -J^il -M'>^-'i5i^-* (/*^L...(84> 



1-M* «* IT ^'^ 



I 



where T.* (/i> is that particular integral erf' the equation 
which does not beoiNnie infinite wh<aa /i = 1. 
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365. Complete spherical shell. 

Let us suppose the spherical shell complete, so that the pole 
/A = — 1 is also included, then we know from the theory of 
Spherical Harmonics that Tn'*^ (/"•) becomes infinite when /a = — 1 
unless n is an integer. We thus find two classes of types of 
vibration. 

In the vibrations of the first class An8 = while m is an 
integer. The motion is purely tangential. The frequency is 
given by the equation 

2 + /c» = m(m + l) 
or p2^-^(m-l)(m+2) (86). 

The forms of the displacements when any normal vibration of 
this type is being executed are 



1 008«^ 

V(J-— /^V -Bin 8if> 

7? /I sin s<ft 

v=V(l-M')^#-^«."'(/*) e'^' 

^ t*/*' COS 8tf> 



(87), 



while w vanishes. 



These correspond to the purely tangential vibrations of a 
sphere or spherical shell of finite thickness investigated in i. 
ch. XI. 

In the vibrations of the second class J?^ = 0, while n is an 
integer. The motion is partly tangential and partly radial. The 
frequency is given by the equation 

-f^^=n(n + l), 
or from (71) 
/c*(l-o-)-2/c»[l+3o- + n(7i + l)] + 4(n-l)(7i+2)(l+o-) = 

(88), 

where /<^=p^a^p/fi,^ as in equation (69). 

The forms of the displacements when any normal vibration of 
this type is being executed are 

^ fi here is the rigidity, it can hardly be confused with fjL= cob d in TJ'^/i, 
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" = M^o ^<i - '**) ^" I ^«" <^) .I>'^' ' 



1^ g sin«^ 



L..(89), 



in which k^ is one of the roots of the equation (88), and p is the 
corresponding value found from (69), while 

366. Particular cases ^ 

We may notice especially the purely radial vibrations, the 
modes that correspond to n = 1, and the symmetrical modes for 
which 5 = 0. 

1^ Radial vibrations. 

These are easily investigated from the general equations (66). 
We have to suppose that u and v vanish, and then it will be found 
that w must be independent of and ^, and that the frequency is 
given by the equation^ 

p^ = ^\+£JL (90). 

2°. Symmetrical modes for which n = 1. 

These are partly radial and partly tangential, but the displace- 
ment of any point takes place in the meridian plane. 

The frequency is given by the equation 

p. = 6f±^-^, (91), 

^ 1 — <7 pa* ^ ^ 

and the displacements along the meridian and the normal have 
the forms 

u^^^Ai&inOe'P*, w = ^iCos^«*^* (92). 

^ The results only are given and the verification is left to the reader. 
2 Of. I. art. 129. 
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3^ Unsymmetrical modes for which n = 1. 

For these modes s = l. The frequency is given by (91), and 
the displacements have the forms 



C08 4^ 

u = -iiliCos^ e'P^ 

sin 4^ 

V = i^i e'P\ 

cos 4^ 

C0S4^ 

w = -4i sin e'^^ 

-sin 4^ 



y 



(93). 



4^ Purely tangential modes for which s = 0. 

It will be found that u and w vanish while v is given by the 
equation 

v = 5,^{P,(cos^)l6^i'*, 

where Pn denotes Legendre's nth coeflBcient, and the frequency is 
given by the equation 

i,» = (n-l)(n + 2)^ (94). 

• 5®. Partly radial modes for which 5 = 0. 

The displacement of any point takes place in the meridian 
plane, and the component displacements along the meridian and 
the normal have the forms : 

'^=-;K^)(f^-2)^4{^«<''-^)}^^''L , 

W = AnPn (cos d) &P* j 

and the frequency is given by p^ = tc^fi/pa^ where k^ is a root of the 
equation (88). There are two different periods with similar tjrpes 
of motion. 

367. Shell bounded by small circle. 

When the spherical shell is bounded by a small circle we have 
to satisfy the boundary-conditions 

€i + <re2 = 0, «r = 0, 



(95), 



or 






for a particular value of 6. 



w+ffi-^+u cote + w]=-o,' 

Vsin I 

. . a / F \ sv - ' 



(96). 
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The substitution of the values of J7, F, W from (84) by means 
of (76) would lead to two equations from which the constants A^ 
and ByM could be eliminated, and there would remain an equation 
connecting T^w (^), T^w (/i) to be satisfied for a particular value 
of ^. Since n and m are known in terms of /c*, this is really an 
equation to find /c', but the method of solving it is unknown. 

The particular case of the symmetrical vibrations of a hemi- 
spherical shell can however be worked out, and it can be shewn 
that they are included in the cases 2®, 4^ and 5® of the last article 
in which further n must be an odd integer. This case is left to 
the reader, but the work is given in my paper {Fhil. Trcms, A. 
1888). 

368. Equilibrium under extension. 

We have seen in the footnote on p. 273 that some modes of 
displacement of a spherical shell are possible in which the potential 
energy of bending vanishes and the strain produced by some 
applications of force must be extensional. If in fact u, v, w can 
be independent of <f> or proportional to sines and cosines of <f> the 
corresponding forces tend to stretch the middle-surface. 

When the shell is subject to forces 2XA, 2Yh, 2Zh per unit 
area parallel to the tangent to the meridian, the tangent to the 
parallel, and the normal, and X, F, Z are independent of ^, the 
displacements u, v, w can be independent of ^, and the equations 
of equilibrium (45) of art. 341 become 



2ZA + i |^^ + (P,-P,)cot5l =o/ 



aide 



2Yh + -\^-h2U,cot0 



].«, 



y 



(97), 



2Zh--(P, + P^) = 
a 



m which r*! = -Ti ^ + w + <r (u cot ^ + w) , 



3cr 



cot + w -\- a 



®+^)]' 



y 



(98). 



„ 30(1-0-) . fl 9 / V \ 
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Now if we write 

X' = a<'XI/i = ^a?h»XIG(l-a) (99), 

and similarly for F' and Z' in terms of T and Z, we shall find 
equations' which reduce to 

^'" + cot ^ 1^ + u (2 - cosec» ^) 



dff' 



dO 



*^3T»[|^°"'« + H+-^'-»' 



^"^ +cot^|^ +v(2-cosec''^) + r' = 0, 



'...(100). 



a^ 



de 



i+ff ran 



cot ^ + 2w 



1 - W = 0. 



/ 



The first two become, by using the third, 

^'''+cot^§ + u(2-cosec^^) + Z' + i^ = 0, 



3^ 



de 



de 



^+cot^|j + v(2-cosec2^)+F 



= 0. 



...(101), 



3^ " de 

A particular integral when X\ Y\ Z' vanish is sin ^, and thus 
we can find the complete primitives in the forms 

u = -4i sin ^ + 5i (cot ^ — sin ^ log tan \e) \ 

- sin ^ [|cosec« e [sin^ e(x'^\ ^) del de, 

V = -Aa sin ^ + B^ (cot ^ — sin 5 log tan ^e) 

- sin ^/{cos» e /sin^ e YW] de 

and w is given by the third of (100). 

The application to the case of a hemispherical bowl supported 
by uniform tensions at its rim, and deflected by its own weight is 
given with other applications in a paper by the author*. In the 
case referred to it is shewn that v vanishes, and 

u =^ [- sin e + tan J^ - log (1 + cos ^)], ' 
w = ^[2cos^-^4-cos^log(l + cos^)], 

^ Only the leading steps of the analysis are given in this article. 
^ * On the Equilibrinm of a Thin Elastic Spherical Bowl '. Proc, Land, Math. 
Soc. XX. 1889. 
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where p is the density, and fi the rigidity of the material of the 
shell. 

The investigation of the solutions in which 

u X cos if>y V X sin <f>, w x cos ^ 

is given in the paper mentioned above, but the interest is mainly 
analytical The general case there investigated where u x co6«<^... 
is entirely unimportant as, whenever the forces in operation could 
produce displacements of this type, the displacements would be 
non-extensional, and the method of art. 359 would be applicable. 
The difficulty of satisfjdng the equations exactly would be evaded 
by the method of arts. 348 and 362. 



CHAPTER XXIII. 



STABILITY OF ELASTIC SYSTEMS. 



369. The part of our subject upon which we are now entering 
is among the most diflScuIt for theoretical treatment and the 
most important for practical purposes. We propose in the first 
place to lay down the principles upon which the discussion of any 
case of buckling or collapse must be founded. We shall then 
proceed to illustrate the application of these principles to various 
problems in which configurations of equilibrium of thin rods, 
plates, or shells may become unstable. 

370. Possible Instability confined to thin rods^ plates^ 
and shells^ 

We remark in the first place that a configuration of equilibrium 
of an elastic solid body cannot be unstable if it be the only configur- 
ation, and consequently the possibility of instability is bound up 
with the failure of the theorem of uniqueness of solution given in 
(e) of I. art. 66. We have therefore in the first place to examine 
under what conditions two solutions of the equations of elastic equi- 
librium of the same body under the same system of forces can exist. 

Consider an elastic solid body all whose dimensions are of the 
same order of magnitude, and suppose some such conditions as 
those in (7) of L art. 66 imposed, in order to prevent purely rigid- 
body displacements ; then, in any strained condition, the displace- 
ment of every particle from its unstrained position must be very 

^ For an analytical discnssion of the theorem of this article and exhibition of 
the criterion in art. 371 the reader is referred to Mr G. H. Bryan's paper ' On the 
Stability of Elastic Systems', Proc, Camh, Phil, Soc. vi. 18S8. 

L. II. 19 
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small. Suppose that the body is held in a strained position by 
given forces applied to given particles of it in directions fixed in 
space. The points of application of the forces and their directions 
with reference to line-elements fixed in the body will after strain 
be very nearly the same as before strain, and it will make only a 
very small difference to the equations of equilibrium or the 
boundary-conditions that the given forces are actually applied to 
the system in the strained state. In the equations and conditions 
used in vol. I. it is assumed that this difference may be neglected, 
and whenever this assumption is justified the theorem of uniqueness 
of solution holds good. 

Consider next a body in which finite displacements can be 
accompanied by only infinitesimal strains. The difference between 
the equations that hold when the displacements of every point are 
infinitesimal and those which hold when the displacements are 
finite is very considerable. The fact that the forces are applied in 
a configuration finitely different from the natural state changes 
altogether the character both of the equations of equilibrium and 
of the boundary-conditions; and the reasoning by which the 
theorem of uniqueness of solution was established has no reference 
to such a state of things. 

We conclude that more than one configuration of equilibrium 
is impossible unless some displacement may be finite. Rejecting 
rigid-body displacements, we deduce that the only bodies for 
which any configuration of elastic equilibrium can be unstable 
are very thin rods, plates, and shells. 

371. Criterion of StabUity. 

When two configurations of equilibrium are possible the test 
by which we distinguish which of them is stable is that in the 
stable configuration the potential energy is a minimum. Now it is 
clear from the formulae that have been given for the potential 
energy of thin rods, plates, or shells that in any non-extensional 
configuration the energy can be made as small as we please in 
comparison with that in any extensional configuration by sufiS- 
ciently diminishing those linear dimensions of the body which are 
supposed small. It follows that whenever two configurations are 
possible, of which one involves extension and the other no extension, 
the former is an unstable configuration. The like holds good also 
for configurations which are only approximately non-extensional, 
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as in the case of thin shells, where the extension of the middle 
surface is of the order of the product of the square of the thick- 
ness and the change of curvature, or where the extension becomes 
important only at points close to the boundaries. 

372. Methods of Investigation. 

There are two methods by which the stability of a given 
configuration of equilibrium may be investigated. In the first 
method the other possible configurations of equilibrium are known, 
and we have only to determine whether the potential energy is 
a minimum. In the second method one extensional configura- 
tion is known, and its stability is to be discussed, and the other 
possible configurations are unknown and cannot easily be found. 
The known extensional configuration differs from the unstrained 
state only by displacements of the order that could occur in a 
body all whose dimensions are finite. The unknown configura- 
tions of equilibrium with non-extensional displacements are in 
general finitely different from the unstrained state. But even in 
a thin rod, plate, or shell, under forces which tend to produce 
extension, equilibrium without extension cannot occur unless a 
certain relation of inequality connecting the constants of the 
sjTstem be satisfied. Suppose Z is a particular constant of the 
system, {e,g. the length of a loaded column,) and suppose that 
equilibrium without extension is impossible unless 1>Iq\ then 
the extensional configuration becomes unstable when this relation 
of inequality is satisfied. Conversely, if the extensional con- 
figuration become unstable when 1>Iq, then when I—Iq is in- 
definitely small there is a configuration of equilibrium without 
extension differing indefinitely little from the extensional one\ 
To discover this relation of inequality, therefore, we seek a 
configuration of equilibrium without extension in which the 
displacements are infinitesimal, proceeding from the equations of 
finite displacement, and passing to a limit. The method of doing 
this will be illustrated below in several important examples. 

373. Stability of Thin Rod loaded vertically^. 

We proceed to consider the very important practical problem 
of the conditions of buckling of a thin rod one end of which is 
fixed while the other end supports a weight. We shall suppose a 

1 Of. Poincar6, Acta Mathematical vn. 1886, pp. 261 sq. 
' Enler's problem (see Introduction). 

19—2 
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rod of length I built-in vertically at its lower end, and loaded 
at its upper end with a weight W, All the possible configura- 
tions of equilibrium of the system are known, for either the 
elastic central-line is straight and is compressed in a definite 
ratio^ or it is one of the curves of the elastica family. The 
conditions of the problem give rise to a relation of inequality 
which must hold if the strained elastic central-line is not 
straight. The loaded end being subject to force alone without 
couple must be an inflexion on the elastica, and the tangent at the 
fixed end being parallel to the line of action of the load, the 
length of the rod must be either half the arc between consecutive 
inflexions, or an odd multiple of this ; so that the arc between 
consecutive inflexions is 2l/(2n + 1), where n is an integer or zero. 
Now we have shewn in art. 228 that the load TT, the arc 2l/(2n + 1) 
between consecutive inflexions, and the real quarter period K of 
elliptic functions by which the curve is defined are connected by 
the relation 

s^i'^i-'" ("■ 

where B is the flexural rigidity of the rod. 

Since K is not less than ^tt, it follows that there is no elastica 
which satisfies the conditions of the problem if 

Wl^Kiir'B (2). 

We conclude that the straight form is the only possible form 
when I is <^7r*^(BIW), or when WkItt^B/I^, but when these 
limits are exceeded the straight form is unstable (fig. 56 a). 



L_J 




a 




^ With the notation of our chapters on rods this ratio is WjEia, 
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In like manner when the rod is pressed between supports so 

that both ends are free to change their directions, both ends are 

inflexions on any possible elastica, and the straight form is unstable 

if 

Wl^>iT^B (3), 

where W is the pressure at either end, and I the length of the 
rod (fig. 56 6). 

Again, if the rod be built-in vertically at both ends, and the 

upper end which is loaded be constrained to remain vertically over 

the lower end*, the central-line if curved must cut the line of 

inflexions twice, and each end must be at the maximum distance 

from this line. Hence the condition of instability of the straight 

form is 

WP>^iT^B (4), 

where W is the load, and I the length of the rod (fig. 55 c). 

374. Application of the second method of investigation. 

The condition (2) found in the preceding article may be 
obtained without using the properties of the elastica. 

For suppose if possible that the rod is very slightly bent by the 
weight W without compression. Let axes of x and y be drawn 
through the fixed end (as in fig. 55 a) the axis x being vertical and 
the axis y directed towards that side to which the weight inclines. 
Then y is very small at all points of the elastic central-line, and 
the differential equation for this line is found by taking moments 
about any point for the equilibrium of the part between that point 
and the loaded end. The equation is 

B%^W{y,-y) (5), 

where y© is the value of y at the loaded end. 

The solution of this equation for which y and dyjdx vanish 
with X, while y = y© when a? = Z, is 



y=yo 



sin 
1 



jv/f(^-)" 



sin I A /-w I 



(^/f 



1 These conditions apply more nearly than those of the preceding paragraphs to 
a slender pillar supporting a roof, but in any practical problem the load W would 
probably be difficult to estimate exactly. 
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provided cos (a/-jt I) = 0. 

Hence there is a solution of the problem in the form proposed 
when 

V(Tr/5) = i(2n + l)7r, 

where n is any integer, and the least value of Z or TT for which 
instability of the straight form occurs is given by the equation 

376. Stability of Inflexional Elastica. 

Proceeding now with the theory of the rod supporting a weight, 
and calling the part between consecutive inflexions a 6ay, we 
observe that, in any possible configuration of equilibrium with 
displacements of bending only, when one end is built-in vertically, 
the central-line forms an odd number of half-bays of some curve of 
the elastica family, and a relation such as (1) connects the 
constants of the system with the form of the curve. When n 
is an integer such that 

^{^n + l)l^>l^J{W|B)>\{2n-l)l^ (6) 

n forms besides the unstable straight form are possible, and they 
consist respectively of 1, 3,... 2n — 1 half-bays of diflPerent curves 
of the elastica family. The forms of these curves are respectively 
given by the equations 

We wish to investigate the stability of these forms. 

For this purpose we have to obtain an expression for the 
energy of the system in any configuration of equilibrium. 

Let </> be the angle which the tangent to the elastica at any 
point makes with a vertical line drawn upwards, and a the value 
of <f> at an inflexion ; then sin Ja is the modulus (k) of the elliptic 
functions by which the curve is defined. If ds be the element of 
arc of the curve the potential energy of the system is 



*/!^(sy^+^/>^'^'^' 



where the first term is the potential energy of bending, and the 
second is the potential energy of the raised weight. 
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Now equation (63) of art. 228 is 

^B l-^j =W (cos <f> — cos a), 
so that the expression for the potential energy is 

W I (2 cos </> — cos ay dsy 

J 

or Tr(2A-icosa) (8), 

where h is the height of the loaded end above the point of 
support. 

When the curve consists of 2r + 1 half-bays of an elastica, the 
quantity h is 2r + 1 times the breadth of a half-bay, and the 
quantity I is 2r+l times the length of the arc of a half-bay. 
Now we have shewn in art. 228 that the breadth of a half-bay and 
the length of the arc of a half-bay are respectively 

(2E - K) ^J{B| W) and K ^(B/ W\ 

where E is the complete elliptic integral of the second kind with 
modulus k. 

Hence the potential energy of the configuration with 2r -h 1 
half-bays is 

(2r + 1) ^/(BW) {4iE- 2K-Kcosa}, 

or (2r + l)y/(BW)[4iE^8K + 2Kk'] (9). 

We shall now shew^ that the potential energy increases as the 
number of half-bays increases. For let E-^, K^, k^, ki refer to 
the form with 2r + l half-bays, and E^, K^, k^, k^ to the form 
with 25-1-1 half-bays, and suppose r>s. Since the length is the 
same we have 

(2r-hl)iri = (25 + l)^2. 

The potential energy in the form with 2?' -hi half-bays is 
the greater if 

(2r -f 1) {2E, + KA') > (25 + 1) {2E^ -h KJ€,% 

^ In the demonstration we use the relations 

(where h' is the complementary modulus given by k^-\'k'^=l)^ for which see Cayley*s 
Elliptic Functions, pp. 4S, 50. 
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i.e. if 



i.e. if 



(2r + 1) k" (k, + 2*. ^) > (2« + 1) k,'* (k, + 2k, ^') . 
Now 



dkr \ '^ K dk)]" z»' [dkj ' 



Z» Vdifc 

/ 2k dK\ 
so that the quantity k'^\l-\- «, -^t- ) diminishes as A; or Z 

increases. This proves the theorem. 

In the sequence of equilibrium configurations with 1, 3,... 
2n — l half-bays possible under the condition (6) the potential 
energy constantly increases. It follows that the configuration 
with a single half-bay is the only one that can be stable for all 
displacements. 

This conclusion may with advantage be illustrated by taking 
the particular case where two forms besides the unstable straight 
form just become possible, for which 

i-r-WiW/B) 

is a small positive quantity. The value of a for the form with one 
half-bay is given approximately by the equation 

D 




Fig. 66. 
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and the root a lies between 175® and 176^ The value of a for the 
form with three half-bays is very small. The three configurations 
of equilibrium are shewn in the figure. 

The form c with a single half-bay is stable. The potential 
energy is a maximum in the form a and a minimum in the form c. 
For the intermediate form it is stationary but it is not a minimum 
for all small displacements \ 

376. Height consistent with Stability. 

In art. 373 we considered the problem of the greatest length of 
a vertical rod consistent with stability of the straight form, when 
the rod was supposed weightless and under the action of a given 
load ; but it is clear that if the rod be very long its own weight 
may be considerable although its thickness is very small ; and we 
shall now investigate the greatest length, consistent with stability, 
of a rod of given uniform line-mass, whose lower end is built-in 
vertically and whose upper end is free. 

The straight form in which the strain is purely extensional 
will become unstable if there can be a configuration of equilibrium 
in which the rod is held slightly bent without stretching by the 
action of its own weight. 

Take axes of x and y as in the figure, and let W be the weight 
of the rod, I its length, B its flexural rigidity, and 
yo the horizontal displacement of the free end, and 
take moments about any point (x, y) on the central- 
line for the equilibrium of the part between that 
point and the free end ; we thus find the equation 

^S=£T(^'-^)'^' <!«>• 

{x\ y') being any point between {x, y) and the free 
end. Differentiating this equation with respect 
to Xy and writing p for dy/dx, we find ^^- ^'^• 

^ Prof. L. Saalschiitz in his treatise Der Belastete Stab (Leipzig, 1880) has 
shewn that the form b is stable for all displacements in which the curve continues 
to be an elastica and the loaded end an inflexion. This result he arrives at by a 
consideration of the direction of the additional force required to hold the rod in the 
form of an elastica differing very little from b. This does not shew however that 
the form b is stable for all displacements, for there wiU be some elasticas differing 
very little from b for which the loaded end is not an inflexion. The student will 
find it an interesting exercise to verify Prof. Saalsohiitz's result by using the 
energy-criterion of stability. 
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^S=-t(^-^)^ <")' 

which is the diiSerential equation of the central-line. The terminal 
conditions are that y and p vanish with x, and dpjdx vanishes 
when x^L 

The diiSerential equation (11) may be transformed to Bessels 
equation by the substitutions 

p^z^{l^x\ r^^il^xf, 

and it takes the form 

^,\dz_ /4w;_ii\ 

dr^'^ rdr'^\9lB 9^^"" ' 
and the solution is of the form 

z = AJ. (/cr) + BJ_, (icr), 

where m^^^W/IB (12). 

To satisfy the terminal conditions we have to take -4=0, and 

J__j(/ci*) = (13); 

thus there will be no solution in the form proposed, or the straight 

s 

form will be stable, provided kI^ is less than the least root of 

equation (13) ; this root is 1*88 nearly. Hence the critical length 

is approximately 

2-83V(5/F), 

which is a little less than twice what it would be if the weight 
were concentrated at the highest points 

377. StabiUty of Twisted Rod. 

Another very iDteresting problem of collapse is that which is 
presented by a twisted rod. Suppose a thin rod of uniform flexi- 
bility in all planes through its elastic central-line subjected to 
couples at its ends, and let the axes of the couples be parallel to 
the central-line of the rod in the unstrained state. Then one 
configuration of equilibrium is that in which the rod is straight 
and simply twisted. If r be the twist the potential energy in 
this configuration is ^Cr^ where C is the torsional rigidity ; and if 
be the applied couple G = CV, so that the potential energy is 

1 The above solution is equivalent to that given by Prof. GreenhiU in Proe. 
Camh. Phil. Soc. iv. 1881. 
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But there is another configuration in which the rod can be 

held by the terminal couples 0, viz. we have seen in art. 239 that 

the rod can be held in the form of a helix of radius r and angle a, 

provided 

G=^B COS a/r, 

where B is the flexural rigidity, and then the twist t is given by 

the equation 

G^=OsinaT. 

Now the potential energy in this configuration is 



J(B?^ + C^), 



and this is less or greater than the potential energy in the straight 

form according as 

B>OT<C. 

For an isotropic rod of circular section (of radius c) B = JjE'ttc*, 
and C = ^fiTTC^y while E = 2fi(l-\- a). Thus the straight form is 
unstable if the rod be entirely unsupported. 

If however the ends of the rod are given points on a line 
parallel to the line of action of the couple, the only possible helical 
form will be one of angle very nearly ^tt on a cylinder of very 
small radius, and the length of the rod must be an integral 
multiple of the length of a complete turn of the helix. Thus, if I 
be the length of the rod the least possible value of I is 27rr sec a, 
or the critical length is 

l = 27rB/0 (14). 

Thus we shew that if there is no force applied at the ends, but the 
ends are nevertheless fixed, the straight form will be unstable if 
the critical length given by (14) be exceeded. 

The supposition of no terminal force appears extremely arti- 
ficial and we shall proceed to consider the problem in a more 
general way. 

378. Stability of Rod under Thrust and Couple. 

Suppose that a naturally straight rod of uniform flexibility in 
all planes through its elastic central-line, has its ends supported at 
two given points, whose distance apart is equal to the natural 
length of the rod, and suppose that equal and opposite forces and 
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couples are applied at the ends, the axes of the couples coinciding 
with the line joining the fixed points ; we shall seek the conditions 
that a configuration of equilibrium with displacements of pure 
bending and twisting^ may be possible. 



z 




-►X 



x<- ^ 




Fig. 68. 

Let axes of x, y, 2 be drawn through one end, and let the forces 
and couple applied at the other end be X, F, Z, G as shewn in 
the figure (fig. 58). Let a?, y, z be the coordinates of any point on 
the elastic central-line in a configuration of equilibrium in which 
the displacements are very small, and ds the element of arc of the 
central-line. The stress-resultant at any section has components 
Z, F, Z (see art. 236). 

Since the rod is of uniform flexibility in all planes through 
its elastic central-line, and is straight when unstrained, the twisting 
couple must be constant (p. 70). Let Gt be the twisting couple at 
any section. The flexural couples compound into a single couple 
Bjp about the binormal to the elastic central-line, where p is the 
principal radius of curvature. Hence the components of the 
flexural couple at any section about the axes of x, y, z are 



^ i.e. of course the extension is of the second order of small quantities when the 
displacements are of the first order. 
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[ds ds'^ds d^J ' 

and two similar expressions. The equations of equilibrium for the 
part between the origin and any point (a?, y, z) are found by taking 
moments about the axes. Since x and y are very small while z is 
ultimately equal to s, their ultimate form is 



-^S+^^S+<^^-^^)=«'^ 



^£+^^l+<^^--^)=«' 



y (15). 



Ct ■{■{xY-yX) = 0) 

The terminal conditions are that 

x = y = when z = and when z = l, 

and that the terminal stress-couples about the axes of x and y 
vanish. The latter conditions shew that, when z = or I 

To satisfy the last two conditions we have to take 

Z=F=0, 

so that the force at the ends must reduce to a tension (or thrust) 
along the axis z. The third of equations (15) then shews that 
Ct = G. 

It is now easy to prove, by solving the differential equations, 
that X and y must have the forms 

x = A sin mz cos {nz + Zq), 

y = A sin mz sin (nz + Zq), 

where Zq and A are arbitrary constants, and m and n are given by 

and the conditions at the ends z = l will be satisfied if 

F = 45»-£ (^^>- 
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This equation consequently gives the least length I for which 
the straight form of the rod is unstable. It agrees with the result 
of art. 377ifZ = 0. 

If ^ be negative, so that the rod is under thrust and couple, 
the result is 

where R is the thrusts When we put = this agrees with the 
result (3) of art. 373. 

Taking Z positive, it will be impossible to satisfy the conditions 
at the end z = l ii Z> ^GP/B. Thus however great the twist t 
may be it will always be possible to hold the rod straight by a 
tension exceeding i(7V/£, provided this tension does not produce 
a finite extension of the rod. 

379. Stability of Ring under External Pressure. 

The only problem (so far as I am aware) concemiog the 

stability of naturally curved rods which has been solved is the 

problem referred to in art. 231 of the collapse of a naturally 
circular ring under external pressure. 

Let a be the radius of the ring in the unstrained state, B the 
flexural rigidity for bending in its plane, P the pressure per unit 
length, and p the radius of curvature after strain ; then on p. 58 
we have proved that in any mode of deformation involving no 
extension of the elastic central-line there is an equation of the 
form 

--- = iPr2 + const (17), 

P 

where r is the distance of any point on the strained elastic central- 
line from a fixed point in the plane. 

Under very small pressures the ring will remain circular, and 
the radius will diminish under the pressure, but when the pressure 
exceeds a certain limit the ring will bend. When the critical 
pressure is just exceeded the deformation from the circular form 

^ This result was given by Prof. GreenhiU in his article on the 'Strength of 
Shafting' in the Proceedings of the Institute of Mechanical Engineers for 18S3. The 
problem of the stability of a shaft rotating between bearings is considered in the 
same article. 
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will be indefinitely small, and the above equation shews that r 
will be very nearly constant, so that the fixed point from which r 
is measured is the centre of the unstrained circle, and r is very 
nearly equal to a. 

Let u be the displacement in the direction of the radius drawn 
inwards, and w the displacement in the direction of the tangent at 
any point of the central-line whose angular distance from a fixed 
point is 0, Then, since there is no extension we have, by (43) of 
art. 300, 

dw 

Also we have 

111 /d^u \ 
pad? \d6^ I 

Thus equation (17) becomes 



B /d»u 






Since u is periodic in Q we take u = cos n (5 + a), where n is an 
integer, and we find 

(n2-l)£ = Pa». 

Hence, taking n = 2, we find the critical pressure given by the 
equation 

P = 3£/a» (18), 

as stated in art. 231. 

We could hence infer, by an appropriate change of constants, 
the condition of stability^ of an infinitely long cylindrical shell 
under external pressure P per unit area in the form 

P < 3(7/a», 

where G is the cylindrical rigidity ^Eh^/(1 - <r*) of art. 309. 

We shall come upon this result again in connexion with the 
problem of the stability of boiler flues. 

1 This condition was first given by Mr Bryan, * Application of the Energy Test 
to the Collapse of a long thin pipe under external pressure ', Proc, Camb. Phil, Soc, 
Yi. 1888. It has also been obtained by Mr Basset, * On the Difficulties of construct- 
ing a Theory of the CoUapse of Boiler-flues ', Phil, Mag, 1892. The investigation 
given above is suggested by the work of M. L6vy (see art. 231). A new method will 
be given in art. 383 below. 
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380. Stability of Rectangular Plate under Thnut in 
its Plane. 

We pass now to the coasideration of some problems on the 
stability of thin plates and shells. The first of these that we shall 
take is the problem presented by a rectangular plate whose edges 
are supported and are subject to given thrusts. When the thrusts 
are not too great the plate simply contracts, and the middle-surface 
remains plane ; and the displacements in such a configuration of 
equilibrium could be found from the equations of art. 327 ; but 
when the thrusts exceed certain limits the plate can buckle, and 
the conditions that this should be possible may be found by 
assuming that the departure of the strained middle-surface fi-om 
the plane form is infinitesimal. 

Suppose the thickness of the plate is 2h, and the sides of the 
plate are of lengths a and 6, and let us refer the plate to axes of x 
and y having the origin at one comer, so that the equations of the 
edges are x = 0, y = 0, x = a, y = b, and let w be the displacement 
of a point on the middle-surface in the direction of the normal to 
its plane. The changes of curvature are given (to a sufficient 
approximation) by 

_yw _3»w yw .-^. 

'''"da^' "'"d^' ''^d^ ^^^^* 

The flexural couples Gi, Ga across the normal sections a? = const., 
and y = const., and the torsional couple H are given (to a sufficient 
approximation) by 

where G is the cylindrical rigidity \Eh^j{l — cr'). The equations of 
equilibrium when forces are applied at the edges only are three 
equations of resolution and two equations of moments. The 
equations of resolution for finite displacements are (see p. 242) 



+ V^-Tiiti-r,T = 0, 



dx dy 

+ ; 

dx dy 



- T,r - Tj*, = 0, 



} (21). 



^ + ^' +Px*.+P^,+(cr.+ ?7,)t= 
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wherein Pi, C/j, I\ are the stress-resultants parallel to x and y and 
normal to the strained middle-surface that act across the normal 
section a? = const., and C/j, P2, T^ are similar quantities for the 
normal section y = const. 

The equations of moments are 

^ \ (22). 

?^- — —y =0 

dx dy ^ 

The boundary-conditions at the edges are that w = 0, and that 
when a? = or a 

Pi = -$i, U, + HIp,' = 0, 0, = (23); 

also when y = or 6 

P2 = -$2. U, + H/p,'==0, 0, = (24), 

in which ^^ and ^2 are the applied thrusts, and p/, p^ are the 
radii of curvature of the normal sections through the strained 
edge-lines. 

Equations (22) shew that when w is small 2\ and T^ are of the 
same order as w, and thus the terms such as Titci can be omitted 
from equations (21), while the terms such as H/pi can be omitted 
from the boundary-conditions. The reduced equations can now be 
satisfied by supposing that Ui and U^ vanish, and Pj and Pa are 
constants; these constants are —^i and — ^Pj. The diflferential 
equation for w then becomes^ 

We can find a solution of this equation which also satisfies the 
conditions at the boundaries in the form 

w = Aain sm i— , 

a 

where m and n are integers, and the constant A is small but 
otherwise arbitrary, provided 

^ This example shews very well the necessity for beginning with finite displaoe- 
ments. Equations such as (45) and (46) of art. 840 when applied to a naturally 
plane plate would not have led to equation (25). 

L. II. 20 
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The critical thrusts for which the plate just becomes unstable 
are therefore the least values of ^^ and ^, for which such an 
equation as 

(7=-— 2 1 (26) 

(a' + p) 
can be satisfied. 

The following results* can be easily deduced: 

(1^) When «)Ji = qjj = qj say, the least thrust for which the 
plate is unstable is 



^=^'^(^4)- 



(2*) When % = the least thrust will be found by putting 
n = 1, and m that integer for which the ratio a^b^ lies between 
m (m — 1) and m (m + 1). 

(3®) When ^^ and ^^ are finite and different the plate will 
buckle into corrugations parallel to the side b (so that w = 1, m=(=l) 
if ^2 < i^i, aiid into corrugations parallel to the side a if ^i < ^$2- 

Note, When ^i and ^^ are equal the equation (25) becomes 

(7V*w + 5pV>w = 0, 

the equation applied by Mr Bryan to the discussion of the stability 
of a clamped circular plate. (See the paper just quoted.) It is 
not difficult to shew that in this problem the least thrust ^ 
consistent with instability is given by the equation 

where a is the radius of the plate, and z is the least root of the 
equation Ji (z) = 0. 

381. Stability of infinite strip of plating under 
thrust. 

We shall suppose that an infinitely long rectangular strip of 
breadth I is subject to uniform thrust at one edge, the opposite 

^ See Mr Bryan's paper ' On the Stability of a Plane Plate under Thmsts in its 
own Plane*, Proc. Lond, Math, Soc. xxii. 1891, where the application to the 
stability of a structure supported on parallel ribs is given. A somewhat similar 
problem is presented by a plate to which bodily thrusts are applied. Thus a 
piece of card on which a photograph has been pasted tends to wrinkle as the surface 
dries. 
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edge being supported or built-in. If the thrust be sufl&ciently 
great the middle-surface will become a cylinder with generators 
parallel to the loaded edge, and the case therefore falls under the 
second class of cases noticed on p. 242 for which the equations of 
finite deformation can be written down. 

If we take axes of a and yS on the unstrained middle-surface, 
of which the axis yS is parallel to the loaded edge, a and yS will 
be parameters defining a point on the strained middle-surface. 
Suppose p is the finite principal radius of curvature of the 
strained middle-surface^ ; in the notation of art. 341 — l/p is to be 
written for Ku and k^ and t are both zero. All the quantities that 
occur are independent of yS, and the equations of equilibrium 
become 



da p ' da ' da p ' 



2'a = 0, ^'-2'. = 



} (27). 



The couples will be 

0^=C/p, G, = -Ga/p, H=0 (28). 

The boundary-conditions at the loaded edge are that Pj and Ti 
have values depending on the applied thrust and the inclination 
of the strained to the unstrained middle-surface, while Oi and CTj 
vanish. 

The first, third and fifth of equations (27) are alone significant, 
and by appropriate changes of notation they may be identified 
with equations (1) of art. 214 by which the flexure of a thin rod is 
determined. 

It follows that the problem of the stability of the infinite 
strip under edge-thrust is identical in form with the problem of 
the stability of a thin rod under a terminal load parallel to its 
unstrained elastic central-line^. This is the problem considered in 
art. 373. 

1 The sign of p has been changed because in treating plates and shells we have 
estimated the curvatures positive outwards, and in the theory of wires with which 
we wish to effect a comparison the curvature is estimated positive inwards. 

^ It is also noteworthy that when the edge-thrust exceeds the limit for which the 
plane form becomes unstable the strip bends into a cylinder whose normal section 
is an eUutica. 

20—2 
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We conclude^ that, if the opposite edge be simply supported, 
the strip becomes unstable when the thrust ^ exceeds the limit 
Cir^/fi, and if the opposite edge be built-in the limit is ICir^/P, 

382. Stability and strength of boilers and boiler-flues. 

We shall conclude this chapter with an account of the stability 
and strength of boilers and boiler-flues. A boiler consists essen- 
tially of a thin-walled hollow cylinder containing hot water and 
steam at high pressure ; the water is heated by the passage of hot 
gases from the furnace along thin-walled cylindrical flues which 
run from end to end of the boiler, and the length of the boiler is 
generally maintained nearly constant by a more or less elaborate 
system of stays. It is found that the flues tend to collapse under 
the external pressure of the steam, and to avoid this tendency 
a flue is frequently made in detached pieces connected by massive 
flanged joints, or some other device is adopted for the purpose 
of shortening the effective length. We have now to explain why 
a long flue tends to collapse under external pressure and a short 
flue can resist this tendency. 

Consider the problem of finding the displacement in a short 
cylinder with plane ends, whose surface is subjected to uniform 
hydrostatic pressure. From the fact that a closed surface cannot 
be bent without stretching it follows at once that finite displace- 
ments are geometrically impossible, and the nearly cylindrical 
form cannot be unstable. 

If, however, the ends of the cylinder be so distant that their 
effect may be disregarded the cylinder may be treated as infinite, 
and then we have already seen (art. 379) that there is a critical 
pressure which cannot be exceeded without instability. 

We shall now give a direct investigation of the critical pressure 
under which the infinite cylinder becomes unstable, and we shall 
then investigate the standard length in comparison with which the 
length of the cylinder must be great in order that it may be 
treated as infinite. 

383. Infinite cylindrical shell under uniform external 
pressure. 

When the external pressure is small the shell contracts radially, 
and the expression for the radial displacement has been given in 

^ This result is otherwise obtained by Mr Bryan in his paper * On the Stability 
of Elastic Systems*, Proc. Camb. Phil. Soc. vi. 1888. 
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I., art. 130. To find the condition of instability of this configur- 
ation of equilibrium we have to suppose that the section is held 
under the external pressure in a shape slightly displaced from the 
circular form by pure bending without stretching of the middle- 
surface. 

Suppose the unstrained middle-surface of the shell is of radius 
a, and (as in art. 350) take x for the length measured along a 
generator from a fixed normal section, and a^ for the length 
measured along the section from a fixed generator, let u be the 
displacement along the generator, v the displacement along the 
tangent to the circular section, and w the displacement along the 
normal to the cylinder drawn outwards. According to art. 352, 
the only displacements of pure bending which remain everywhere 
small are independent of x and satisfy the equations 

u = 0, S+w = (29X 

so that the middle-surface is always a cylindrical surface, but the 
normal section does not remain circular. 

Let Pi, Uiy Ti be the stress-resultants per unit length of a 
normal section, across such a section of the strained middle-surface, 
parallel respectively to the generator, the tangent to the section, 
and the normal to the surface, and let Z/j, Pa, T^ be the stress- 
resultants per unit length of a generator, across a section through 
that generator of the strained middle-surface, in the same direc- 
tions. Also let ©1, Ga be the flexural couples across the same two 
sections, and H the torsional couple. Since the cylinder is strained 
into a cylinder with the same generators the problem falls under 
the first class of cases mentioned in art. 341 for which the 
equations of equilibrium with finite displacements can be written 
down, and these equations are simplified by the fact that the 
principal curvatures in normal sections through the generators are 
zero both before and after strain. The flexural couples are given 
by the equations 

^> = ^<'S-S' ^« = -^(J-9' ^ = 0...(30), 

where p is the radius of curvature of the strained section estimated 
positive inwards. In the equations of equilibrium we have to 
put 

^ = 1, B = a, a = a?, /3 = <^, 1^ = 0, l/^/ = -l/p...(31); 
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SO that the equations of resolution become 



^i + i^Z' + ^i^o 

dx a d<f> p ' 
dx a d(f} p 



y (32), 



where 11 is the resultant of the internal and external pressures 
per unit area estimated positive inwards. The equations of 
moments are 

^1'+^'=^' f-^>=« (33)- 

We can find a solution independent of x by taking the second 
and third of equations (32), and the first of equations (33), and, on 
eliminating Tj, these equations give us 

from these, eliminating P,, we have 

'(£||-)H.i||..-n| w 

oq) \a^ o(fr / p 09 09 

When the displacement firom the circular form is infinitesimal 

111 /a^w \ ^ c /a«w \ 

and, on rejecting terms of the second order in w, we find 

We may assume a solution of this equation in the form 

dyr/d<f> = A cos (iKJ) + <^o)» 

provided 11 = (ti^ — 1) (7/a^ and, since 9w/9^ must be periodic in <^ 
with a period 27r, n must be an integer. 

Hence the least value of 11 consistent with instability is 

n = 3(7/a»=j^| (36), 

as already otherwise proved in art. 379. 
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When IT has this value ^ the cylinder can suffer deformations 
of pure bending, and the displacements have the forms 

u = 0, V = ^A cos 2<^, w = J. sin 2<^, 

where -4 is a small arbitrary constant. The deformation is main- 
tained by the pressure IT. 

When the flue is of finite length the conditions at the ends 
make this solution fail; but, if the ends be sufl&ciently distant 
from the middle to be disregarded, this solution ought to hold near 
the middle of the flue. 



384. Effect of ends of fine. 

We have now to shew how the effect of the ends falls off in a 
very long flue, and for this purpose we shall consider the flue to be 
terminated by a rigid plane end at a? = 0, and to extend to a? = oo 
in the positive dii'ection. For all very great values of x we shall 
suppose that the displacement is one of pure bending given by the 
equations 

u = 0, v = i^cos2<^, w = J. sin 2^ (37), 

and we shall investigate displacements which satisfy the equations 
of equilibrium and these conditions at a? = oo , and also satisfy the 
further conditions that v and w vanish with x. 

Now by means of displacements of the forms given above we 
can satisfy the equations when IT is retained. If therefore we 
take 

u = u', V = v' + ^J. cos 2<f>, w = w' 4- -4 sin 20, 

u', v', w' must be displacements which satisfy the equations of 
equilibrium under no forces, and also satisfy the boundary-con- 
ditions that u', v', w' vanish at a? = oo , and that v, w vanish at a? = 0. 

It is clear at once that the equations and conditions will not 
admit of a solution if they be limited by supposing either that the 
displacements u', v', w' are non-extensional, or that the stretching 
is the important thing ; for all the forms of displacement by pure 



^ Taking a steel boiler flue of 36 in. diameter and | in. thickness, and patting 
£=2-46x10" dynes per sq. cm., and <r= J, we find 11=81 lbs. wt. per sq. in. 
nearly. 



312 ELASTIC STABILITY, [384 

bending possible in a cylinder have been obtained in art. 352, and 
none of them satisfy all the conditions ; on the other hand there 
are no extensional displacements which can satisfy the boundary- 
conditions. The case therefore falls into the exceptional third class 
of art. 321, in which terms depending on extension and terms 
depending on change of curvature must both be retained. This 
complicates the problem ; but, on the other hand, as we have 
already noticed in art. 336, in the third class of cases the second 
approximation to the stress-resultants Pj, Pj, U^, U^ becomes 
unimportant, and we therefore have by art. 339 the following ex- 
pressions for the stress-resultants : — 

-Pi = -j^ (ci + 0-62), Pa = -^ (ej + 0-61), J7i= J7,= 2^j(l-(7)isr 

(38), 

where h is the half-thickness of the cylindrical shell, G the cylin- 
drical rigidity, €1 the extension along the generator, e^ the extension 
along the circular section, and vr the shear of these two lines. The 
stress-couples are given by the equations 

G^, = - (7 (iti + cr/Ca), G2 = (/Cs + cr/t,), H=C{\-a)T.. .(39), 

in which ^1, /Cj, t are the 'changes of curvature'. Further, we 
have seen already in art. 350, that in the case of a cylindrical 
shell of radius a 



9u' 1/av' A av' lau' 



/Ci = 



- 1 /^ A 
daf^' '^''' a'\d<l>' d4>)' '^ a\dxd4> dx) j 



H...(40). 



We can therefore express the stress-resultants and stress-couples 
in terms of the displacements. 

The equations of equilibrium under no forces are 
dx a d<l> ' dx a d(f> a ' dx a d^ a 



> 



dx a d<f> ' ' dtm a d<}> * 

(41). 
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If we eliminate Ti and Tj from the first three of these by using 
the fourth and fifth, and substitute for the remaining stress-couples 
and stress-resultants their values in terms of displacements, we 
find the three following equations : 

dx\dx'^a\dj>'^^ )y 2a d^\dx "^ a d<l>) " ' 

(1-0-) 8 /dv_ _^ 1 au'\ _^ 1^ r^?i\ 1 /?X^ ^/" 

2 dx\dx ad(f>/ ad(f>[_ dx a\d(f> 



and 



+ f^' + liw' + &1 



a 3a? ' an ' 3<^y 

Now with a view to the boundary-conditions at a? = oo we 
shall take 

u' oc sin 2<^, v' a cos 2<^, w' x sin 2^. 

Then the above equations will become simultaneous linear equa- 
tions to determine u', v', w' as functions of a?, and to solve them we 
must suppose that u', V, w' involve x by containing a factor of the 
form e^ ; we thus find the following equation for \ : 

a^ ' a a 






a 2 

<rX 



=0 



.(42). 



We have to approximate to the values of X when h is small. Since 
the terms of highest degree contain h? as a factor it is clear that 
some roots tend to become infinite as A is diminished indefinitely. 
These roots will be found by supposing that A*V is finite and of 
the order a"^. Retaining only the most important terms our 
equation becomes 
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1-0- 



-[h4-tH 



1 — CT* 

from which X* = — 3 . , . 

If then we write ^ 

we shall have solutions in the form 

u' = eT*^ (Ai cos 7?ia? + jBi sin mx) sin 2<^,1 

v' = er"^ (A , cos ttw? 4- ^a sin mx) cos 2^, > (43), 

V = e"^^ ( J.3 cos 7?^aj + 5, sin mx) sin 2^ J 

where m is large of the order of the reciprocal of the mean 
proportional between the thickness and the diameter. 

The constants Ai, ^3, ... are not independent, and to find the 
relations among them we may take any two of the diflferential 
equations for u', v', w'. For this purpose it is convenient to rewrite 
the solutions in the form 

u = J./e^ sin 2<^, v' = A^'e^ cos 2<^, w' = J.,'e^ sin 2^, 

where the coefficients are complex, and use the second and third 
of the differential equations to eliminate J./. We thus find 
(retaining only the most important terms) 



a- "^r^ X^aM/ + 



2<r-(l+<r)(l + ^')}^' = 0, 



or J./ = - ^^ iA^\ 

Hence, if v' = e~^^ (A^ cps mx + B^ sin m^) cos 2^ 

be the form for v', the corresponding form for w' may be taken 

to be 

m^Q? 
w' = ^r-— - ^"^^(jBjCosrwa? — -4asinma?)sm2^. 

To the solutions here obtained we add the solutions 
ut=0, v = i-4cos2<^, w = -4sin2<^, 

^ The quantity m when (r= J is about 1*83 of the reciprocal of the mean propor- 
tional between the thickness and the diameter, or the reciprocal of m is about *546 
of this mean proportional. 
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which, as we have seen in the previous article, satisfy the diflfer- 
ential equations of equilibrium (with 11 retained) when the 
displacements tend to become finite, we then have to satisfy the 
boundary-conditions v = and w = at a? = 0, and we thus find 

We conclude that it is possible to add to the non-extensional 
solution a solution involving both bending and stretching by 
which the boundary-conditions can be satisfied. On inspecting 
the results we see that at any distance x from the end which is 
great compared with a mean proportional between the thickness 
and the diameter of the shell the influence of the ends becomes 
negligible. 

If we apply the result obtained to the numerical example of a 
flue of f in. thickness and 3 ft. diameter we find the mean propor- 
tional equal to three inches nearly. The influence of the ends 
will be practically negligible when the length exceeds some ten or 
twelve times this, and it will be necessary to shorten the eflfective 
length of the flue to somewhere about 3 ft. in order that the ends 
may sensibly stiffen it against collapse. This might be eflfected 
by means of rings placed at distances of about 3 ft. along the 
length of the flue, or by making the flue in detached pieces of 
about this length with massive flanged joints as is customary in 
stationary boiler practice. 

Combining the results of this and the previous article we 
conclude — 

(1) that no flue however long can collapse unless the pressure 
exceed 

(2) that when the pressure exceeds this limit any flue will 
collapse if its length exceed a certain multiple of the mean propor- 
tional between the diameter and the thickness. 

The most important practical conclusion regards the spacing of 
the joints by which the flue is protected against collapse. We 
have the rule — the ratio of the distance between consecutive 
joints to the mean proportional between the thickness and the 
diameter must not exceed a certain limit. The limit should be 
determined by experiment. 
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The practical rule adopted by engineers^ is to make the 
distance between the joints a certain multiple of the thickness, 
(frequently about 100 for a pressure of 90 lbs. wt. on the 
square inch,) and it is customary to diminish the ratio of these 
quantities when the working pressure is increased. The theory 
here given suggests nothing in regard to the change to be made in 
the spacing of the joints for a given change of pressure, since it 
is worked out on the supposition that the pressure is the least 
critical pressure, but it suggests a modification of the rule for 
spacing the joints when the pressure is given. 

386. Strength of cylindrical ihell. 

Id further illustration of the theory of thin shells under 
pressure we shall proceed to consider the sjnBmetrical displace- 
ments produced in a thin cylindrical shell by uniform internal 
pressure. This will lead to an estimate of the strength of the 
outer shells of boilers. 

Suppose n is the excess of the internal pressure above the 
external. With the notation previously employed the displace- 
ment V vanishes, and all the displacements and stresses are inde- 
pendent of <l>, and the equations of equilibrium become 

dx ^' a^ a~ ^^ ^^^^• 

As in the last article we cannot take the displacement purely 
extensional for we should tlien be unable to satisfy the boundary- 
conditions, nor can we regard it as consisting of pure bending ; we 
have, as before, to take for Pi and Pa their expressions in terms of 
the extension of the middle-surface, rejecting the second approxi- 
mations of art. 339. In the above equations we have to put 

, 3u w 9*w 

where e, = ^^, e,= -. k, = ^. 

The equations of equilibrium thus become 



—- -{-a -= -zTrT I some constant, 
ox a oU 



C 



d*w 3 /w adu' 
■*■ h^ U' "^ a doc J 



.(46). 



=n 



^ I am indebted for information on this subject to Mr W. H. Maw, Editor of 
Engineering, 
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Eliminatiiig u we obtain the equation for w 

aa^"^"* hW ^~ Ga • 

Taking the case of a cylinder of length 21 with plane rigid 
ends whose distance apart is maintained constant, and supposing 
that the boundary-conditions are that u, w, and dw/dx vanish when 
x= ±1, and writing as in the last article m* = f (1 — a^)/hW, it is 
not difficult to shew^ that the solution of the equations (46) takes 
the form 

°"J(»t2"-(na-.rP,)^(«,0-(»no-i>,)m.], 
in which / (a?, I) and (f) {x, l) stand respectively for the functions 

(anhmlcoBml+GOBhmlBinml) cosh mx cos mo; - (sinhm^cosmZ - coshmZ sin ml) sinhmxammx 

Biah 2ml +a.n2mZ 

and 

sinh ml cos ml sinh mx cos mx + cosh ml sin ml cosh mx sin mx 

sinh 2m2+ sin 2mZ * 

Further, the stress-resultant Pi is given by the equation 

/ TT Ti \ 7 /TT T» \ cosh 2ml — cos 2ml 

(alia - Pi) ml = a (Ua - o-Pi) - ^ ^ i , - a j • 
^ ^ ^ ^ smh 2ml 4- sm 2ml 

To estimate the strength of the shell it would be necessary to 

find the greatest extension. The work would be very complicated, 

but it is not difficult to see that what is required is the maximum 

du 9^w 
of ^ + A ^-^ . If we take the upper sign the value of this quantity 

ox uOu 

when x = l is the extension of the innermost longitudinal fibres 
parallel to the generators, and if mi be supposed indefinitely great 
the approximate value of this is 

^na[«r + V{3(l-<7')}]. 

^ The results only are stated and the analysis left to the reader. 
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Taking <r = J, and remembering the value of (7, we find that this 
strain is approximately equal to '9033 Ha/Eh. This is not the 
greatest strain in the material, but if we allow a factor of safety^ 
4> we may take the condition of safety to be 

•9033 Ha/A < To/*, 

where To is the breaking stress of the material found by pure 
traction experiments. For a steel boiler such as is used in loco- 
motive engines, under an internal pressure of 180 lbs. wt. on the 
sq. in., with a diameter of 4 ft., and plates of thickness ^ in., using 
the value To = 7'93 x 10* dynes per sq. cm., we find 4> = 6'4. We 
may infer that the condition of safety of a cylindrical boiler with 
plane ends is of the form 

h n 

a lo 

where n is a number which may be taken equal to or a little less 
than 6 when the material is mild steel. 

^ The term * factor of safety ' is here used in a sense different to that in Vol. i. 
There TqJE^ is the greatest strain consistent with safety, here it is the greatest 
easily caloolable strain consistent with safety. 
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Note A. On the stress-couples in a wire naturally 

CURVED. 

It is proper to mention that the formulae (38) of art. 298 for the couples 
6^1, (^2 are not in agreement with those obtained by Mr Basset in his paper 
<0n the Theory of Elastic Wires' {Proc, Lond, Math, Soc. xxni. 1892). Mr 

Basset's values would be foimd by omitting the term (^ — ^ + — I in 

or \08 a- py 

the expression for G^ , and the term — ( 5~ + ) "^ *^® expression for (?2> ^^^ 

adding in the expression for (?2 ^ term depending on the extensions of line- 
elements initially coinciding with the tangent and principal normal If the 
values thus obtained were the correct values then the stress-couples would 
not be proportional to the changes in the components of curvature as proved 
originally by Clebsch. 

Note B. On the formulae of art. 316. 

We give here the proofs of certain formulsB due to M. Codazzi relating 
to the curvature of surfaces. The system of parameters a, fi and the moving 
system of axes of coordinates x, y^ z have been described in art. 316. 

The line-element ds is given by the equation 

c2«2=^2c^o2^^c?/32+2i45fl?ac?/3cosx (1). 

The axis x at any point (a, /3) is along the line /3= const, whose element is 
Ada^ the axis y is in the tangent plane and perpendicular to the axis x^ and 
the axis z is the normal to the surfa<}e. The component translations of the 
origin when we pass from the point (a, /S) to the point (a-\-d4x^ P+<^fi) are 
Ada + Bdfi COB X, BdfiBinx' The component rotations executed by the axes 
about themselves when this change of origin is made are dOi, 5^2 > ^^3> where 

d3i=Pida+p^P, 

de^^^qida+q^y [ (2). 

de^=rida+r^ 
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Let X, fi, V be the direction-cosines of a line drawn through (a, /3) referred 
to the axes of x^ y, z at (a, ff)^ and let ^, m, n be the direction-cosines of the 
same line referred to axes fixed in space. Also let X-h<A, M+^fb v+^v be 
the direction-cosines of a neighbouring line through (a+da^ j9+^) referred 
to the axes of x^ y, z at {a-k-doy fi+dfi), and let l+cU, m+dm, n+dn be the 
direction-cosines of this second line referred to the fixed axes. Then we may 
take the fixed axes to coincide with the axes of x, y, z at (a, ff), and when this 
is done I, m, n are identical with X, /i, v, but dl, dm, dn are not identical with 
dky dfi, dv. In fact we have 

dm^dii-vbB^+XbS^, - (3). 

dn—dv-'\bB^-\'ljJbB^ , 

In these formulsB any differential as dl means (dl/da) da-\-(^l[bff) dfi. 

Substituting for d^i, BB^i d^s from (2), and equating coefficients of da and 
dPf we find such formulae as 

dl d\ 

Important formulsB are derived by taking the case in which the line 
(X, fi, v) is parallel to a line fixed in space. In that case dl, dm, dm, vanish, 
and we find the six formulse : 

ax ax X 



dv ^ av ^ 



(4). 



These are really formulae of differentiation for X, /i, v. We may apply them 
to differentiate any identity in which X, /i, v occur, and in particular we may 
differentiate the formulse (4). Taking the first two we find 

By equating these values of d^X/dadfi we obtain a linear relation between ft 
and V which holds for aU values of the ratio /i : p. We may therefore equate 
coefficients of fj, and v and obtain the equations 

^^^-^i=r^P.-r^u] ^^^ 

These are two of the equations (6) on p. 203, and the third like formula can 
be found in the same way by comparing two values for d^fildadfi. 
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Now consider any point Q and a neighbouring point §'. Let a?, y, 2; be 
the coordinates of Q referred to the moving axes at (a, /3), and f , 1;, f the 
coordinates of the same point referred to the fixed axes. Also let x+dx, 
y + dy^ z-\-dz hQ the coordinates of ^ referred to the moving axes at 
{a+da, p+dfi\ and f + c?f, rj+drj, f+rff the coordinates of Q' referred to the 
fixed axes. As before we may choose the fixed axes to coincide with the axes 
of Xf y, z at (a, /3), and then f , rj, ( are identical with x, y, z but 

d(=Ada+Bdpco»x-^<^-2/^^z+^02, 
dtf^ BdpBmx + dy-zd3i+xdO^, 

c^= dz-xd$2+2/dBi 

As before these give the partial differential coefficients of f , 1;, f in terms of 
those of X, y, z with respect to a, ft and important formulas may be derived 
by supposing that the point Q^ coincides with the point Q, so that c?f , drj, d( 
all vanish. In this case we find 



ox 
^=''A+r^-q^z, 

dy_ 
8a "■ 

dz 



PlZ-ViX, 



dx 

?! 
9/3 



= -5cosx+r2y-$'2«, 
^ - BBinx+P2^-r^y 



r. 



9[^-P22/ , 



Forming from these the two expressions for d^x/dadfi, 8^/9a9/3, and dh/dadfi, 
and equating them, and making use of the formulsB (5), we deduce three 
equations, viz. 

dA . ^ , d 



g^+ri5sinx=g^(5cosx), 

8 



(6). 



ri5cosx=-g^(5sinx)+M, 

~5'iJ5oosx+j0i-5sinx= "22^ 
These are equivalent to the last three of equations (6) on p. 203. 

Now to find the equation for the radii of curvature, and the differential 
equation of the lines of curvatiire, we must form the conditions that the 
normal at (a + c^, fi+dfi) intersects the normal at (a, ff). 

The equation of the former line referred to axes of f , 17, { coinciding with 
the axes of Xy y, z at (a, fi) are 



g - (Ada+Bdpcoax) ^ rj- (Bdfiamx) _ 

l + dl m+dm ^n+dn 



— =psay, 



where I, w, n are the direction-cosines of the normal at (a, j8). Thus 
X=Z=0, fi=m=Oj v=7i=l, but 

dl=d32, dm^s-bBxi dn^O, 
The above equation therefore is 

^-{Ada+Bd^Qoax) ri-{Bdpamx) _C 



be. 



-d^i 



'P> 



L. II. . 



21 
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and, if (, % C ^ either of the two centres of principal durature, p is the 
corresponding radius of curvature. The condition that the line above 
written may pass through a centre of principal curvature is the condition that 
this line intersects the line (=0, 17=0, which is the normal at (a, /3). Hence 
we find 

The elimination of da/d^ gives the equation (7) of p. 203 for p, viz. : 

P^(Piq2-P'ai)+(>{BpiCoax'^Bqimnx'-Ap^)-^ABsmx=0 (7), 

and the elimination of p gives the equation (8) of p. 203 for the directions of 
the lines of curvature, viz. : 

^ (p^ cos X + 2^2 ^i° x) ^^ + Apjda^ + (Bpi cos x + Bq^ sin x + Ap^ dad = 0. . .(8). 
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the elastioa, 48 ; for bent and twisted 
rod, 66; for rod held by terminal 
couple, 70; for rod bent into helix, 72; 
for rod naturally helical, 80. 
Kirchhofft general method, 6, 88; theo- 
rem of the kinetic analogue, 66; theory 
of rods, 90^ extension of his theory to 
curved rods, 156; to plates, 207; to 
shells, 228; vibrations of circular 
plate, 197. 

Lagrange, on the stability of columns, 
3; on the flexure of rods, 4. 

Lamarle, on the stability of columns, 22. 

Lamb, on the flexure of a circular wire 
in its plane, 172; on the vibrations of 
a curved bar, 180; on the theory of 
thin plates, 187, 190; problems on the 
boundary-conditions for plates, 200; 
on the theory of thin shells, 225, 241, 
243; method of satisfying the boun- 
dary-conditions for thin shells, 253, 
266. 

Lamina, 3. 

Larmor, on the kinetic analogue, 8, 80. 

L6vy, Statique Graphiqtie, 12, 47; on 
ring under pressure, 56, 303. 

Load, travelling, 15; statically equipol- 
lent, 89 ; suddenly applied, 134. 

Longitudinal vibrations : see Vibrations. 

MathieUf on the theory of thin shells, 
20; on vibrations of elliptic plate, 
197; on extensional vibrations of 
spherical shell, 280. 

Maw, 316. 

Michell, on the kinematics of wires, 157, 
162; on the vibrations of a circular 
wire, 181. 

Middle-surface, of plate, 186; of shell, 
220 ; small deformation of, 218, 224. 

Mohr, graphic method for beams, 12. 

Moments, theorem of three, 12, 35; gene- 
ralised, 39. 

MUller-BreslaUj 12. 

Navier, on rods naturally curved, 4 ; on 
longitudinal vibrations, 5; on the 
flexure of a continuous beam, 11; on 
the theory of plates, 16. 



Normal forces, rod bent by, 56. 
Normal functions, of vibrating rod, 109, 
112. 

Oscillations: see Vibrations. 

Pearson, on cylinder bent by continuous 
load, 11; on the theorem of three 
moments, 12; on the travelling load, 
15 ; on longitudinal impact, 126. 

Persy, 4. 

Perturbations, local, 195. 

Phillips, on the travelling load, 15. 

Plane, solid bounded by, 149. 

Plates, history of theories of, 15; ele- 
mentary theory of, 186 ; equations for 
flexure of, 188, 192; boundary-con- 
ditions for, 195; vibrations of, 197; 
kinematics of, 203 ; general theory of, 
207; general equations for, 218. See 
also Circular Plate and Rectangular 
Plate. 

Pochhammer, on the bending of a circular 
cylinder, 11; on the vibrations of a 
circular cylinder, 13, 115. 

Poisson, on the torsional couple in a 
bent rod, 4, 70; on the vibrations of 
bars, 5; on the impact of bars, 13; 
theory of plates, 16; equilibrium of 
circular plate, 198. 

Potential Energy, of rods, 99, 101 ; of 
plates, 214; of shells, 236; of cylin- 
drical shells, 261 ; of spherical shells, 
272. 

Pressure, during impact, 151; stability 
of ring under, 302; stability of shell 
under, 308; strength of shell under, 
316. 

Radial vibrations, of circular wire, 134; 
of cylindrical shell, 257 ; of spherical 
shell, 284. 

Rayleigh [Lord), on the vibrations of 
plates, 19; on spherical shells, 20, 
270, 273, 274; on the theory of thin 
shells, 21, 236, 248, 253; on cylindrical 
shells, 257, 260, 269; Theory of Sound, 
104, 108, 179, 196, 248, 250. 

Rectangular plate, vibrations of, 20; 
equilibrium of, 199 ; stability of, 304. 
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Resalf 174. 

Reiiliencej 14, 125. See also Impact 
and Initial motion. 

Rigidity, flexural, 26, 66, 101 ; torsional, 
66, 95, 101; cyUndrioal, 191. 

Ring: see Circular wire. 

Ritter, graphio method for beams, 12. 

Rods, history of theories of, 2 ; equations 
of bent, 27; horizontal, very little bent, 
28; kinematics of, 59; equations of 
bent and twisted, 65 ; naturally curved, 
77, 156; general theory of, 88; vibra- 
tions of, 104; initial motion of, 133; 
impact of, 137. See also Vibrations 
and Stability, 

SaalschUtz, 297. 

Safety, condition of, in shell under pres- 
sure, 318. 

Saint-Venanty on the kinematics of wires, 
4; on torsion and flexure, 6; his 
stress-conditions, 7, 8, 96 ; on problems 
of resilience, 15, 126 ; on the travelling 
load, 15; on asymmetric loading, 5, 
30; on the flexure of a circular wire 
in its plane, 173 ; on the flexure of a 
circular wire perpendicular to its plane, 
179 ; on the flexure of plates, 190. 

Scott, R. F., 98. 

SSbert and Hugoniot, on longitudinal 
impact, 14. 

Shells, history of theories of, 20; geo- 
metry of, 220; kinematics of, 222; exten- 
sion of, 225 ; changes of curvature of, 
228 ; stress in, 237 ; general equations 
for, 239; boundary-conditions for, 243; 
vibrations of, 245; stability of, 308. 
See also Cylindrical shells and Sphe- 
rical shells. 

Solution, uniqueness of, 289. 

Spheres, impact of, 154. 

Spherical harmonics, 283. 

Spherical shells, conditions of inextensi- 
bility, 270 ; potential energy of, 272 ; 
equilibrium of, 273, 286; flexural 
vibrations of, 274; extensional vibra- 
tions of, 279; complete, 283. 

Spring, spiral, 85 ; flexure of flat, 268. 

Stability, history of theories of, 21; 
general theory of, 289; of columns. 



291; of the elastica, 294; height con- 
sistent with, 297; of rod under thrust 
and couple, 299; of a ring under 
pressure, 302; of a plate under edge- 
thrust, 304; of a cylindrical shell 
under pressure, 308. 

Stokes, Sir G,, on the travelling load. 
16. 

Strain, in element of rod, 95 ; in element 
of plate, 190, 212 ; in element of shell, 
232, 234; in cylindrical shell under 
internal pressure, 317. 

Stress, in element of rod, 98; in element 
of plate, 191, 214; in element of shell, 
235. 

Stress-couples, in bent rod, 65; in bent 
and twisted rod, 65, 101; in rod natu- 
rally curved, 79, 167, 169; in plate 
slightly bent, 187, 191, 215; in thin 
shell, 237; in plate or shell finitely 
bent, 241. 

Stress-resultants, in plate, 187; trans- 
formation of, 193; calculation of, 
214; in shell, 237. 

Struts: see Stability, 

Thomson and Tait's Natural Philosophy, 

8, 19, 77, 85, 86, 193, 198. 
Thrust, Une of, 49; stability of plate 

under, 304. 
Torsional couple: see Stress-couples, 
Torsional rigidity : see Rigidity, 
Torsional vibrations : see Vibrations, 
Tortuosity, of central-line of strained 

rod, 162, 163, 166. 
Transformation, of stress-resultants, 192. 
Twist, kinematics of, 61; in rod natu- 
rally curved, 78 ; in small deformation, 
166; accompanying flexural vibrations 
of rod, 182. 

Uniqueness of solution, 22, 289. 

Variational equation, form of, 104; for 
vibrating rod, 107. 

Vibrations, of rods, 5, 13, 107; of plates, 
19, 196; of shells, 20, 245 ; extensional 
of rods, 108; torsional of rods, 109; 
flexural of rods, 110; of isotropic 
circular cylinder, 115; of wires natu- 
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rally curved, 169; of a circular wire, 
177; flexural of plates, 196; exten- 
sional of plates, 219; extensional of 
shells, 247; flexural of shells, 249; of 
cylindrical shells, 256, 266 ; of spheri- 
cal shells, 274, 279. 
Voigt, on the impact of hars, 145, 
146. 

Wantzely on the equations of a hent 
rod, 4. 



Wehhy on the theorem of three moments, 

39. 
Weyrauch, on the theorem of three 

moments, 12. 
Willis, on the travelling load, 15. 
Winkelmann, Handbuch der Physik, 145, 

155. 
WireB : see Rods, 
Work: ^ee Potential Energy . 

Young, on resilience, 125. 
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